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HAVING been, for a long series of years, in the constant 
habit of preserving original Tracts and dissertations on sci- 
entific subjects ; and now enjoying, at a very advanced pe- 
riod of life, some degree of leisure, in consequence of my 
retirement from the laborious duties of the Royal Military 
Academy; I have anxiously embraced the opportunity of 
selecting, and revising, such of those papers as were likely 
to be most useful, and of presenting them to the public. 

_ Some few parts of these Tracts have been already printed 
in the Philosophical Transactions, and in other works; but 
most of them are quite new; and such as are not so, having 
been recast and greatly improved, may be also considered 
in some measure as original compositions. These papers, 
being necessarily of a miscellaneous nature, are here arranged 
nearly according to the order of time in which they were 


composed ; and the description of them, is briefly as fol- 
lows. 


VOLUME I. 


Tract I, is on the Principles of Bridges—The original of 
this paper was a smal] pamphlet on the same subject, first pub- 
blished by me on a particular occasion at Newcastle, in the 
year 1772. It was also republished at London in 1801, nearly 
in the same state. But it bas been now recompésed, and 
greatly enlarged with many additional propositions, as also 
numerous observations, both practical and scientific. 

An Appendix is also added, containing my report to the 
Committee of Parliament on the projectfor a new irori 


iv “ . PREFACE. 


bridge, of only one arch, proposed to be thrown over the 
river Thames at London ; with several other appropriate ar- 
ticles, as below. 


Tract 11, exhibits some curious queries concerning Lon- 
don Bridge, proposed in the year 1746 by the magistrates of 
the city; with the ingenious answers given to the same, by 
Mr. George Dance, surveyor-general of the city works, being 
the result of that gentleman’s examination concerning the 
state of the bridge at that time. 


TRACT III contains experiments and observations to be 
made on the state of London bridge; being the report of a 
committee of the members of the Royal Society, addressed to 
‘the common council of the city of London. 


TRACT Iv treats of the effects which might be produced 
on the tides in the river Thames, in consequence of erecting 
abridgeat Blackfriars. This was an ingenious report, drawn 
up by the late Mr. John Robertson, at the request of the city 
of London. 


_ Tract v consists of answers, given by me, to questions 
proposed by the Select Committee of Parliament, relative to 
a proposal, made by Messrs. Telford and Douglas, for erect- 
ing a new iron bridge, of a single arch only, over the river 
Thames, instead of the present London bridge. 
Tract vi exhibits a brief history of the original invention, 
and subsequent improvements of iron bridges, as practised 
_ of late years in this country. 


TRACT VII is a dissertation on the nature and value of in- 
finite series; explaining the properties of several forms of 
such series, as converging, diverging, and neutral. 

TRACT VIII is a new method for the valuation of numeral 
infinite series, that have their terms alternately plus and 
minus; which is performed by taking continual arithmetical 
means between the successive sums, and between the means ; 
a method by which the value or sum of any such series is very 
easily and quickly obtained. 
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Tract 1x isa method of summing the series a+b2r-+4c2* 
4-dx*-ex++&c, in the case when it converges very slowly, 
namely, when x is nearly equal to 1, and the coefficients a, 
b, c, d, &c, decrease very slowly; the signs of all the terms 
being plusor positive :—a method which has been considered 
a great desideratum in infinite series, 


Tracr x contains the investigation of certain easy and 
general rules, for extracting any root out of a given number ; 
exhibiting a general and very easy formula, to serve for all 
roots whatever. 


TRACT x1 is a new method of finding, in general and 
finite terms, near values of the roots of equations of this form, 


ae” px qx" — &c=0; namely, having the terms 
alternately plus and minus: being one method more to be 
added to the many we are already possessed of, for deter- 
mining the roots of the higher orders of equations. 


TRACT XII treats of the binomial theorem; exhibiting a 
demonstration of the truth of it in the general case of frac- 
tional exponents. The demonstration is of this nature, that 
it proves the law of the whole series in a formula of one 
single term only: thus, P, a, R, denoting any three succes- 
sive terms of the series, expanded from the given binomial 


(1+ x)", and if =p = a, then is a =R, which denotes 
the general law of the series, being a new mode of proving the 
Jaw of the coefficients of this celebrated theorem. But, be- 
sides this law of the coefficients, the very form of the series 
is, for the first time, here demonstrated, viz, that the form 


_of the series for the developement of the binomial (1 + xy’, 
with respect to the exponents, will be | + ax + 627 + ¢z3 
+dx*+ + Xe, a form which has heretofore been assumed 
without proof. " 


TRACT x111 treats on the common sections of the sphere 
and cone: with the demonstration of some other new pro- 
perties of the sphere, which are similar to certain known 
properties of the circle. ‘The few propositions which form 


a 
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part of this tract, is a small specimen of the analogy, and 
even identity, of some of the more remarkable properties of 
the circle, with those of the sphere. To which are added 
some properties of the lines of section, and of contact, be- 
tween the sphere and cone: both of which can be further 
extended as occasions may offer. 

Tracr xiv, on the geometrical division of circles and el- 
lipses into any number of parts having equal perimeters, and 
areas either all equal or in any proposed ratios to each other: 
constructions which were never before given by any author, 
but which, on the contrary, had been accounted impos- 
sible to be effected. 

TRACT xv contains an approximate geometrical division 
of the circumference of the circle. 

Tract xvi treats on plane trigonometry, without the use 
of the common tables of sines, tangents, and secants: resoly- 
ing all the cases in numbers, by means of certain algebraical 


| formule only. 


TxAct xviz is on Machin’s quadrature of the circle; be- 
ing an investigation of that learned gentleman’s very sim- 
ple and easy series for that purpose, by help of the tangent 
of the arc of 45 degrees; which series the author had given 
without any proof or investigation. 

TRACT xvitI, a new and general method of finding sim- 
ple and quickly-converging series; by which the proportion 
of the diameter of a circle to its circumference may easily be 
computed to a great many places of figures. By this method 
are found, not only Machin’s series, noticed in the last Tract, 
but also several others that are much more simple and easy 
than his. | 

Tract xix, the history of trigonometrical tables, &c: 
being a critical description of all the writings on trigono- 
metry made before the invention of logarithms. 

Tracr xx, the history of logarithms; giving an account 
of the inventions and descriptions by several authors on the 
different kinds of logarithms. 
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TRACT xx1, on the construction of logarithms ; exhibiting 
the various and peculiar methods employed by all the dif- 
ferent authors, in their several computations of these very 
useful numbers. 


TRACT XXII, treats on the powers of numbers; chiefly re- 
lating to curious properties of the squares, and the cubes, 
and other powers of numbers. 


TRACT XXIII, is a new and easy method of extracting 
the square roots of numbers; very useful in practice. 


TRACT xxiv, shows how to construct tables of the square- 
roots, and cube-roots, and the reciprocals of the series of the 
natural numbers ; being a general method, by means of the 
law of the differences of such roots and reciprocals of num- 
bers. 


TRACT xxv, is an extensive table of roots and recipro- 
cals, constructed in the above manner, accompanied also with 
the series of the squares and cubes of the same numbers. 


VOLUME Il. 

TRACT XxXVI, an account of the calculations made from 
the survey and measures taken at mount Shichallin, in order 
to ascertain the mean density of the earth: being the result 
of a laborious calculation, the first ever made to ascertain 
that density ; by which it is shown to be nearly equal to 5 
times the density of water, or almost double the density of 
the rocks at the surface of the earth, and that consequently 
the interior of the earth must consist of immense quantities 
of metals or metallic ores. 


TRACT xxvi1, consists of calculations to determine at 
what point, on the side of a hill, its attraction will be the 
greatest. This is inserted as an appendix to the preceding 
tract, and intended to direct operations of any future at- 
tempt to ascertain such density, or to corroborate the fore- 
going statement; and, by this determination, it is shown 


that the best situation is generally at about 4 of the altitude 
of the hill. 
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TRACT XXVIII, is an extensive treatise on cubic equations 
and infinite series: showing their nature, properties, and so- 
futions, both in finite formulas and by expressions in infinite 
_Series. 


TRACT XXIx contains a curious project for a new division 
of the quadrantal arc of the circle, with a view to trigono- 
metrical and other purposes: being intended for the novel 
design of constructing tables of the sines, tangents, and se- 
cants of arcs, to equal parts of the radius of the circle; or 
expressing all these lines, as well as the arcs themselves, in 
such parts. a 

Tract xxx, on the sections of spheroids and conoids : 
showing that all such plane sections are the same as conic 
sections; and that all the parallel sections, in each of these 
solids, are like and similar figures. | 


TRACT xxxI, on the comparison of curves of the same 
species ; showing their mutual relations. 


TRACT XXXII contains a theorem for the cube-root of an 
algebraic binomial, one of the terms being a quadratic radi- 
cal; useful in the solution of certain éibie equations ay 
Chaat? s rule, 


_ TRACT xxx1II, is a complete history of algebra; tracing 
its origin and practice among the ancient Greeks, the Indi- 
ans, Persians, and Arabians; with particular details of the 
various peculiarities and improvements, made among dif-_ 
ferent people, and by several eminent individuals, especially ~ 
among the European authors, namely, the Italians, Spaniards, 
French, Germans, and the English; in which all the dis- 
_coveries and improvements are ascribed to the proper au- 
thors. 


TrAcT xxxiv, exhibits the results of new experiments in 
Artillery, for determining the force of fired gunpowder, the 
initial velocity of cannon balls, the ranges of projectiles at 
different elevations, the resistance of the air to their motions;- - 
the effect of different lengths of guns, and of different quan- 


* PREFACE. 1x 


titities of powder, &c, &c: giving a complete detail of all 
the circumstances attending these very numerous and ac- 
curate experiments, with many useful philosephical and prac- 
tical inferences deduced from them; the whole forming as 
it were a new era in the progress of this curious and important 
branch of knowledge. 


VOLUME IIl. 

TRACT XxXxv, on a new Gunpowder Eprouvette ; show- 
ing its construction and use, by means of which the strength 
and quality of gunpowder may be proved and evinced, 
in a way far more exact and easy than by any other 
machine. 


TRACT xxxvi, on the Resistance of the Air to bodies in 
motion, as determined by the Whirling Machine: showin 
the exact quantity of the air’s resistance to all forms of 
bodies, moved through it with slow and moderate motions ; 
the effects of which, combined with those of the very high 
motions of cannon and musket shot, furnish us with a com- 
plete and uniform series of resistances to all degrees of ve- 
locity, from the very slowest perceptible motions, to those of 
the highest and most violent. i 

Tract xxxvit, on the Theory and Practice of Gunnery, 
as dependent on the Resistance of the Air. This tract is 
employed in stating the deductions abstracted from all the 
preceding experiments, and applying them in many ‘pro- 
blems, to the important purposes of Artillery and projectiles. 
Here are given complete tables of the quantity of resistance 
to balls moving with every degree of velocity; with correct 
rules for ascertaining those that are proper to all other 
sizes of balls. Here are also given general rules and alge- 
braic formulz, for expressing the resistance to any size of 
ball in terms of the velocity ; with a great variety of pro- 
blems for determining the motions of balls in all directions, 
upwards, downwards, or obliquely, touching their velocities 
and times in motion, with the ranges of projectiles in the air, 


/ 
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and practical applications to the cases of gunnery, in a great 
variety of useful instances. 

TRAcT xxxviri, being the last, contains a miscellaneous 
collection of practical questions, illustrating several of the 
principles in the preceding Tracts, with the solutions at 
large. 


Such are the outlines of a work, which is the result of 
many years assiduous study and persevering research; and 
which it is presumed will be found to contain several new 
articles, on civil and military science, that may be deemed — 
of national importance. 

It is, in all probability, the last original work that I may 
ever be able to offer to the notice of the Public, and I am 
therefore the more anxious that it should be found worthy of 
their acceptance and regard. ‘To their kind indulgence, in- 
deed, is due whatever success | may have experienced, both 
as an Author and Teacher for more than half acentury: and 
it js no small satisfaction to reflect, that my humble endea- 
vours, during that period, have not been wholly unsuccessful 
in the diffusion of useful knowledge. 

Totthe same liberal encouragement of the Public must like- 
wise be ascribed, in a great measure, the means of the com- 
fortable retirement which I now enjoy, towards the close of 
a long and laborious life: and for which I have every reason 
to be truly thankful. 


CHA, HUTTON, 


London, 
July, 1812. 
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THE 


PRINCIPLES OF BRIDGES: 


CONTAINING 


THE MATHEMATICAL DEMONSTRATION OF THE PROPERTIES 
OF THE ARCHES, THE THICKNESS OF THE PIERS, THE FORCE 
| OF THE WATER AGAINST THEM, &c. WITH PRACTICAL OB- 
SERVATIONS AND DIRECTIONS DRAWN FROM THE WHOLE. 


PHIS Tract, on bridges, originated from the circumstance 
if the fall of Newcastle bridge, in the year 1771; which, 
vith other particulars relative to the Tract, are noticed in 
he Preface to that Edition of it; which was as follows: 


- THE ORIGINAL PREFACE. 


‘A large and elegant bridge, forming a way over a broad 
ind rapid river, is justly esteemed one of the noblest pieces 
f mechanism that man is capable of performing. - And the 
sefulness of an art which, at the same time that it connects 
istant shores by a way over the deep and rapid waters, also 
Hlov’s those waters and their navigation to pass smooth and 
hinterrupted, renders all probable attempts to advance the 
héory or practice of it, righty deserving the encouragement 


fthe public. 
“This little book is offered as an attempt towards the im- 
Beaiiane of the theory of this art, in which the more es- 


ential properties, dimensions, proportions, and other rela- 


¥ B 
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w 


2 THE ORIGINAL PREFACE. TRACT fe 

« 
‘tions of the various parts of a bridge, are strictly demon= 
strated, and clearly illustrated by various, examples. It is 
divided into five sections: the 1st treats on the projects of 
| bridges, containing a regular detail of the various circum= 
stances and considerations that are cognizable in such pro- 
jects. . The 2d treats on arches, demonstrating their various | 
properties, with the relations between their intrados and ex- 
trados, and clearly distinguishing the most preferable curves 
to be used in a bridge; the first two or three propositions 
being instituted after the manner of two or three done by 
Mr. Emerson in his Fluxions and Mechanics. The 3d secs 
tion treats on the piers, demonstrating their thickness ne- 
cessary for supporting any kind of an ache springing at any 
height, both when part of the pier is sippeaed to be im= 
mersed in water, and when otherwise. _ The 4th demonstrates: 
the force of the water against the end or face of the ‘pier,’ 
considered as of different forms; with the best form for di- 
viding the stream, &c. and to it is added a table, showing) 
the yore heights of the fall of the water under the arches, 
arising from its velocity and the obstruction of the piers; as 
it was composed by Tho. Wright, Esq. of Auckland, in the 
county of Durham, who informs me it is part of a work on 
which he has spent much time, and with which he intends to 
favour the public. And the 5th and last section contains rl 
Dictionary of the most material terms relating to the subj 
ject: in which many practical observations and directions 
are given, which could not be so regularly nor properly ins, 
troduced into the former sections. The whole, it is pre- 
sumed, Geniaming full Fae tips Fos constituting and ‘ok | 


> 
3 
& , 


Rice Fee sistant will admit: hess indeed for the actu 
methods of disposing the stones, making of mortar, or the. 
external ornaments, &c. those things are not here “tenia 
but are left to the discretion of the prachigel architect, 5 
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same reason also here are not given any views of bridges, 
but only prints of such parts or figures as are necessary in 
explaining the elementary parts of the subject. 

As my profession ismot that of an architect, very probably 
i should never have turned my thoughts to this subject, so as 
0 address the public upon it, had it not been for the occasion 
of an accident in that part of the country in which | reside, 
riz. the fall of Newcastie and other bridges on the river 
Pyne, on the 17th of November, 1771, occasioned by a high 
lood, which rose about 9 feet higher at Newcastle than the 
isual spring tides do. This occasion having furnished me ~ 
yith many opportunities of hearing and seeing very absurd 
totions advanced on the subject in general, I thought the 
lemonstrations of the relations of the essential parts of a 
midge, would not be unacceptable to those architects: and 
thers, who may be capable of perceiving their force and 
flects. 
' Newcastle, 1772. 


The original edition, of 1772, being out of print, and the 
ook being much asked for, a new edition was printed in 
801, at a time when the project of a cast-iron bridge of one 
rch, proposed to be built over the Thames at London, by 
fessrs, Telford and Douglass, was the subject of much con- 
ersation : on which occasion the following addition was made 
> the Preface; viz. 

This little work, which was hastily composed on a parti- 
ular occasion, having been long out of print, is now as sud- 
enly reprinted in the same form, on the present occasion, of 
le report of a new bridge proposed to be throwg across the 
hames, at London: reserving the long intended edition, on 
much larger and more improved plan, till a more conve- 


lent opportunity. 
Royal Military Academy, Jan. 12, 1801. 


| 


‘It may here be added, that the Whole tract has been, now 
| Te-cast aud composed, and greatly enlarged with more 
B 2 


o o 
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propositions, aud numerous observations, both practical and, 
scientific. T'o the end is also added an Appendix, being the 
author’s report to the Committee of Parliament, on the | pros 
ject for a new cast-iron bridge, of one arch, over the river at 


London; and several otber appropriate appendages. 


SECTION I. 


THE ESTIMATE, &c. 


Wuen a bridge is deemed necessary to be built over a 
river, the first paneleraniGnlt is the place of it; or what par: 
ticular situation will contain a maximum of the advantages 
over the disadvantages. In agitating this important ques 
tion, every circumstance, certain and probable, attending a1 
likely to attend the bridge, should be separately, mninutely 
and impartially stated and examined; and the advantage 0 
disadvantage of it rated at a value proportioned to it; thet 
the difference between the whole advantages and disad 
tages, will be the net value of that particular situation 
which the calculation is made. And by doing the same a 
other situations, all their net values will be peer BE te) 
consequence the most preferable situation among them= i 
Or, in a competition between two places, if each one’s a : 
vantage over the other be estimated or valued in every e 
cumstance attending: them, the sums of their ae ‘ 


included; nothing ae omitted that can be found to mé 
a part of the consideration. Among these, the situation 0 
the town or place, for the convenience of whigh the bridgt 


7 
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s chiefly to be made, will naturally produce an article of | 
the first consequence ; and a great many others, if necessary, 
ought to be sacrificed to it. If possible, the bridge should 
9e placed where there can conveniently be opened and made 
passages or streets from the end of it in every direction, and 
especially one as nearly in the direction of the bridge itself 
is possible, tending towards the body of the town, without 
qarrows or crooked windings, and easily communicating » 
with the chief streets, thoroughfares, &c.—And here every 
person, in judging of this, should divest himself of all partial 
‘egards or attachments whatever; think and determine for 
he good of the whole only, and for posterity as well as for 
“he present. 

The banks or declivities towards the river are also of par- 
‘icular concern, as they affect the conveniency of the passage 
co and from the bridge, or determine the height of it, on 
which in a great measure depends the expense, as well as the 
convenience of passage. The breadth of the river, the na- 
tigation upon it, and the quantity of water to be passed, or 
the velocity and depth of the stream, form also considéra- 
tions of great moment; as they determine the bridge to b 
bigh er or lower, longer or shorter. However, in most cases, 
1 wide part of the river ought rather to be chosen than a nar- 
row one, especially if it is subyens to great tides or floods: for, 
che ii-neatod velocity of the stream inthe narrow part, being 
again augmented by the further contraction of the br eadth ty 
the piers of the bridge, will both incommede the navigation 
through the arches, and undermine the piers and endanger 
the white bridge. ‘The nature of the bed of the river is also 
of great concern, it having a great influence on the expense 5 
as upon it, and the depth see velocity of the stream, depend 
the manner of laying the foundations, and building the piers. 
These are the chief and capital seated of eonsiiiebAtion, 
which will branch themselves out into other dependent ones, 

d so lead to the required estimate of the whole. 

Pitaving resolved on the place, the next considerations are, 
the form, the estimate of the expense, and the nfanner of 


c 


Estnced faebulpetabtes at least in England, if thespiers were 


_ arches may be made all of a size;.if it be a little ee 
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execution. With respect to the form; strength, utility, ane 
beauty ought to be regarded and united; the chief part of 
which lies in thearches. The form of the arches will depend 
on their height and span ; and the height on that of the water, 
the navigation, and the adjacent banks. ‘They ought to be 
made so high, as that they may easily transmit the water at 
its greatest height, either from tides or floods; and their 
height and figure ought also to be such as will easily allow of 
a convenient passage of the craft through them. This, and 
the disposition of the bridge above, so as to render the passage 
over it also convenient, make up its utility. —Having fixed the 
heights of the arches, their spans are still necessary for deter= 
mining their figure. Their spans will be known by dividing 
the bie breadth of the river into a convenient number of 
arches and piers, allowing at least the necessary thickness of 
the piers out of the Mites In fixing on the number of 
arches, let an odd number always be taken; and few and 
large ones, rather than many and smaller, if convenient: For! 
thus we shall have not only fewer Fatmbeciots and piers to 
make} but fewer arches and centres, which will produce 
reat savings in the expense; and besides, the arches them-. 
_ sélves will also require much Jess materials aiid workmanship, 
and allow of more and better passage for the water and cr aft, 
through them; and will < -_— at the same time more nobid 
and eraceful, abc: if constructed in elliptical, or in cye 
algidal Eottnst for the truth of which, it may be sufficient to 
refer to that fiche and elegant iaie lately built at Black= 
friars, London, by Mr. Mines 5 lay. hich might perhaps be ace 


of equal excellence: but these are too thick, and clumsy, and. 
their appearance is made still less graceful by the double com 
lumns placed before them. So that Blackfriar’s arches and 
the Westminster’s piers united, would be prefer able to either 
bridge separately. | 

It tie top of the bridge be a straight horizontal line, the 


the enditthan the eat e, the arches must proportionally deg 
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‘crease from the middle towards the ends; but if higher at 
the ends than the middle, which can seldom happen, they 
‘may then increase towards the ends. A choice of the most 
convenient arches is to be made from some of the following 
propositions, where their several properties and effects are 
demonstrated and pointed out: Among these, the elliptic, 
cycloidal, and equilibrate arch, will generally claim the pre- 
ference, as well on account of the strength, and beauty, as 
cheapness or saving in materials and labour: Other particu- 
Jars also concerning them may be seen under the word Arc 
in the Dictionary in the last section. 

Next find what thickness at the keystone or top will be 
necessary for the arches, For which see the word Krystone 
in the Dictionary in the 5th section.—Having thus obtained 
all the parts of the arches, with the height of the piers, the 
necessary thickness of the piers themselves are next to be 
computed. This done, the chief and material requisites are 
found; the elevation and plans of the design can then be 
drawn, and the calculations of the expense thence made, in- 
cluding the foundations, with such ornamental or accidental 
appendages as shall be thought fit; which, being no part of, 
the plan of this undertaking, is left to the fancy of the 
Architect and Builder, together with the practical methods of 
carrying the design into execution. I shall however, in the 
Dictionary, in the last section, not only describe the terms, 
parts, machines, &c, but also speak of their dimensions, pro- 
perties, and any thing else material belonging to them; and 
to which therefore I from hence refer for more explicit in- 
formation in each particular article, as well as to these im- 
mediately following propositions, in which the theory of the 
arches, piers, &c, are fully and strictly demonstrated. 


— Oe 
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SECTION II. ; 
OF THE ARCHES. 


PROPOSITION I. 


Let there be any number of lines AB, BC, cD, DE, Ke, all 
in the same vertical plane, connected together and moveable 
about the joints or angles A, B, C, D, E, F; the two extreme 
pots a and G being fixed: It is required to determine the pro- 
portion of the weights to be laid upon the angles B, c, v, Ke. 
so that the whole may remain in equiltbrio. 


Solution.w—From the C Kya fg i. 


several angles, haying 
drawn the lines Bd, cc, 


h fre 
np 
| 7 7 
pd, &c. perpendicular 
to the horizon; about lh 
anf 
A 


them, as_ diagonals, 
constitute _ parallelo- 
grams such, that those sides of every two that are at the ope 
posite ends ‘of the given lines, may be equal to each other ; 
viz, having made one parallelogram mm, take cp = Bn, and 
form the parallelogram pg; then take pr = cq, and make the _ 

parallelogram rs; and take Er = Ds, and form the parallelo-— 
gram fv; and so on: Then the said dango diagonals Bd, ce, 4 
od, Ee, &c, of those parallelograms, will be proportional to — 
the weights, as required. & 


Demonstration.—By the resolution of forces, cach of » thal 
weights or forces Bd, cc, pd, &c, in the diagondls of the pase 
rallelograms, is equal to, and may be resolved into, tw O 
forces, expressed by two adjacent sides of the parallelogram; ; 
viz. the force Bb may be resolved into the two forces Bm, Bn,” 
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and in those directions; the force cc, into the two forces cp, 
eg, and in those directions ; the force pd, into the forces pr, 
ps, and in those directions; and soon. Then, since two 
forces that are equal, and in opposite directions, do mutually 
galance each other; therefore the several pairs of forces Bn 
ind cp, cg and pr, ps and E#, &c, being equal and opposite, 
»y the construction, mutually destroy or balance each other ; 
ind the extreme forces Bm, Ev, are balanced by the opposite 
resistances of the fixed points A, G. There is no force there- 
fére to change the position of any one of the lines, and con- 
sequently they will all remain in equilibrio, 


Corollary.—Hence, if one of the weights and the positions 
of all the lines be given, all the other weights -may thence 
be found, as well as all the oblique forces in the direction of 
the bars or lines. And the weight which is given, may either 
be that at the lower extrémity, “as Bd, or it may be that at 
the vertex pd, or it may be any of the intermediate ones, as 
ce: for, whichever of these is given, it will serve, as a diago- 
nal, to form the parallelogram about it ; then the sides of this 
parallelogram will give the sides of the two next parallelo- 
grams, on each side of the former; and so on through the 
whole collection of the bars. Thus, if the uppermost ver- 
tical weight, or diagonal pd, be the given one: Then draw 
dr parallel tor, and ds to nc, so forming the parallelogram 
rpsd: then make cg = Dr, and Ef = ps: and, having drawn 
the several indefinite vertical lines Bd, cc, Ee, at the angles, 
form the parallelograms pq and tv, by drawing ge parallel to 
Po, and cp to cb, and ¢e to EF, and ev to pE.—Lastly, take 
Br = pc, and make the parallelogram mn, by drawing nd pa- 
rallel to az, and bm parallel to Bc. And so on through the 
whole. 
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’ PROP, II. i 
Lf any number of lines, that are connected together and 
moveable about the points of connection, be kept in equilibrio by 
weights laid on the angles, as in the last proposition: Then 
will the weight on any angle c be universally proportional i 
sine of the 2 BCD 
PUL OBCCAX $2 Z9COD 
angle, and reciprocally as the sines of the two parts or angles 
anto which that angie ts divided by a line drawn through it 


perpendicular to the horizon. See the former figure. 


; that 1s, directly as the sine of that 


* 
Demonsiration—By the last proposition the weights are” 
as Bb, cc, Dd, &c, where Bn = pc, cg = rp, Ds = te, Key 
But, since the angle ABO is = the angle sii, and the angle 
Bcc = the angle ccg, &c, these being always the alternate 
‘angles made by a line cutting two other parallel lines; also 
the sine of the 4 aBc = s. 2 Bnb, ands. 2 BcD ='s, Z cic) 
these being supplements to each Eilers ; by plane cig onomctaay 
we shall ‘Nea 


‘ 


Bb x s. Z ABO WOO. KFS MC COR 

COS4 aera ered C Lp Gree 
, 6° Zi BoD 

“TOC MB Zi BOC pd x s. Z dDE 

{(cg=)— ————_ = (pr = ) ——_-——__, 
s. 2 BCD s. £2 CDE 

Dd xs Zend © Ee X s. ZL @CEF 

(Ds = ) ———-_———— = Et = ) ——_____., 
si¥Z) CDE Ss. Z ‘DEF 


and soon. Hence, 
s. £4 ABC Ss. Z BCD 
s. 2 ABO’ Ss. Z cep? 
Se BED i) 82 ODE 
ce: Dd: ; ———— : —— —— 
Band Ce* sh 2: dE? 
8. Z CDE s. 4 DEF 
s. 2 CDd’ s. Z CEF’ | 
Or, by dividing the latter terms of the first of these pra- 
portions each by s. Z énc, and then compounding together 
two of the PLopemenns then three of them, &c, striking out 


the common ractors, @ and observing that the s. 2 dzcis 


BO: ce:: 


Dd:Ee:: 


¥ 


_ 


_ . 
* . 
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. 
'§. 4 Bec, thes. 2 cep = s, cpd, &c, we shall have the fol- 
lowing proportions; viz, 


s. Z ABC s. Z BCD 
—- CC. ————_-——-, 
: s. Z ABb x s. Z OBC ss. Z BCC X Ss. Z CCD 
s. Z ABC 8.2 CDE 
SY lt aah LORE So 
Ss: 2 ABO X'S. Z2 OBC 8. Zo cbd' x §.°Z dbs 
s. Z ABC s. 2° DEF 
Bb: ge:: — 


s. 2 ABb xs. Z b3c's. 2 DEex s. Z CEF? 
and so on. 
| = 


Otherwise. ° 
Since cp or Bn: Bm or nb ::s. 2 Bon, 
yt pad 
s. 2 Bcc’ s. 2 ABO’ 
and cp or g¢: cg or pr::s. Zccgors, 2 cpd:s. Z Ccq or 


1 l 
8. 2 BCC: : —— Tiers =a wit 
S$. °2ZNgeh? 4..0>epa 


ors. 2 ABO:s. Z bpcors. Z BCC:: 


it is clear. that cp is as ; that is, the forces mB, pc, 
s 


rD, &c. are always reciprocally as the sines of the angles 
which they make with the vertical line. 
RMP ENCe do = ee 
8S Cop a cen 
s. Z BCD : 
s.ZccB x 8. Z ccd 
And this is the same as the property in ccrol. 4 to the 3d 


proposition following. 


bd 


therefore any force or weight ce is as 


. Corol. If vc be produced to h; then, the sine of the angle’ 

Acs being equal to the sine of its supplement pcp, the 

same weight or force cc will be always proportional to 
s. Z ACB 

BS. £4 BCC x s. Z DCC 

two right angles, 

% 

_ Properties similar to the foregoing are otherwise deter- 

en in the following propositions. 


e ad 


; which three angles together make up 


a 
ie 
We | 
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PROP. III. 


Let there be any number of lines, or bars, or beams, AB, BC, 
ep, DE, &c. all in the sane vertical plane, connected together 
and freely moveable about the joints or angles A, B, ©, D, E, 
&e, and kept in equilibrio by their own weights, or by weights 

only aid on the angles: It is required to assign the proportion | 
of those weights; as also the force or push in the direction of 
the said lines, and the horizontal thrust at every angle. 


Solution.— 
Through any point, 
as D, draw a verti- 
cal line apHg, &c: 
to which, from any 
point, as c, draw 
lines in the direction & P & 


of, or parallel to, the given lines or beams, viz, ca parallel to” 
AB, and cd parallel to Bc, and ce to pr, and cf to EF, and oe 
to rc, &c; also cu parallel to the horizon, or perpendicular | 
to the vertical line apg, in which also all these parallels ter-_ 
_ minate. ; | 
Then will all those lines be exactly proportional to the. 
forces acting or exerted in the directions to which they are © 
paralie!, and of all the three kinds, viz. vertical, horizontal, 
and oblique. That is, the oblique forces or thrusts in direc- 
TN AIO EYE nis. acaba CAbani. hon AB, BC, €D, DE, EF, FG, 
are proportional to their parallels ..cv, ob, ep, ce, oh eg; 
and the vertical weights on the angles B, Cc, D,” E, F, ke,f 
are as the parts of the vertical .... ad, 6p, memes, fo ms 4 
and the weight of the whole frame ABCDEFG, . Gane 
is proportional to the sum of all the verticals, or to ag; 
also the horizontal thrust, ut every angle, is every w here the. 
same constant quantity, aud is expressed by the constant ho- 
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Demonstration.~»All these proportions of the forces derive 
and follow immediately from the general well known pro- 
perty, in Statics, that when any forces balance and keep 
each other in equilibrio, they are respectively in proportion 
as the lines drawn parallel to their directions, and terminating 
each other. 

Thus, the point or angle is kept in equilibrio by three 
forces, viz, the weight laid and acting vertically downward 
on that point, and by the two oblique forces or thrusts of the 

twobeams ap, cp, and inthese directions. ‘But ca is parallel 
to AB, and cd to Bc, and ab to the vertical weight ; those 
three forces are therefore proportional to the three lines ad, 


|—6uCd,~— cb. 


In like manner, the angle o is kept in its position by the | 


weight laid and acting vertically on it, and by the two ob- 

lique forces or thrusts in the direction of the bars Bc, cp: 

consequently these three forces are proportional to the three 
Jines bp, cb, cp, which are parallel to them. 

Also, the three forces keeping the point p in its position, 
are proportional to their three parallel lines pe, cp, ce.— 
_ And the three forces balancing the angle E, are proportional 
to their three parallel lines ef, ce, ¢f—And the three forces 
balancing the angle F, are proportional to their three parallel 

lines fe, cf, cg. And so on continually, the oblique forces 
or thrusts in the directions of the bars or beams, being al- 
ways proportional to the parts of the lines parallel to them, 
intercepted by the. common vertical line; while the vertical 
forces or weights, acting or Jaid on the angles, are propor- 
tional to the parts of this vertical line intercepted by the two 
lines parallel tothe lines of the corresponding angles. 
Again, with regard to the horizontal “force or thrust: 
since the line pe represents, or is proportional to the force, 
in the direction Dc, arising from the weight or pressure on. 
the angle p; and since the oblique force pc is equivalent to, 
and resolves into, the two Du, Hc, and in those directions, by 
the resolution of forces, viz, the vertical force pu, and the 
- horizontal force Hc; it follows, that*the horizontal force or 


Fd 
, 


fod 


af 
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thrust at the angle p, is proportional to'the line cu; and the 
part of the vertical force or weight on the angle p, which 
produces the oblique force pc, is proportional to the part of 
the vertical line pu. 

In like manner, the oblique force cb, acting at c, in the di- 
rection cB, resolves into the two du, uc; therefore the hori- 
zontal force or thrust at the angle c, is expressed by the line 
_ CH, the very same as it was before for the angle p; and the 
vertical pressure at c, arising from the weights on both p 
and c, is denoted by the vertical line dn. 

Also, the oblique force ac, acting at the angle pz, in the 
direction BA, resolves into the two an, Hc; therefore again 
the horizontal thrust at the angle z, is represented by the line” 
cH, the very same as it was at the points c and p; and the 
vertical pressure at B, arising from the weights on B, c, and 
D, 1s expressed by the part of the vertical line au. 

Thus also, the oblique force ce, in direction px, resolves 
into the two cH, He, being the same horizontal force with 
the vertical He; and the oblique force cf, in direction kr, re- 
solves into the two cH, uf; and the oblique force cg, in di- 
rection FG, resolves into the two cu, Hg; and the oblique 
force cg, in direction FG, resolves into the two ou, ug; and 
so on continually, the horizontal force at every point being 
expressed by the same constant line cH; and the vertical 
pressures on the angles by the parts of the verticals, viz, au 
the whole vertical pressure at zB, from the weights on the 
angles B, c, D; and dy the whole pressure onc from the. 
weights on c and p; and pu the part of the weight on D 
causing the oblique force pc; and. He the other. part of the 
weight on p causing the oblique pressure® DE; and Hf the 
whole wertical pressure at E from the weights on p and Ea 
and ug the whole vertical pressure on F arising from the 
weights laid on p,B and F. And so on. 

So that, on the whole, 
au denotes the whole weight on the points from p to Ag 
and ug the whole weight on the points from p to c; 
and ag the whole weight on all the points on both sides; 


“i *. 
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while ab, bp, ve, ef, fg express the several particular weights 
aid on the angles B, C, D, E, F. 
_ Also, the Se igcalle fate is every where the same con- 
stant quantity, and is denoted by the line cu. 

Lastly, the several] oblique forces or thrusts, in the direc- 
ONS AB, BC, CD, DE, EF, FG, are expressed by, or are propor- 
ional to, their corresponding parallel lines, ca, cb, cp, ce, 


y, Cy. 


Corollary 1. It is obvious, and remarkable, that the 
engihs of the bars as, Bc, &c, do not affect or alter the pro- 
dortions of any of these loads or thrusts; since all the lines 
sd, Cb, ab, &c, remain the same, whatever be the lengths of 
1B, BC, &c. The positions of the bars, and the we’ ‘ghts on 
he angles depending mutually on each other, as well as the 
torizontal and oblique thrusts. Thus, if there be given the 
rosition of pc, and the weights or loads laid on the angles 
>, C, B; set these on the vertical, pH, pb, ba, then cd, ca 
sive the directions or positions of cB, BA, as well as the 
juantity or proportion cu of the constant horizontal thrust. 


Corol. 2. If cu be made radius; then it is visible that ua 
3 the tangent, and ca the secant of the elevation of ca or aR 
bove the horizon; also ud is the tangent and cd the secant 
if the elevation of cd or cB; also Hp and cp the tangent and 
ecant of the elevation of cp ; also He and ce the tangent and 
ecant of the elevation of ce or DE; also uf and of the tan- 
ent and secant of the elevation of EF; and so on; also the 
rarts of the vertical ad, bp, ef, fg, denoting the weights laid 
n the several angles, are the differences of the said tangents 
feleyations. Hence then in general, 

Ist. The oblique thrusts, in the directions of the bars, 
re to one another, directly in proportion as the secants, of 
heir angles of elevation above the horigontal directions; or, 
rhich is the same thing, reciprocally proportional to the co- 
ines of the same elepaticnn or reciprocally proportional to 
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the sines of the vertical angles, a,d, p, e, fy g, &c, made by | 
the vertical line with the several directions of the bars; bea. 
cause the secants of any angles are always sangeet in 
proportion as their cosines. 
2. The weight or load Jaid on each angle, is directly pro-_ 
portional to the difference between the tangents of the ele- | 
vations above the horizon, of the two lines which form the | 
angle. : 
3. The horizontal thrust at every angle, is the same con- 
stant quantity, and has the same proportion to the weight on. 
the top of the uppermost bar, as radius has to the tangent of 
the elevation of that bar. Or, as the whole vertical ag, is to. 
the line cH, so is the weight of the whole assemblage of bars, 
to the herizontal thrust. Other properties also, concerning’ | 
the weights and the thrusts, might be pointed out, but they , 
are less simple and elegant, than the above, and are therefore | 
omitted ; the following dilly excepted, which are inserted 
here on ae doult of théié usefulness. | 
: | 
Corollary 3. It may hence be deduced also, that the’. 
weight or pressure laid on any angle, is directly proportional , 
to the continual product of the sine of that angle and of the | 
secants of the elevations of the bars or lines which form it.’ 
Thus, in the triangle dcp, in which the side bp is propor) 
tional to the weight laid on the angle c, because the sides of 
any triangle are to one another as the sines of their opposite’ 
angles, chefefere as sin. D:0b:: sin. dcp: bp; that is, bp is asf 
sin. bcp 
“sin, D 
elevation DcH, and the cosine of any angle is reciprocally! 
proportional to the secant, therefore bp is as sin. bcp x Sec, 
pcw x cb; and cb being as the secant of the angle dcx of | 
the elevation of bc or Bc above the horizon, ERE eR bp i 
as sin. bop x sec. eH x sec. pcH; and the sine of dcp 
being the same as the sine of its supplement Ben ; therefore. 
the weight on the angle c, which is as dp, is as the sin: Bop” 


x cb; but the sine of angle p is the cosine of the 


«e ; % 
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x sec. DCH X sec. bcH, that is, as the continual product of 
the sine of that angle and the secants of the elevations of 
its two sides above the horizon. 


Corol. 4.—Further, it easily appears also, that the same 
weight on any angle c, is directly proportional to the sine of » 
that angle pcp, and inversely proportional to the sines of 
the two parts pcp, Dep, into which the same angle is divided 
by the vertical ne cp. For the secants of angles are reci- 
procally proportional to their cosines or sines of their com- 
plements: but scp = cdx, is the complement of the eleva- 
tion 6c, and pcp is the complement of the elevation peu ; 
therefore the secant of bcH x secant of DcH is reciprocally 
as the sin. Bcp x sin. Dep; also the sine of dcp is = the 
sine of its supplement BCD ; consequently the weight on the 
angle c, which is proportional to sin. bcp x sec. bcw x 

sin, BCD 
sin. BCP X sin. DCP 
the whole frame Gr series of angles is balanced, or kept in 
equilibrio, by the weights on the angles ; the same as in the 
preceding proposition. 


sec. DCH, is also proportional to ——, when 


Scholium.—The foregoing proposition is very fruitful in 
its practical consequences, and contains the whole theory of 
arches, which may be deduced from the premises by sup- 
posing the constituting bars to become very short, like arch 
stones, so as to form the curve of an arch. It appears too, 
chat the horizontal thrust, which is constant or uniformly the 
jame throughout, is a proper measuring unit, by means of 
which to estimate the other thrusts and pressures by, as they 
ire all determinable from it and the given positions; and the 
value of it, as appears above, may be easily computed from 
+he uppermost or vertical part alone, or from the whole as- 
semblage together, or from any part of the win counted 
rom the top downwards, 

‘The solution of the foregoing proposition depends on this 
consideration, viz, that an assemblage of bars or beams, 

VOL. I. © 


_ 


& 
i hy 
a 
t, 
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being connected together by joints at their extremities, and 
freely moveable about them, may be placed in sucha vertical” 
position, as to be exactly balanced, or kept in equilibrio, by 
their mutual thrusts and pressures at the joints; and that the 

effect will be the same if the bars themselves be considered as 

without weight, and the angles be pressed down by laying on 
them weights which shall be equal to the vertical pressures 

at the same angles, produced by the bars in the case-when 
they are considered as endued with their own natural weights. 
And as we have found that the bars may be of any length, 
without affeeting the general properties and proportions of 
the thrusts and pressures, therefore by supposing them to be= 
come short, like arch stones, it is plain that we shall then. 
have the same principles and properties accommodated to a 
real arch of equilibration, or one that supports itself in a per 
fect balance. It may be further observed, that the conclu. 
sions here derived, in this proposition and its corollaries,. 
exactly agree with those derived in a very different way, in, 
the former editions of the principles of bridges, viz, in props. 
i and 2, and their corollaries ; and which have been here re- 
peated, in the foregoing prop. 2. | 


PROP. IV. 


Ef the whole figure in the third proposition be inverted, o¥ 
turned round the horizontal line Ac as an axts, till it be com= 
pletely reversed, or in the same vertical plane below the firs ; 
position, each angle p, d, Kc, being in the same plumb liney 
and if weights 1, k, l,m, n, which are respectively equal to the 
weights laid on the angles B, C, Dyk, F, of the first figure, 0 
now suspended by threads from the corresponding angles b,c, d, 

“¢, Sy of the lower figure ; then will those weights keep thas figure 
in exact equilibrio, the same as the former, and all the tensions 


or forces tn the latter case, whether vertical or horizontal 
or oblique, will be exactly equal to the corresponding forces 
of weight or pressure or thrust in the like directions of the, 


first figure. a 


,». 
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This necessarily 
happens, from the 
equality of the 
- weights,and thesi- 
milarity of thepo- 
sitions and actions 
of the whole in 
both cases. Thus, 
from the equality 
_ of the correspond- 
ing weights, atthe 
like angles, the 
ratios of the 
weights, ab, bd, dh, he, &c, in the lower figure, are the very 
same as those, wb, bp, px, He, &c, in the upper figure; and 
from the equality of the constant horizontal forces cH, ch, 
and the similarity of the positions, the corresponding vertical 
lines, denoting the weights, are equal, namely, ab = ab, bp 
= bd, dh = pu, &c, The same may be said of the oblique 
lines also, ca, cb, &c, which being parallel to the beams ad, 
bc, &c, will denote the tensions of these, in the direction of 
their length, the same as the oblique thrusts or pushes in the 
upper figures. Thus, all the corresponding weights and 
actions, and positions, in the two situations, being exactly 
equal and similar, changing only drawing and tension for 
‘pushing and thrusting, the balance and equilibrium of the 
upper figure is still preserved the same in the hanging fes- 
toon or lower one. 


Scholium.—The same figure, it is evident, will also arise, 
if the same weights, 7, &;/, m, m, be suspended at like dis- 
tances, ab, bc, &c, ona thread, or cord, or chain, &c, having 
‘in itself little or no weight. For the equality of the weights, 
and their directions and distances, will put the whole line, 
when they ‘come to equilibrium, into the same festoon shape 
of figure. So that, whatever properties are inferred in the 

c 2 


. 
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corollaries to the 3d prop. will equally apply to the festoon ; 


or lower figure hanging in equilibrio. | 
This is a most useful principle in all cases of equilibriums, 


especially to the mere practical mechanist, and enables him | 


in an experimental way to resolve problems, which the best 


mathematicians have found it no easy matter.to effect by mere 
computation. For thus, in a simple and easy way he ob- 
tains the shape of an equilibrated arch or bridge; and thus 


also he readily obtains the positions of the (ahienn in the frame — 


of an equilibrated curb or mansard roof; a single instance 


of which may serve to show the extent and uses to which 


it may be applied. Thus, ifit should be required to make a_ 
curb frame roof having a given width 
AE, and consisting of four rafters AB, 
Bc, cD, pE, which shall either be 
equal or in any given proportion to 
each other. There ean be no doubt 
but that the best form of the roof will be that which puts 
all its parts in equilibrio, so that there may be no un- 
balanced parts, which may require the aid of ties or stays, 
to keep the frame in its position. Here the mechanic has_ 
nothing to do, but to take four like but small pieces, that 
are either equal or in the same’ given proportions as those 
proposed, and connect them loosely together at the joints” 
A, B, C, D, E, by pins or strings, so as to be freely moves 
able about them; then suspend this 4 
from two pins, a, ¢, fixed in 

a horizontal line, and the chain 
of the pieces will arrange itself in 
such a festoon or form, abcde, that 
all its parts will come to rest in 
equilibrio. Then, by inverting the = b-_ Hip 
figure, it will exhibit the ey and 

frame of a curb roof aty de, which will also be in dae 
the thrusts of the pieces now balancing each other, in the 
same. manner as was done by the mutual pulls or tensions’ 


Ss 


or proposed span of the 
arch, pe its pitch or 
greatest height, pk the 


_and ALKNM the given an- 
. 
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of the hanging festoonadcde. By varying the distance ae, 
of the points of suspension, moving them nearer to, or farther 
off, the chain will take different forms ; then the frame aBcDE 
may be made similar to that form which has the most pleas- 
ing or convenient shape, found above asa model. 

Indeed this principle i is very fruitful in its practical conse- 
quences. It is easy to perceive that it contains the whole 
theory of the construction of arches: for each stone of an 
arch may be considered as one of the raftets or beams in the 
foregoing frames, since the whole is sustained by the mere 
principle of equilibration, and the method, in its application, 
will afford some elegant and simple solutions of the most dif- 
ficult cases of this important problem; some examples of 
which will be shown hereafter. 


PROP. V. 


To form mechanically a balanced Festoon arch, on the prin- 


_ ciples of the last proposition ; having a given pitch 8 or height 


and span, and also a given heaght and form of wall or 1 eeaiegy 


| over 1t. 


Let am be the given 


thickness at the crown, 


terior form of the wall: 
in order to determine the 
form of the curve ADM 
which shall put that wall 
in equilibrio. 

Invert the whole figure ALKNM, as in the opposite posi- 
tion A/knM, or construct this latter figure, on the lower side 


_ of aM, exactly equal and similar to the proposed upper one; 
the point d answering to the point p, and the point 4 to the 
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point K, &c. Let a very fine and thin, but strong line, such 
as a fine silkencord, or abricklayer’s working line, or perhaps 
a very fine and Nees chain of small inne be suspended 
from the extreme points 4 and M, and of sili leneth, that | 


its middle point may hang at the point d, or a little palsy itm 


Divide the given span or width Am into a number of equal 
parts, the more the better , as at the points 1, 2, 3, 4, 5, &c; 
from. which draw vertical lines, cutting the Fad doh chain 
or cord in the corresponding points 1, 2, 3, 4, 5, &c. Then 
take short pieces of another chain, and gee i them by 


these points of the festoon 1, 2, 3, ai as represented by the | 


dotted verticals in the lower part of the figure. This will 
somewhat alter the form of the curye. If now the new curve 
should correspond with the point d, and all the bottoms of 
the vertical pieces of appended chain also coincide with the 
given line of roadway //n, the business is done. But if both 


| 
! 


| 


| 


| 
| 


| 
| 
( 


as coincidences do not take place, then alterations must — 
be made, by trials and by Judgment, in lengthening or short-_ 
ening either the festoon adm, or the appended vertical pieces 


of chain, or in both, till such time as those coincidences are 
accomplished, namely, the bottom of the arch with the point 
d, and the bottom of the appended pieces with the boundary 


Zin. Then re-invert the whole figure, or otherwise trace out _ 


the upper curve ADM exactly like or the same as the lower 
one Adm, and there will be obtained an arch sustaining the 
wall above in perfect equilibrium. 

» 


Scholium.—Thus then , as explained by professor Robisop, 


we have an easy and practical w ay, by which anycommon in- © 


telligent workman Bey readily construct for himself the form _ 


of a real balanced arch, to any proposed design for a bridge, 


In this method, the thinner and lighter the festoon line is, so 


as to bear but a small proportion to the weight of the ap- i 


pended pieces of chain, so much the more exact will the 


conclusion be obtained, when the superincumbent wall is. of 
uniform weight of masonry. But as the festoon line repre-_ 
sents the line of voussoirs or arch stones, in the constructed _ 
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arch, if these only are solid, and the rest of the wall or matter 
above them be looser and lighter, then there ought to be an 
“equality of proportion between the weights of the festoon 
chain and the string or rib of arch stones, and between the 
superior wall and the appended pieces of chain; a circum- 
stance of equality to be obtained by mutual accommodations 
and calculations adapted to the real circumstances of the 
case, 
_ The chief objection to the curve found in this way is a 
want of elegance, and perhaps too of convenience and of 
economy, because it does not spring or rise at right angles 
to the horizontal line, but at a much smaller apeles and 
which indeed is the case with all curves of equilibration. 
‘However, this is a circumstance which can be very safely 
and profitably remedied; for in the part of the flanks near 
the piers, it may be cut away to hollow the arch out to any 
form we please, so as, for instance, to resemble the elliptical 
varch, which is one of the most graceful of all; because the 
mesonry is so solid and strong in that part. And this will be 
not only more agreeable to the eye, but will also leave more 
room for water and boats to pass, and will be a saving in the 
-expence of masonry. To accomplish this end with more re-- 
gularity and method, instead of dividing the horizontal line 
into equal parts at the points 1, 2,3, Ke, if the festoeon chain 
itself be so divided, viz, into equal parts, and the pieces of 
chain be appended at these, in the manner before mentioned, 
then the greater number SE these pieces being thus near the” 
extremities, they will draw the arch more deste in that part, 
and thus hollow it out there in a more regular and uniform 
manner, making the shape more pleasing and commodious, 
and yet leaving it sufficiently near a true balance. 

The following proposition is here added, to determine the 
figure of a ieacad arch, on the supposition that the voassoirs 
are at liberty to slide on each other. A principle indeed 
having no real foundation in fact, though it has been much 


insisted on by some persons, 


{ 
| 
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PROP. VI. 


It 1s proposed to determine the nature and properties of a 
balanced arch, as derived from the property of the wedge, or 
by considering the voussoirs or arch-stones as frustrums of 
wedges. 


Let acEc! &c, be the 
inner or lower curve of - 
an arch, formed of the 
voussoirs, or wedge pieces, 
the vertical sections of 
which are the quadrila- 
terals AD, cr, EH, GK, &c, 
considered as so many ele- 
mentary parts of the arch, 
the upper sides of them forming the exterior or outer curve. 
BDFHK, and their butting sides making the joints azn, cp, EP, 
GH, 1K, &c, which joints produced, meet in the point o, of 
the vertical line oan. Through any point 4, in that line, 
draw the horizontal line bdfhk, or perpendicular to the vers 
tical line oar, and cutting the directions of the joints in the 
respective or corresponding points 4, d, f, h, ky &e. i 

Now every wedge in the balanced arch, supposing its sides 
polished, must be kept in equilibrio, in its place, by the mus 
tual action of three forces, viz, by its own weight acting in, 
a direction perpendicular to the horizon, and by the thrust” 
or pressure of the two adjacent wedges, one on each side, in 
directions perpendicular to their sides, or to the joints; Soll 
for instance, the wedge ap is balanced, or kept in equilibrio, 
by its own weight acting in the vertical direction Bo, and b 
two forces acting perpendicularly to aB and cp; and th 3 
stone.cr, by its weight in the vertical direction, and by two 
forces perpendicular to cp and EF; also the stone En, by its” 
weight acting vertically, and by two forces perpendicular to” 
EF and GH; also the stone GK, by its weight vertically, and 


> 


ry 
| 
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_ by two forces perpendicular to GH and 1x ; and so on, the 
_ weights all acting in the vertical direction parallel to Bao. 
‘+ But, whenever three forces balance one another, they have 
then to each other the same ratios as the sides of a triangle 
| drawn perpendicular to the directions of the forces. ‘There- 
| fore the three forces balancing the wedge ap, are propor- 
_ tional to the three sides of the triangle odd, these sides being 
_ respectively perpendicular to those forces, viz, the side dd 
perpendicular to the vertical direction of gravity, also ob 
perpendicular to the force against the joint aB, and od per- 
pendicular to the force against the joint cp. For the same 
reason the wedge cr is balanced by three forces proportional 
to the three sides df, od, of, of the triangle odf; and the 
wedge En by forces proportional to the three sides fh, of, 
oh, of the triangle of; and the wedge Gx by forces pro- 
portional to the three sides hk, of, of, of the triangle ohh ; 
and soon. So that, in all these cases, the weights of the 
wedges, and their oblique push perpendicular to the joints, 
will have these following ratios, viz, 
the weights of the wedges - - - AD, CF, EH, GK, &c, 
as the parts of the horizontal - - bd, df, fh, hk, &c, 
and the push at the jointsas  - - 06, od, of, oh, &c, 
also the sums of the wedges, or the parts, AD, AF, AH, AK, 
are proportional to the perpendiculars 4d, bf, bh, bk, 
which are the tangents of the angles Bop, Bor, BOH, BOK, &c, 
of which the oblique thrusts od, of, oh, ok, are the secants, 
to the radius 0d, which denotes the constant push in the hori- 
zontal direction at every wedge, or every point of the arch, 
Which, on the whole, amounts to this, viz, that the weights 
of any part of the balanced arch, or set of wedges, com- 
mencing from the vertex, are directly proportional to the 
tangents of the angles which the joints make with the vertical 
line or direction, while the oblique thrusts, in the directions 
_of the arch at the extremity, or perpendicular to the joints, 
“are proportional to the secants of the same angles; the con- 
‘stant horizontal push, at every point, being proportional to 
the radius, | 
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And this property comes to the very same thing as the 
properties in the foreyoing propositions, because the angles 
of elevation of the curve at every point, or of the direction 
of the tangents there, or of the curve itself, are equal to the 
angles in this proposition, which the joints form with the ver= 
tical direction. So that, all the three theories in these four 
propositions are all one and the same in effect, amounting to 
the very same thing, sand yielding the same conclusions. 
And therefore, whatever consequences may further be drawn 
from any one of them, may be understood as deduced from) 
the whole. 


Ea 


Scholium—In the practice of bridge-building, the key 
piece, or wedge at the crown, is a solid, having its magni=, 
tude and weight half on each side of the middle vertical line 2 
whereas, in this proposition, it has been supposed that this» 
wedge is divided and actually separated in two by that line 
AB: this however will cause no difference in the theory, nor 
yet in the practice; for, in any calculations that may be re- 
quired, it is only necessary to suppose the key piece divided » 
exactly in the middle, then taking half its weight for the 
weight of the piece ap, and computing all the other weights 
and angles from the middle line an. 4 

It has also been supposed, in all the three theories that | 

‘have been contemplated, that the constituent parts are” 
formed of materials perfectly smooth and polished, and pot 
together without cement, and without. all kinds of ties or 
bars, so as to leave them quite at liberty to slide over each» 
other, the parts being kept in a perfect balance by means of — 
their shape, weight, and disposition only. This, it must be | 
acknowledged, is not the case in real practice; as here all 
the materials are quite rough, which very much prevents. 


‘ 


them from sliding by each other, even when their abutting 
surfaces are laid at a considerable slope or angle. But this " 
circumstance however, so far from being a disadvantage, by — 
thus deviating from the theory, is on that very account of — 
great use and benefit. For, the equilibrium among the con- _ 


_ 


SECT. 2. OF THE ARCHES. o7 


stituent parts of the arch, established by the foregoing the- 
ories, is of that nice and critical nature, that the whole hangs 
in a kind of tottering state of balance, from the perfect po- 
lish of the parts, so that any the least accidental extraneous 
force or pressure, on any particular part, would destroy the 
equilibrium, and cause the whole to fall down, except for 
the length of the joints and stones. ‘The theory also sup- 
poses the parts, constituting the fabric, to be exceedingly 
small, and may be even round, small, polished globules. 
But because of the shape and roughness and magnitude of 
the parts, of which an arch is constituted, it comes to pass, 
that a moderate degree of imperfection in the structure, or 
any accidental shocks or pressure from external objects, has 
no sensible effect in displacing or deranging the materials: 
for the wedge-like form prevents any piece from easily 
dropping out by itself; and the roughness of the sides pre- 
vents. the wedges from sliding; also the considerable mag- 
nitude of the stones, or other matter, while it enables them 
to bear the weight and pressure of the whole fabric, without 
being crushed to pieces, admits of a smal] displacing of ma-~ 
terials, or deviation from a perfect balance, as prescribed by 
theory, without suffering any sensible inconvenience. 

It has been supposed in this proposition, that the direc- 
tions of the joints, cb, EF, GH, &c, when produced, all meet 
in the same point 0, of the vertical line oas. This however 
is not necessary in the theory; as the directions of the 
joints may meet the vertical in 
so many different points 0, 0,0, 
&c, as in this fig. and yet all 
the parts and their afiections 
have still the same properties. 
This will be made evident by 
constituting the small trian- 
gles, obd, obf, &c, apart, as in 
this figure, by drawing, from one point 0, the lines od, od, 
of, &c, still parallel to the joints ab, cp, EF, &c, meeting 
the horizontal line in the points 4, d, f, &c: for, because 


os 
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these lines are perpendicular to the actions of the forces, oj 
pressure and push, of the arch pieces, the same proportions 
among these, as before deduced, still take place, and hold 
good; viz. that the weights are in proportion as the parts oj 
the line bdf Ak, and the oblique push as the corresponding 
lines 04, od, of, &c, of which od is as the horizontal thrust. 

It has also been supposed, that the joints are cut or draw 
perpendicular to the inner curve at every point, or that al 
the angles at it, c, E, &c, are right-angles. But neither is 
this necessary in the theory; for the system of balancing 
will be still the same, whatever those angles may be, whether 
all alike or all various, as these differences will only cause 
an alteration in the weight or Jength of the arch-pieces, 
which still will be represented in their proportions by the 
parts of theline 6dfhk. And indeed we often see this kin 
of oblique joints employed in the small arches in the coms 
mon practice of architecture and building, as over windows, 
- doors, gateways, &c. But yet such a practice is not to be 
admitted into the larger kind of arches, employed in bridges, 
&c, as being both snevaceful and troublesome, as well as 
weakening the Slick, h 

It is Baie em from all the theories, lai the balancing of 
the arch is not setuid to any particular kind of curve of 
shape, for either the under or upper curve; as the arch may 
be balanced with any particular curves we please. It also 
follows very evidently, that the same angles or directions of 
tlre joints may be employed to badancs a great variety of 
arches, and indeed any sort of an arch w rhatever 5 3 as ib 
this fig.; where, 
if the wedges 
@,/b6d,e &e, 
forma balanced 
arch, by being 

rikbin in the re- 
quired propor- 
tion to each 
other,viz,asthe 
diilerencesofthe 
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tangents of the angles formed by their sides with the verti- 
cal line; then, if the under curve of any of the other lower 
arches be assumed of any shape at pleasure, the upper curve 
of them will be found, by taking their corresponding 
Waves, al, 61, cl, &c, or a2, b2, c2, &c, or a3, 53, c3, &e, 
in the same proportions to each other as the wedges a, 6, c, 
\&c, are in the uppermost arch; and all the sets of wedges 


will form balanced arches. 


EXAMPLE. 


The theory laid down in the preceding propositions, 
which give, all of them, the same conclusions, will serve as 
a foundation on which to establish a method for construct- 
ing arches of equilibration, on any proposed curve whatever. 
‘The method however will require some further preparation, 
to render the application to practice easy and convenient. 
We may here, however, in the mean time, just take one ex- 
mple, in order to show the facility of the mode of calcula- 
tion from the theory, so far as it has now been laid down. 
In this example, we shall suppose that the intrados curve is 
a circular arc, which is formed by the under sides of the 
wedge pieces, the joints between which are all perpendicu- 
lar to that curve, as the only proper position, or all directed 
xactly to the centre of the curve. We shall also suppose 
the wedge pieces to form equal parts of that arc, of the 
uantity of 5° each, that is, each wedge subtending at the 
centre an angle of 5 degrees, the key, or middle wedge at 
the crown, therefore, extending 2 degrees and a half on each 
side of the vertical line passing through the centre; and 
have 17 other wedges, of equal angle (5°) on each side of the 
Key, making in all 35 wedges, which, at 5 degrees each, will 
form an entire arch of 175 degrees. In this case, the angle 
which the sides of the middle wedge forms with the middle 
vertical line, will be that of half the breadth of the wedge, 
or 21 degrees; and the angles which the sides of the other 
wedges, on each hand of the crown or key wedge, form with 
the yertical direction, will be found by adding continually 
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the breadth of each wedge (5 degrees), to the said 22 de- 
grees; by which it will be found that the angles at the cen- 
tre, formed with the vertical, by the said lower edges of the 
arch pieces, in order after the key, will be as follows, viz, 
that of the 2d wedge 71 degrees; that of the 3d, 121 de» 
grees; that of the 4th, 174 degrees; and so on to the 17th 
or last on each side the key, which will have its lower edge 
making an angle of 87 degrees with the vertical directions! 
all webiste angles, of ine Wrintioh to the vertical, are ranged in 
the 2d column of the following tablet, the first, or half the 
middle wedge, making an angle of 2! degrees. We shall 
also suppose the weight of the middle wedge at the crown 
to be a certain given quantity, represented by unity or I, 
and express the ‘several other weights and pressures, as if | 
the other columns of ' the said tablet, in terms of that unit 
so that all these proportional numbers for the other weight 
and pressures, will require to be multiplied by any othe 5 
weight of middle wedge which may happen to occur in any 
eer case. 4 

Now, in regard to the rule for computing all the other 
weighs and pressures, according to the conclusions from) 
the preseding theory, it is very easy and simple indeed 5 ViZy 
that the weight of any part of the arch, counted fice the 


vertex or crown downward, is always Keo PSeetrtl to the e 
tangent of the angle of inclination of the lower wedge to thi 
vertical, while the oblique push or pressure, in direction 
the curve, is proportional to the secant of the same angle, 
and the constant horizontal thrust is proportional to the ra=’ 
dius. For which reason it is, as formerly observed, that the. 
constant horizontal thrust is a proper radical measuring unit, 
by means of which to compute the two other circumstances, 
namely, the weight of the arch, and the oblique push or 
pressure in the falbuetion of the curve: for, the horizontal 
thrust being taken for radius, then the weight of the semi= 
arch will be the tangent of the angle w ith the vertex, and 
the oblique pressure the secant of the same angle, to that 
radius. Consequently, if the constant horizontal push be 
called A, then the weight of the semiarch will be A x ¢, or A 
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multiplied by the tangent of the side’s inclination to the ver- 
tical, and the oblique pressure of the arch will be é x $, or 
A multiplied by the secant of. the same angle. So that, in 
calculating the said several weights and oblique pushes of 
ithe arches, we have nothing to do but to take out, from a 
trigonometrical table, the tangents and secants of the seve- 
tal angles of inclination to the vertical, as contained in the 
2d column of the tablet, and multiply all the tangents and 
secants by the number expressing the constant horizontal 
+hrust, for all thé values’ of the several weights and pres- 
sures, as arranged in the 3d and 4th columns of the tablet; 
he products of the tangents being the several weights of the 
valf_arches, in the 4th column, and the products of the se- 
sants being he oblique pressures of the same in the arch’s 
imection, as in the 3d column. This calculation will be 
endered still easier by using the log, tangents and secants ; 
or there will then be nothing to do, but to take out all the 
og. tangents and secants; then to each of them add the con- 
tant log. of the horizontal thrust; lastly, take out the na- 
ural numbers answering to these sums, and they will be the 
equired weights and pressures. 

As to the uniform horizontal thrust, which is the constant 
nultiplier, its value is easily found thus: It has been shown 
hat this horizontal thrust is every where in the same pro- 
yortion to the weight of half the middle or key wedge, as 
adius is to the tangent of half the angle of that wedge ; 
hat is, as ¢#:1::lw:iw—+¢=Ah the horizontal thrust, put- 
ing w tor the weight of the key piece, and ¢ for the tangent 
f half its angle; or, if we put its weight w = 1, then this 
ill become 4 + ¢ =A the horizontal thrust. Now, in the 
xample, the angle subtended by the key is 5 degrees, the 
alf of which is 2! degrees, and the tangent of this is 
#3660¥; then 5 or *5 + -0436609 = 11°451883 = A the 
onstant horizontal thrust, that is, 11 times the weight of 
he key piece and nearly one half more; or, the same may 
€ easier found from the cotangent of the same angle 22 
egrees, which is 22°903766, the cotangent of any angle 

ing equal to the reciprocal of its tangent, to the radius 1 ; 
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TRACT] 


therefore, in general, } + tang. = + the cotang. is= h thi 
horizontal thrust, and in the present instance the half of thi 
cotangent 22°903766 is 11°451883 the same value of th: 
horizontal thrust as before. 

Hence then the constant number 11'451883 is to be mul 
tiplied by the tangents of all the vertical angles, to give thy 
weights of the semiarch, in the 4th column, and by the s 
cants of the same angles, to give their oblique pressures, a 
in the 3d column; or else, to work by the logarithms, th 
log. of the constant number 11°451883, which is 10588769 
is to be added to all the log. secants and tangents of the sai 
angles, then the corresponding natural numbers taken, ani 
ranged in the 3d and 4th columns of the table. 

The differences of the numbers in the 4th column ar 
taken, and ranged in the Sth or last column, for the weight 
of the single wedge pieces taken separately, making th 
whole of the first or key wedge equal to 1.—The table i 


as follows. 


pa ereecramremrsersere 
No. of | angles of | Oblique pressures, | Wts. of halfarches, | Wts. of the sec-| 


sections.| the joints,| =A xscc.Z 0. =hXtanZ0. | tions or wedges. 
7] 


or £89. 
| degrees. 
1 QL 11°46279 O°5 1° 
2 ze 11°55070 1°50767 1°00767 | 
3 124 11°72993 2°53882 1°03115 
4 | iit |- 1200763 3°61076 107194. 
5 29% 12°39543 4°74.352 1°13276 
6 27% 12°91065 596147 1°21795. 
a 325 13°57837 1°29565 1°33418, 
8 ant 14°43478 8°78 734 1°49169 | 
9 42> 15°53267 10 49372 1°70638_ 
10 bg 16°95094 12 49753 2°00381 
al 59t 1881177 14°92439 2°4.2686 | 
12 Ste 21°31377 1797585 3°05146 
13 624 24°80112 21°99886 402301 | 
14 61+ 29:92521 27:64727 564841 
15 724 38°08334 36°32073 8°67346 
16. | aE 52'91028 51°65611 | 15+33538) 
17 gat 8'7°13628 86°98568 35'32957 
262°54113 262°29125 | 175°30557 


| 
| 
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which it is made, it is manifest how greatly the weight and 
the pressure of the semiarch increase towards the bottom or 
the extremity, where the position of the joint approaches 
‘towards the horizontal direction, or the angle it makes with 
‘the vertical approaches towards a right-angle; and when 
‘that angle actually becomes a right-angle, or the joint quite 
Hhorizontal, then the weight and pressure become equal and 
‘infinite, which must naturally be expected, both because the 
‘tangent and secant of the angle (being a right one) are then 
infinite, and also because it must require an infinite weight 
or pressure to balance there the constant given horizontal 
thrust, which is perpendicular to the former. 

We may here, by the way, stop to examine a little in 
what manner the preceding calculation of the weights of the 
voussoirs may be employed to give a familiar and easy me- 
chanical construction, that may approach very near to a 
true balanced arch. In order to this, we are to consider, 
that since the bases, or extents of the under sides, of all the 
voussoirs, are equal, it will thence happen that their weights 
will have to each other nearly the same ratios as their lengths} ° 
from the under to the upper side of them, or taken in the 
direction of the radius, that is perpendicular to the under 
curve or intrados, at least when the breadth or angle of these 
wedges is very small, which is the case in real practice, the 
approach to equality being the nearer indeed as their breadth 
is the smaller. -And though the angle of 5 degrees, em- 
ployed in the preceding calculation, be not such a small 
areadth as to render the equality and the construction per- 
ect, it will yet serve to show the manner of proceeding in 
uch a way of forming the arch, and will besides approach 
‘olerably near to the truth. | 

As it is most proper that the joints between the wedges, 
n the arch of a bridge, should be in directions perpendicu- 
ar to the under curve of the arch, we shall only exemplify 
he method in cases of that sort. For this purpose then, let 
is suppose the intrados or under curve to be divided into a 

VOL, I. D 


‘From this calculation, as well as from the theorems by 
r 
| 


~ Jibri io. 


- OW. poses or VEUASOISs then en ‘ei centre o drawi ing 3 radii i 
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number of equal parts, answering to a breadth of 5 degrees 
each, or such that the angle formed by every two adjacent | 
joints, when produced, shall be an angle of 5 degrees. Let | 
us then draw a line through the middle point of every one 
of these breadths, bisecting them, and ima direction perpen- 
dicular to the curve at every point. Then, by setting off, 

upon these lines, from the curve upwards, hy a proper scaleg: 
lengths which shall have the same ratios to each other as the” 
weights of the corresponding wedges through which these 
lines pass, or proportional to the numbers in the last column > 
of the foregoing table; then will the lengths of these lines 
be the extent of the several voussoirs nearly, and therefore, 
their upper extremities or points being connected, by draws 
ing. short lines from one to another, they will iia or form | 
the extrados, or the upper curve or side of the arch, when | 
built of uniform materials, so as to be very nearly in equis 


have no peculiar restricted reference to any particular curve: 
for the intrados, or under side of the arch, we are therefore 
at dubarty to assume that curve of any form at plea | 


And thus by assuming any different i deat of curve for the ’ 
intrados, the same aoe in the table will give as man 
balanced arches as we please. Assuming then, for the inner 
curve, a semicircle, as in the next fig. having its span or dias” 
meter LM 84 feet, consequently its pitch or height oa 42 feet | 
We shall also assume ag the thickness of the crown or key - 


piece, equal to 6 feet, or the 14th part of the span, being 


nearly the proportion Brdloyed by good engineers. Divide 
ing each half are AL, AM, into 9 equal parts, of 10 degrees 
cath which will be Be eeatly small to show the nature and 


form of the extrados, containing each an extent of twa 


zs 
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| passing through the middle of every second wedge, the first 
| OAB passing through the middle of the key-piece. Then, 
on these radii produced, set off, from the arc of the semi- 
| circle, an, Gu, &c, every second number in the last column 
of the table, when multiplied by 6, the assumed length of 
AB; then, drawing with the hand a curved line through the 
extremities of all the exterior lines, it will be the extrados 
required, exhibiting the 
form and limit of the wall 
built of uniform materials, 
above the circular soffit, so 
as to constitute an arch of 
equilibration nearly as in 
the annexed fig. . 
Where it is seen that the extrados follows nearly a course 
parallel to the intrados for about 30 degrees on each side of 
the vertex; after which, it begins to bend the contrary way, 
faving there a contrary flexure during the rest of its course, 
going off to an infinite distance on each side parallel to the 
dase, making the voussoirs at last of an infinite length, and 
somposing al! together a form of arch very unfit for adop- 
i0R in practice. 

We shail now show, in the next proposition, that, by 
mother very strict and genuine construction, an extetior 
urve is derived exactly similar to the curve here obtained - 

1 the determination of which, some part of the mode of 
asoning in the demonstration of the last prop. is here again 
ecessarily repeated, : 


— 


PROP. VEI. 


Tf acrcr &c, be an arch, supporting a wall aBKt, Sormed 
* the voussoirs or arch stones AD, cF, Ke, lying aslope, on 
th surfaces, and having the joints an, cD, -&e, every 
re perpendicular to the curve of the arch ace Ke. It is 
‘quired to find the lengths of these arch stones, so that the 
hole fabric may be balanced, or kept in equilibria. 

, D 2 
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Let a be the vertex of the 
inner curve of the proposed 
arch; AB the given thickness 
of the wall at the crown, or 
Jengthof the archstone there; 
also BAO, DCO, &c, the joints 
produced, making Ao the ra 
dius of curvature at A, and co ) 
atc, and Eo at E, &c; the bases Be the stones AC, CE, EG, cig ) 
&c, being so many pleents or small parts of the arch; on 
the vertical sections of the stones, or the areas of the qua-_ 
drilaterals AD, cF, EH, GK, being proportional to the weights _ 
of them. 

Now every stone in the balanced. arch will be kept idl 
equilibrio by three forces, viz, by its own weight acting 
perpendicular to the horizon, and by the pressures of the. 
two adjacent stones, in directions perpendicular to their 
sides, or to the two adjacent joints: So, for instance, the 
stone An is balanced, or kept in equilibrio, by its own weight, 
and by two forces acting perpendicularly to aB and cp; and 
the stone cF, by its weight, and by the two forces perpen- 
dicular to cp and EF; also the stone EH, by its weight, and 

‘by the two forces perpendicular to EF and GH; also the stone 
GKy by its weight, and by the two forces perpendicular to 
GH and 1K; and so on; all these weights acting in the ver- 
tical direction BAo. | 

But whenever three forces balance one another, they hall 
then the same ratios as the sides of a triangle drawn per- 
pendicular to their directions. Therefore, if there be con- 
structed another figure obdfhk, having b6& horizontal, or per- 
pendicular to a given vertical line ob; and having od parallel 
to op, and of to oF, and of to on, and of to ox, &c: then 
the three forces balancing the stone aD are Proportichl to 
the three sides of the triangle odd, these sides being respect. 
ively perpendicular to those forces; for the same reason, 
the stone cr is balanced by the three forces df, od, of; also 
the stone sx by the three fh, of, oh; and the stone ck by 
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the three Ak, oh, ok; and so on; in all these cases the 
_ weights of the stones being proportional to the bases dd, df, 
Sh, hk, of the triangles vbd, odf, ofh, ohk. But as these tri- 
_ angles have all the same cominon altitude 0d, they have the 
| same ratios as their bases 6d, df, &c, which bases, it. has 
been shown, are proportional to the weights of the stones, 
_ which have also been found proportional to the quadrilateral 
_ areas aD, cr, &c; therefore the quadrilaterals ap, cr, EH, GK, 
_ are respectively proportional to the triangles obd, odf,ofh,ohk. 
| But, as these small triangles have their angles respectively 
_ equal to the angles of the corresponding sectors, because 
| their sides are parallel by the construction; that is, the an- 
| gle bod = the angle nop, &c; their areas are therefore pro- 
_ portional to the squares of their corresponding sides; 


| viz. the sectors OBD, OAc, obd, 
; 

proportional to oB*, 0a’, 067; 

and the sectors ODF, OCE, odf, 


proportional to 0d’, oc’, od?; and so on. ; 
Therefore, by taking the differences, 
AD : obd ;: OB’ — oa? : 06?, 
and cr : odf:: op*— oc : od?, 
. 7 * 2 . 
and EH : ofh :: OF? — OR? : of?, 


and GK : oAk: 1’ — oc’ : of?, &c. 
Hence, if 06” be eaker = ue — OA’, : } 
then od? is = oD* — oc’, i 


and ¢f3.8) =.0F*.-_OR?, 

and of? is = on? — oc, &e, 
Or, by transposing, OB* = oa? + ob’, 
® and oD’ = 0c? + od?, 
and OF? = OF” -- of*, 

and 0H? = oc? + of*, &e. 

Which gives us the following geometrical construction, 
yiz, Paice the joints till oa, oc, og, oc, &c, be equal to 
_the several radii of curvature at the corresponding points, 
A, Cc, E, &c; to which also also draw the parallels ob, od, of, Ke. 
Then take 0b = ,/on* — oa’, and draw bdfhk perpendicular 


i 
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toob. Lastly, make op = ,/oc? + od?, and OF = / OE? + of 4 | 
and oH = / 0G? + of’, &c; then shall the line or curve) 
drawn through all the points B, p, F, 4, K, &c, be the top. 
of the wall, so as the whole fabric may be Balaticed ; or kept) 
in etitibrd, by the mutual weights and pressures of the. 
stones, having smooth or polighed sides, and at liberty to 
descend alone. them. ; 

Note. Wien the given interior curve ACE &c, is a circle, 
all the radii of curvature will be equal to ahen other, and 
will all have the same centre o. But in other curves, a ‘ing | 
various degrees of curvature, the radil and centres of curva- | 
ture will be all different. 


EXAMPLE. 


Suppose the interior R 
curve to be a Semicircle. | 
And suppose the span 
or diameter LM to be 
$4 feet, the height ‘or 
pitch oa 42 feet, and the 
thickness at the crown 
AB 6 feet, which is the 14th part of the span. Then n take 
: ob sO, et ob* be equal to oB* — 0A, or 0b = 4/oB* — OAM 
= 23°2379, and through 6 draw bh parallel to the base 
LM; from the centre o draw a number of radii ohcu &c, 
cutting the circle in as many points G, and the line mmm in 
as many points 4; on the perpendicular iw set off all the 
distances Lp orca to the several distances of, cut on the 
radii by the directrix mn; then transfer the distances op to 
the same radii produced to n, namely taking on = op; then 
shall the points H be so many points of the exterior curve, 
through all which points the bounding line being drawn with 
a test y hand, it will be as is seen in the figure to this ex- 
ample, mints is accurately constructed and drawn bya 
scale to the dimensions above giyen, and which will extend 


©5 
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infinitely along the directrix mm, this line being indeed an 
asymptote to the said curve. 

The*ealculation in numbers is also equally easy and 
obvious. ‘Thus, taking any given angle aoc, ob being = 
_V¥oB* — oa’, then tp = oh = ob x sec. AoG, and hence 
OH = Op = /OL* + Lp? = of 0a* + Lp’, which gives a point 
H in the curye. And the curve thus constructed gives the 
very same as the fig. p. 35, formed on the principles of prop. 
6, as might be expected. 

Examples of other curves, besides the circle, might be 
here taken, but the above case may suffice, as none of them 
are of a nature to be suitable for, or to hold good, in the 
construction of arches, at least for the ordinary purpose of 
bridges. Because, that in such arches, the parts do not en- 
deavour to slide down in the oblique direction of the joints, 
both on account of the roughness or friction there, and 
ecause, when the parts are cemented together by the mor- 
‘ter, or keyed together by pieces within side, the weights then 
ill act perpendicular to the horizon, being each fixed to the 
other parts of the arch, after the manner supposed in the 
3th and 10th propositions; and according to the examples 
-o the latter of these, it will therefore be expedient to make 
such calculations as may occur in cases of real practice. 


| PROP. VIII. 
| When acurve is kept in equilibrio, in a vertical position, by 
yads or weights bearing on every point of it : then the load or 
ertical pressure on every point, ts directly proportional to the 
voduct of the curvature at that point, and the square of the 
ecant of the elevation above the horizon of the tangent to the 
urve at the same point, the radius beng 1. That ts, the load 
r vertical pressure on any point c, is directly as the cur- 
ature at c, and as the square of the secant of the angle ben, 
wade by the tangent be and the horizontal line cu. 
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This property will be de- + 1 
duced as a corollary from the 
properties in the 2d and 3d 
propositions, according to the 
idea mentioned in the conclu- 
sion of the scholium there, by ! 
conceiving the bars or lines kept in equilibrio to become indes 
finitely aan for, by this means, those bars will form a cot 
tinued curve line, after the manner of the arch stones in 
bridge, constituting an arch of equilibration, by weigh 
pressing vertically on every’ small or elementary part 
the arch. | 

Now the consequence of the above idea, namely, of the 
bars becoming very small, and forming a continued curve 
is, that the angle bop becomes the angle of contact of the 
- curve and tangent, and the angles dcx, pcH become equal te 
each other ; consequently, the vertical Joad on the point ¢, 
which, in the 3d corol. prop. 3, was proportional to the sim 
bcp x sec. 6cu x sec. DCH, will be here proportional to thi 
sin. bcp x sec*. bon, or as the angle bcp x sec’. ber, sinet 
a small angle (dcp) has the same proportion as its sine. Bu 
the angle of contact ey in any curye, 1s the 1 measure of t cD 


tional to the curvature nee by the sec’. ef bon’ 
is, proportional to the curvature at that point, and also to 
square of the secant of the elevation of the curve or tangen 
above the horizon. 


Corol.—Because the curvature at any point in a curve 
reciprocally proportional to the radius of curvature at tha 
point; it follows, therefore, that the vertical load or weig 


sec*. bow | ae 
, where r denotes the radiu 


on any point c, is as 


of curvature at the point c; that is, directly proportional t 
the square of the secant of elevation, and inversely propor 
tional to the radius of curvature to the same point. ‘ 


« 
pea) 
, 
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| PROP. IX. 
: When an upright wall, bounded by a curve beneath, as kept 
in equilibrio by the mutual weight and pressure of its parts and 
materials ; then the height of the wall above every point of the 
curve, is directly proportional to the cube of the secant of eleva- 
tion of the tangent to the curve there, and also directly propor- 
tional to the curvature at the same point, or else, which ts the 
‘same thing, inversely proportional to the radius of curvature 
i there, 


By the last proposition, the 
load or pressure on every ele- 
mentary or small portion, 
ec, of the curve, is pro- 


sec’, bcH 
| portional to a Se Now 


this load on every such small 
equal part of the arch, as cc, is a mass of solid matter cre, 
incumbent on that part of the curve, and pressing it verti- 
eally ; and which may be considered as made up of a number 
of equal heavy lines standing vertically on it; the number of 
which lines may be expressed by the breadth ca of the said 
pillar cz of heavy materials: but the breadth ca is = 

Cc ; 
—__—__ = ———_.,, or as —_;—., because the element cc is 
sec.ccad  sec.bcH sec. bcH 
supposed given, or always of the same length, that is, ca is 
reciprocally as the secant of the angle of elevation, Hence 


) ‘ : Gh, wa gee, BOR. *s 
then the vertical load, or cz, or —————, 1s as SHRP META Oo 
se » 


ec. bcH 

sequently the altitude cr of the wall aKLM, at the point c, is 
sec3. cH 

as ————, or as sec}. bon x curvature there, That 1s, 
a 
the height of the wall above every part of the arch of equili- 
bration, is directly proportional to the cube of the secant of 


the curye’s elevation at that part, also directly proportional 


a ib 
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to the degree of curvature there, or else inversely as the ra-_ 


dius of curvature at the same part. 


s 


Corollary 1.—Hence, if the form of the arch, or the nature. 
of the inner curve aBcpM, be given; then the form or nature. 
of the outer line Kin, bounding the top of the wall, or form. 
ing what is therefore called the extrados, may be found, so 


as that the intrados ancpm shall be an arch of equilibration, 
or be in equilibrio in all its parts, by the weight or pressure 
of the superincumbent wall. For, since the arch or nature 


of the curve is given, by the supposition, the radius of cur | 


vature and position of the tangent, at every point of it, will 


be given, and thence also the proportions of the sor eat ror | 


&c, So that, by assuming one of them, as the middle one 
vp for instance, or making it equal to an assigned length, the. 
rest of the verticals will be found from it, and will be in pro-- 
portion as it is greater or Jess; and then the extrados line 


Kivi may be drawn through all their extremities. 
Or, on the other hand; if the extrados Kivu, or line bound- 
ing the top of the wall, be given; then the nature of the 


a am ~o 


correspondent curve of equilibration ABcpM may be foun 


out. And the manner of the practical derivation of both 
these curves, mutually the one from the other, will be shown 
in the following propositions. 


Corollary 2.—If the intrados curve Agcp should be a circle; 


then the radius of curvature will be a constant quantity, and» 
equal to the semidiameter of that circle; also the angle bcm” 


will be always measured by the arc pc, ridkn the vertex p of | : 
the curve; and then the height c1 of the wall, will be every 
where proportional to the cube of the secant of the arch DC. 


Corollary 3.—Hence also it fol- 
lows, that if between the intrados 
and extrados curves, an interme- 
diate curve £ivl, be drawn through 
the middle of the wall, bisecting all 
the verticals pv, cy, Ke, or indeed 


i 
/ 
{ 


. 


SECT. 2; — OF THE ARCHES. 43 


diyiding them in any ratio whatever, so as that it may be 
every where py : py :: cr: cz; then if acpM bean arch of 
equilibration to the wall axvim, it will be an arch of equili- 
‘bration to the inner wall akedm also. 


PROP, X- 


Having given the Intrados or Soffit, of a Balanced Arch; to 
find the Extrados. That is, having given the nature or form 
ofanarch ; from thence to find the nature of the Une Sormmg 
the top of the seperincumbent wall, by the pressure of which the 
rch ts kept tn equilibrio. 


The solution of this problem is to be made out generally 
vom the last proposition and its corollaries, by adopting ge- 
teral values of the lines there employed, which belong to all 
surves whatever : or otherwise by making use of the peculiar 
values proper to any individual curve, for the solution of 
articular cases. 

For the general solution, in fig. pa. 41, KVL represents the 
»xtrados, the form of which is required, and ancpm the given 
ntrados or soffit of the arch, the vertex of which is D, and 
ov the height or thickness of the wall there, which is com- 
aonly a dimension that is known from the particular circum- 
tances of the case. Now if we make the arch pc = %, its 
lement cc = %, the absciss pH = #, its element ca = 4, the 
rdinate cH = ¥, its element ca = 5, the height or thickness 
if wall at the vertex pv = a, and the radius of curvature at 
ny point c =7, that at the vertex p being = R, 
| Then, because the height cr, at any point c, is as 
2c3, box or of cca 


__—- 


, by the last proposition, and because the 


r 
. ce z 
2eant of cca is = a 3° the radius being 1, therefore 
tia - 9 2 3 

ze (i r 


1isas—-, oras 
ry 


4B +7 or (x + 3°)”. 


Sia Nhe because = ce = \/ca® + ca? = 


| 
| 
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op soy teal 

Or, the general value of cz is = x oe » 

2 J a 

where a denotes a certain given or constant quantity, th 
value of which may be determined by making the genera 
expression equal to a or pv, the height at the crown of th 


arch. 


Corollary 1.—~Because, at the vertex of the curve p, th 

Ce le | 

angle of elevation is nothing, or its secant —=— = 1 th 
i 8 ca 5 


radius, and the radius of the curvature there being R; ther: 
fore the general expression for the height, becomes ther 


+ 


Q 
BY = w= — consequently @ = ar, which is the gener 


value of a for all curves whatever, expressed in terms of th 
height @ at the crown, and R the radius of curvature at i 
same point. Hence then, substituting this value of aw 
stead of it, the general expression or value of c1 becom 
we) aR (# +7)? aR | 
PR Ria 

: ‘+ 
Corol. 2.—Because, in all curves that are referred to: 


axis, the general value of the radius of curvature r, 1s: 
5 


; therefore, by substituting this value for 7 in tl 


me 


ey” 


Jast expression, the gener al value of the height cx then b 
ssid ie — xy 

piles - z aR = x Q@, or = —~ x awheng 
J be | 

constant. | 


For, as either x or ymay be supposed to flow uniforill 
and when, consequently, either of their second fluxions mi 
be taken equal to nothing, which will cause one of the tert 
in the numerator of the above value of cr to vanish; thet 
fore, by striking out. either of those terms, and then exterm 
nating either of the unknown quantities by means of t 
equation to the curve, the particular value of the height | 


ap is the semidiameter, @ the 
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will be obtained: as-is done in the following examples, ex- 
‘cept in some certain cases, where more peculiar methods 
‘may suit them better, as when the radius of curvature is a 
‘known quantity, &c. 


| EXAMPLE 1. 


| To find the Extrados of a Circular Arch. 


: 
That is, acpm being acir- ¢ 


ceular arc, of which a@ or 


jcentre, and p the vertex of the 
given circular arch; also x the 
vertex of the extrados xic, and 
the other lines as in the figure. 

Makinga=pk,r=aa= A 
ap the radius of the circle, which is also equal to the radius 
of curvature throughout, or 7 = rR; also x = pp, and apie 


Q M 


‘ad 


R 
‘PC = RI, and s = thearch pc. Then, because a They 


and z = the cube of the secant of elevation at c, which is 
. 


ca? or DQ’ 4 
jac evi gal, ; therefore the general value of e1, incorol. 1, 
i 
| DK X DQ? r r 
ibecomes cr = ————- = (——)3 x ga = (TS )32, - 
PQ? St (Vay ? 


or, as PQ? : pe? or ca? :: DK: cI. 
: 

Corol. 1.—This expression for the value of c1, affords a 
‘very simple mode of caleulation for the case of a circular 
‘arch ; viz, to the constant logarithm of the height a, add 
‘triple the logarithm secant of the elevation, or of the are nc; 
‘then the natural number answering to the sum will be ihe 
‘value of the height cr, at every point c. 


| 
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- | 
Corol. 2.—It gives also a very simple construction by scale 
and compasses, which is as follows:—Join ac; draw Pf per- 
pendicular to ac, and fg perpendicular to ap; then shall 
ag; ac :: ap? : ac’; because, by similar triangles, ag ¢ 
af :: af : ep and :: ap: ac, or ag, af, ap, ac are four 
terms in continued proportion, in which case the first ag is 
to the fourth ac, as ap? to ac}, the cube of the third to the! 
cube of the fourth. Hence, if cr be taken a fourth propor. 
tional to ag, @c, DK, it will be the length of the vertical line 
sought. And this fourth proportional will be easily deter 
mined in the following manner: viz, Join cg, and in the 
vertical line 1c downward take ch = pK, and draw ft pas 
rallel to cg, so shall cx be equal toc? the fourth proportiougy 
to ag, QC, DK, or to ep’, ac’, DK, as required. 
| | 
Corol. 3.—The extrados line in this figure is accurately. 
drawn according to the above construction and calculation, 
when the omnes DK at the crown is the exact 15th part of, 
the span am. It falls more and more below the horizontal) 
Jine, from the crown all the way till the arch be between 30 
and 40 degrees, where it takes a contrary flexure, tending 
upwards, passing the point 1 very obliquely, and Mende rising 
very rapidly to an unlimited height, in an infinite curve, to 
which the vertical line aG is an asymptote ; a circumstance 
which must always be the case with every curve, which, like 
ac, springs perpendicularly from the horizontal line aem. 
This curve cuts the horizontal line nearly over the point 
of 50 degrees. If pk were taken greater than the 15th part 
of am, all the other vertical lines ct would be greater in the 
same proportion, and the curve Ki1c would cut the horizontal - 
line drawn through K in some point still nearer to x; but 
the reverse, or farther off, if bk were taken less than the 15th’ 
part. Hence it appears, that a circular arch cannot be put 
in equilibrio by building on it up to a horizontal line, what-_ 
ever its span may be, or whatever be the thickness at the » 
crown. And consequently it may generally be inferred, that 
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the circle is not a curve well suited to the purposes of a 
bridge which requires an outline quite horizontal, but may 
answer tolerably well when that line bends a little down- 
Wards, from the crown toward the extremities; and then a 
great varicty of proportions between the thickness at the 
crown and the span of the arch might be assigned, which 
would put the circular arch in equilibrio, nearly, 

~ Now these cases will happen in general when Kr vanishes, 
or is of no length, and then cr must be equal to pK, or nearly 
so; with which general condition many particular cases may 
be found to agree nearly. But it may be proper here first 
to make outa general rule for such cases, which may be done 
in the following manner: — 

By the premises, the general 
value of ci being pk » sec3, 
De, or as 1: sec? pc :: pK: 
ct; then, by taking cr = PK, 
n order to cause the outer 
*urve Ki to cruss the horizon- 
al line kt at the point 1, that 
»roportion becomes 


: 


po 


16 


} 
| 
| : sec? Dc :: DK : PKor pK + DP, 
; 

| 


prsec’ pc — 1:1:: pp: pk = — TOOL? the radius being 1. 
sec’ pc — | 

' Now, by taking th 

_ Now, by taking the arch pe of various magnitudes, from 
‘4 or 20", to o or nothing at p, the several thicknesses pK, 
tthe crown, will be found by this theorem, corresponding 
i . 

> the several heights pp, or span Cc, as here following, so as 


> make cnc a balanced arch very nearly. Thus, 


Ist. If pc be taken = pa or 90°: then its height is pa ad 


S$ span AM = 27, and its secant is infinite; consequently 
DQ 
fe * 


oa = oO. That is, the thickness at the crown comes 


at equal to nothing in this extreme case. 


'2d. If pc be taken = 75°: then its height pp = 741187, 
i@ span cc ='1'93185r, and thetsec, pc = 3°8637; there- 
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g 


DE cc 
fore DK = oe 013087 = 775° That is, he thick., 


ness at the crown would be the 148th part of the span, being 
also much too small for common practice. | 


. 


3d. If pc be taken = 60°: then its height pp = 27, the 
span cc = 1s/ 3, the sec. pc = 2; therefore DK = ian 


= 2pPpict. see LE RPT CUP ad: nearly. Thai 

3 oe 73> 24-9487 244 
is, the thickness at the crown would be rather less than th 
24th part of the span: which is still too small in ordinary 


bridges. 


4, If pt be taken = 54°: then its height pp = ‘41297, th 
span cc = 1°6187, and the sec. Dc = 1°7013; therefor 


DP cc oy 
DK = ———- = _ 105047 = . Thatis, the thicknes 
sec3.— 1 15°41 } 


at the crown would be between the 15th and 16th part of th 
span; which is nearly the proportion allowed in commo 
bridges. 4 

5. If pc be taken = 45°: thenits height pp =r — tr Js 
the span cc = rvV2, the sec. Dc = /2; therefore DK = ~ 
. DP . PM ere Cos a, v cc cc 
seh. 1 2/21 2434/2 6 42/2 88284 
tcc nearly. That is, the thickness at the crown would b 
more than the 9th part of the span: which in common cast 
is too much. 


6. If pc be taken = 30°: thenitsheight pp =r — ars 


the span cc = T the sec. pc = Fe . therefore DK 
pp P-4rW/3 _ 63-9 _ 6/3 ~9, ce 
Sethe uen' yobs Mees 16-63  16-6/3. 40m 
33 , oe 


cc nearly. That is, the thickness at the crown would the 
be almost the 4th part of the span. oN 
~ 7. If pe be taken = 15°: then its height pp-= “03407 


ba - 
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the span cc = *51767, and the sec. pc = 1'0353; therefore 
DP DP ( 

DK = och 1 tp = IPP = 37 S Zee nearly, or + of 
the span. 

‘From all which it appears, that a whole arch cpc of about 
108 or 110 degrees, is the part of the circle which may be © 
used for most bridges with the least impropriety, the thick= 
ness at the crown being nearly the 16th part of the mes 


with a horizontal straight line at top. 


EXAMPLE 2. 


ne determine the Extrados of an Elliptical Arch of Equi 


libration. 
' 


_ Suppose the curve in this 
igure to be a semiellipse, 
vith either the longer or 
shorter axe etdantal. put- 
ng / to denote the horizon- 
al semiaxe aa, and r the 
ertical one Da, also.x = pp, 
= Pc, and @ = DK, as usual. 


K 
Hl 


Then, by the nature of the ellipse; r : h i: ./2rr—a20r 
5 pees 


| h 
Y3 therefore y= — W 2rx— xt, andj = es 


poe es cee | 
/ (2r — xx)? 


| —Arx* 

soy = ——————. by making ¥ constant; Hence the 
md J (2rz— rx) y ste 

| — xy hriia 
yneral value of cr, viz, —~ x d, becomes —————_. x 
| 7 (2rx — xx)z 

3 ® (Qrxr— ray ra 

RN S65 ene, ae . But at the vertex of the 
te (r—a) RG ep 


TQ 
(ve D, where x is = 9, this expression becomes only — Bi? 


hich must be = px or @; therefore the value of ea is = 


h a 
<f which being substituted for itin the above generalWalue 


VOL. my E 
| 
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ar? _* DK X Da’ 
(Fa) 7 rave 
very same expression as the value of cz in the case of the 
circle in the former example, and which belongs equally to, 
the ellipse in both positions, that is, both with the longer axe 
vertical, and with the shorter one vertical, as it is in the 
figure to this example. fy 

Hence it appears, that the flat ellipse is more nearly ba- 
lanced by a straight horizontal back or wall at top, than the 
circle is; but the circle more nearly than the sharp ellipsel 
the want of balance being least in the flat ellipse, but most ir 
the sharp one, and in the circle a medium between the two, 


of c1, this becomes cr = 


which is the 


Se 
EXAMPLE 3. : ‘ 


To determine the Extrados of « Cycloidal Arch of Equi 
: | 


bration. 


Let pze be the circle 
from which the cycloid 
Acp is generated ; and 
the other lines as before. 

Put a = DK, # = DP, 
and y = CP = IR, as — 
usual; also put 7 = Da 
the diameter of the circle, and z = the circular are D! 
Then, by the nature of the cycloid, cz is always equal to I 


— <: and. by the nature of the circle, pz is = ./rxv—wa 
9 y) 9 / VX —KA 


therefore pc or y(=Cz+Pz)is=¢ + rx—xrx. Henee 


4 Liye & 2 4¢2 Rae 
’ z te AVS 
= & a oar PMOL Mae! Ss cae but zis = earwere OG tl n 
9 / (77 — 2) J/ (72 — 2x) y a 
; er P= a 
ture of the circle; therefore j is = —~—_-— x ¢ + 
V/ (rr#—22x) vy 
r= v2 ] ne athe kK; a » hth 
/ - then yy = —————_—--, making + cé > 
\ Vv ? . J 2.0 4/ (re— vx) 9 dD x constant. Hen 
; — sja 17 - a 
cl ee oo OA NE tex = 
9 (ray t the vertex p, x 0, a! 


*@ 
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| Q ; 
Pe ae = ; therefore @ = 2ar; consequently the general 


; r 
value of cr is ( 
T—2x 


¥Yxazs= ee X DK; a formula which 
*xpresses the nature of the curve x1, for the extrados or back 
fa cycloidal curve of equilibration ; a curve much resem= 
ling that for the eircle and ellipse, in the two foregoing ex- 
mples, as evidently appears by comparing the figures toge- 
her, each of them being here accurately contracted. But 
his last figure, for the cycloid, seems to be rather better 
han either of those other two, as the extrados deviates rather 
2ss from a right line, and extends farther along before it 


ends upwards ; and besides, the cycloidal arch is not defi- 
lent in either use or gracefulness. 


t 
EXAMPLE 4; 


0 determine the figure of the Extrados of @ Parabolic A rch | 
of Equilibration. 


fi 


|Putting, as before, a = KD, 7 = 
t, A = aa, x = vp, and y = pc 


— 


ek, hh: yy:: rie = %. 


hh * 
2ryy ry 2 Vigt : 
eS Ts and # = The by making J constant. 
Fe it SO ’ 
en cl = pp * @IS= >> = a constant quantity = a; that 


cr is every where equal to xp. 
Jonsequently KR is = pp; and since RI is = Pc, it is 
lent that Kr is the same parabolic curve with pc, and may 


Placed any height above it, always producing an arch of 
ilibration. 


| E 2 
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a c I 
EXAMPLE 5. 


. 
To find the figure of the Extrados for an Hyper bolic Arch 9 
Equilaibration. k 


, Here putting, as before, a = 
KD, 7 - the semi-transverse, and 
h = the horizontal or semi-con- 
jugate axe, also r = pp, and y 
=pe=rRt. Then; by the na A Q 


h ee ge 
ture of the hyperbola, y = av are + EE 5 hencey => 


~ or+enr . vs ae eee ~— hrs 

x ————_—., and, by making # constant, j = ~~~" 
J (are + aay (are+ xa) 

— xy A 77° | 

Therefore cr or eid A, | Bub 
i P le x (r+ 2) 


vertex D, wherewr = 0, this expression becomes 
“= h Ay d tl r 

=a: hence a = —, and consequently ci © 
hh 4 Y ? q ¥ 


he 


ra ars 

hr x (ray ms (r+x)3 cs (F + 4 
actly similar to the formula for the circle and ellipse, © 
having r + 2 in the denominator, instead of r — 2’, whi 
el the value of cr to become always less and less, 
the point c is taken farther from the vertex D. ; 
Jn this hyperbolic arch then, it is evident that the extrac 
KI continually approaches nearer and nearer to the intradt 
whereas in the circular and elliptic arches, it goes off col 


nually farther and farther from it; while in the para 
7) 


)3 x a, which is ¢ 


tivo curves keep always at the same distance. Obse 
however, that,gby the distance between the two cur 
in all these cases, is meant their distancé#in the vert 


direction. 
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| EXAMPLE 6. 


x 
To find the Extrados for a weak io Arch of Equilibration. — 


ik i i 
i ul cd 


Sh 


ed 
titi oe ee eee ee ee eee ee eee ee ee ee 


Leta= xp, x = pp, and y = rc = rt, as before ; also 
yet c denote the constant tension of the curve at the vertex. 
Phen, by the nature of the catenary, y is = ¢ x hyp. log. of 


P+r+/2er+ rx af 
aio i. <5 uence, taking the ATRiOns, we have j = 


| c 
Cx e+e 
r > ad F es" '& ae, by making # 
— x C42 
onstant. Therefore c1, or—— x a, is = =— *@ But 
wy 
Q 
t the vertex vis = 0, andcr = a= —; consequently @ 
/ & - 


>= ac. This being written for it, there results cr = 


ar 
— xX aaa aa as And the same formula comes out 


or the logarithmic curve. Hence, for the nature of the 
ar Cas. 
utve KI, we have KR = (a+ 7 — cl =)r— TE ER Rs 
 Corol.—And hence the abscissa. pp, of the inner or soffit 
\arve, is to the abscissa KR, of the exterior one, always i in 
ae constant proportion of ¢ toc — a. Sothat, when ais less 
an c, R and the curve xi lie below the horizontal line; but 
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when a is greater than c, they lie above it; and when a is 

equal to c, KR is always Sie to nothing, a KI, or the exe 

; tradgs, coincides with the horizontal line. As a diminishes 

the line Kr approaches always nearer to De in all its re ) 

till, when a entirely vanishes, or is so small in respect of c ¢ 
c—a 

to be omitted in the expression im x v= KR, thetwo curves 


quite coincide throughout, 

- Scholium.—As it has been found above, that the extrad % 
will be a straight horizontal line when a 1s equal to ¢, a cal 
culation may sere be institutéd to determine, in that case, the 
value of c, and consequently of a with respect to x andy, o 
a given span and height of an arch of equilibration in tha 
case. Now the equation to the curve eit? in terms of 
. hee +t / Der + acm 
6,4, and y, isy = ¢ x hyp. log. of « eae Reelin ; 
and when . and y are given, the value of ¢ may be found 
from this equation, by the me Aes of trial and error. Bu 
as the process would be at best but a tedious one, and per ] 
haps the method not easy in this case to be practised by ev@ay, 
person, we may here investigate a ser ies for finding the valut 
of ¢ oh those of x and y ina Girect manner. Since thi 


P : Cb tT a 2 ocr + xv ze 
me = -¢ x hyp. loguof sat GET S.AY, by taking the 
a 


( 
‘ 


fiuxion of this equation, we LOR . @ 
Leecra Taare 


by pun: this expression into a series, it becomes 


L peed 1.3.5.3 
a 
A be 


by writing d for 2c; and 
/ 


, 


a ae -— ++ —- - — 
Ae v5 x (I od" 24d?» 9,4,6d3 : 


taking 


the fluents, we have y = ./dxr x ( a 

1.3.v* 1.3.5.3 18.5.7 r+ j 
pe ; ie a di idin D 

2.4.50" 9 .4.6.7d3) + 2.4.6.8.9d4 oC) hence, V g | by 


Na 


‘ ‘am h y yd 7 xv 1°32" 1.3.523 4 \ 
, > a Ee he ae creat pre ete niente er ee! if 
hed Wr vps 2.3d + 2.4. 5¢l* 2.4.6. 143 ‘oe 


ay 


ij 
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' 


 1.3.5.7.24 psi yj gad 
24.68.94 &e) ;.or, by writing v for a and w for vais it 
a — xp 1 LE ee LOS 1.3.5.7 « 94 
"UO Bun Ao Jee ta me A Mood perenne 
‘ 2.5W 2.4.53  2.4.6.1w° 2.4.6.8.9%07" ¥ > 
Then, by reverting this series, we have w =v eT aie 


547 337 
504008 56000" 
storing the original letters, it is (id = irw* =)e = ix x 

ee hey Bak) 69124, 238512" | 
Meats 7 toy: * 3180y*  453600y" 
the first terms are sufficient to determine the value of c 
pretty nearly. ? 

Now, for an example in numbers, suppose the height of 
the arch to be 40 feet, and its span 100, which are nearly the 
dimensions of the middle arch of Blackfriars Bridge at Lon- | 
don. Then x = 40, and y = 50; which being substituted 
_ for them in this series, it gives c = 36°88 feet nearly. 
So that, to have made that arch a catenarian one, with a 
. straight line above, the top of the arch must have been al- 
most of the immense thickness of 37 feet, to have kept it in 
 equilibrio. But if the height and span be 40 and 100 feet, as 
_ above, and the thickness of the arch at top be assumed equal. 
to 6 feet, then the extrados will not be a right line, but as it 
is drawn in the figure to this example, which figure is aecu- 
rately constructed according to these dimensions. \ 

It’ may be further remarked, that the curves in these Jast 
» three examples, viz, the parabola, hyperbola, and catenary, 

are all very improper for the arches of a bridge consisting 


&e. Hence, by squaring, &c, and re- 


&c), where a few of 


ee 


of seyeral arches; because it is evident. from their figures, /’ 


~ which are all constructed from a scale, that all the building 
or filling up of the flanks of the arches will tend to destroy 
the equilibrium of them, But ina bridge of one single arch, 
whose extrados or back rises pretty much from the spring 
to the top, one of these figures will answer better than any 
of the former ones. —Other examples of known curves might 
be given; but those that have been here noticed, seem to, 


b Ta 


o* We may now proceed to another general problem, which 


- given extrados K1, and y = Pc 


¢ 
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be the fittest for rea] practice; and there is a sufficient variety. 
among them, to suit the various circumstances of conveni+, 
ence, strength, and beauty, that may be desired. 


s the reverse of the last, and is, to’ determine the figure of 
the intrados for any given figure of the extrados, so that the 
arch may be in equilibrio in all its parts. This is a more 
difficult problem than the former, and the more useful one 
also. Here commonly, that the roadway may be of easy and 
regular ascent, we are confined to an outline nearly hort- 
Zonta, to wien the curve of the soffit or inner arch must 


be adapted, , 


~ 


PROP. XI. 


Having the Extrados gwen ; to find the Intrados. That ts, 
having given the nature or form of a line, bounding the top of 
a wall above an arch; to determine the figure of the arch, so 
that, by the pressure of the superincumbent wall, the whole ma Ly 
remain in equilibria. 


Putting @ = px the thick- ee | ‘ 
ness of the arch at top, r= | 
pp the absciss of the required 
intrados arch pc, « = KR the 
corresponding absciss of the 


== RI their equal ordinates, 


JE — 
Ara by the last prop. ct is = Hl x a; but cris also 


"evidently equal toa + + — u; thereforea + x — u is = 
JX cos 
TG 
stant quantity, as used in the last proposition, and is always 
to be determined from the nature or conditions of each pare. 
ticular case, commonly indeed by taking the real value of 

@1, V1Z, DK or q at the vertex of the curve. 


* 
ay cee oe the fluxion of =, where q@ is a con- 
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’ Hence then, by substituting, in this equation, the given 
value of u instead of it, as expressed in terms of y, the re- 
sulting equation will then involve only w and y, together 
with their first and second fiuxions, besides constant quanti= — e 
ties. And from it the relation between x and y themselves — 
may be found, by the application of such methods as may 
seem to be Sat adapted to the particular form of the given 
2quation to the extrados. | In general, a proper series et the 
value of x in terms of y is to be assumed with indeterminate 
»oefiicients ; which series being put into fluxions, striking out 
of every face the fluxion of ; ; and the result put into 
juxions aguin, striking out from every term of*this also the 
luxion of y ; the last expression drawn into a being equated 
0 a + x — uw, there will be produced an equation, from 
which may be found the yalues of the coefficients of the 
verms in the assumed yalue of x. 

Fortunately however, the process is more simple and easy 
nthe most common and useful cases, than might at first be 
-xpected from this general method, viz, when the extrados 
's a straight line, even when it is oblique, and still more when 
|t is horizontal; two cases to which we shall now proceed te 
ipply the general method, in the following examples. 

- 


EXAMPLE l. 


To find an Arch of Equilibration when the Extrados is « 
straight line; oblique or inclined, 


In this case, the extrados will 
lave a resemblance to the sloping 
‘oof of a house, as in the annexed 
igure, and is often used in the 
vase of gunpowder magazines. 
ere employing the notation as 
nthe proposition, the general equation there is cr, or w, = 

jR— XY # pe 
|e 4 $+ r—-U>=aAxXx Sipre or =a@ x pe supposing « 
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a constant quantity. But Kr or wu is = ty, if ¢ be put 
denote the tangent of the given angle of elevation Kir, fe 

Orr ee Qx 
radius 1; and then the equation is w = a +e —ty= Po 


» But the fluxion of the equation w =a +4 — ty, is db: = 


: Qa *. : Qwe 
ral equation becomes w = —; ; and hence wa = ——, t 
wy J 
| ‘ : Mt aw | 
fluent of which gives w* = ; : but at D the value of w i 


7 
therefore the correct fluent Is w*-a@ = roa Hence the 


. 2 . 
‘ Qw ; wW»/ Q ; a 
Sa sre ON Faye the correct fluent of whiel 
’ 7* i kts a> Ry Ww sash Mie 5 : 


o+ Vwi a 
gives y = ./a x hyp. log. Nae ane Sh 

Now, when the vertical line ci is at the position au, then 
w — cr becomes AL = the given quantity c suppose, and | Y 
= aa = h, in which case the Jast equation becomes h 7 


c+Ve—e@ 


VQ x Myp. Op gory eens ; henceit is found; that 


* " 
the value of the constant quantity 4/ @ is —————-——=== 


dial bee TY oe 


which being substituted for it in ate above gen neral value of 
W + /w* — a? 


a 


log. of 


Yy, that value becomes y = A x 
| s 


which equation the value of the ordinate cp may always be 
” found, to every given value of the vertical cr. 

But if, on the Dine hand, pc be given, to find cr, which 

will be the more convenient way, it may be found in the fol- 


; 1 
lowing manner: Put a = the log. of a, and ce = rae lon of 


» 
Vio 
44 
+ =] 
- S 
. fe 
, 
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t VC —@ eas 
: —~~; then the above equation gives. cy -+ A = co 


o. of (w+ ./w* — a’); again, put n= the number whose 


ig is cy + A35 then n=>w+ Vw — a’; and hence w = 
n* 


= Cli. 


This example is more peculiarly adapted to the use of 
-agazines for gunpowder, which are usually made in the 
anner represented in the figure above, that is in regard to 
ieir roof, for the inner curve itself has commonly been made 
semicircle. But it is a constant observation, that after the 
entering of semicircular arches is struck, they settle at the 
rown, and rise up at the flanks, even with a straight hori- 
ontal extrados, and still much more so in powder maga- 
ines, where the outside at top is formed, like the roof of a 
couse, by two inclined planes joining in an angle, or ridge, 
ver the top of the arch, to give a proper descent to the rain ; 
rhich effects are exactly what might be expected from a 
contemplation of the true theory of arches. Now this shrink- 
ng of the arches must be attended with very bad conse- 
juences, by breaking the texture of the cement, after it has 
in some degree been dried, and also by opening the joints of 
the vousoirs at one end ; consequently the application of the 
Zormula above investigated must be accompanied with bene- 
jcial effects. It may be useful therefore to give here an ex- 
ample in numbers in a real case of that nature. If the fore- 
going figure then representa transverse vertical section of a 
balanced arch in all its parts, in which the span AM is 20 
feet, the pitch or height pa 10 feet, the thickness pxK at the 
crown 7 feet, and the angle of the ridge LKN 112° 37’, or the 
half of it xp = 56° 18'4, the complement of which, or the 
elevation KIR, is 33° 41'4, the tangent of which is = 2, which 
will therefore be the value of ¢ in the investigation above} 
The values of the other letters will be as follows, viz, DK = a 
| =; Aa =h=10; DAamzr=10;aLec= HF = 105; 


® 
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1 C+ Vena 
4 = log. of 7 = *8450980 ; c= + x log. of 5 BEAR 


— 
| 


: 31 520 q 
log, of —— = — = yo log. of 2°56207 = 0408591 ; cy 


5 


x "4 
A = °0408591y + °8450980 = the log. of x. From the gem 
’ _ Ore ae 
ral equation then, viz, ct. = w = ee eas by assume 


successively equal to 1, 2, 3, 4, &c, 
and thence finding the correspond- 
ing values of cy + A or :0408591 


+ °8450980, and to these, as com- ‘ ee 
mon logs, taking out the correspond- 3 71-9806 
ing natural numbers, or values of 7; 4 75015 
then the above theorem will give 5 7°7838 
the several values of w or CI, as 6 8:14.52 
they are here arranged in the an- u o oles 
: 9°0781 

nexed table, from which the figure 9 9°6698 | 

of the curve is to be constructed, 10 10°3333 | 

% 


by finding so many points in it. 


EXAMPLE 2. 


Lo find an Arch of Equilibration whose Extrados shall be 
Horizontal line. 


it 


I} 


| 


. 


| 


| 
| 


i 


| 


| 


| 


v 
a 
y 
The process for this case re ** 
» differs in nothing from that 1D oa | ill | | . 
the former example, but in an : , 
substituting the horizontal line | i 
of extrados k1, instead of the 
oblique one, “by which the 
angle DKp becomes a right | 
asie, therefore the angle xrr, in the former example, va- 
ushes, and consequently its tangent also, that is, the value 
of ¢, in the last example, becomes nothing in this: all the 
-other letters and the formula being the very same, _ | 


* 


% 
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For an example therefore in numbers, let us suppose the 
“span of the arch to be 100 feet, the pitch or height 40 feet, 
and thickness at the crown 6 feet, which are nearly the 
dimensions of the centre arch in Blackfriars bridge: then 
the values of the several letters will be as follows, viz, ae = 
B= 50; pomr=— 40; DK =a@=6;3 aL=c=— 46. Hence 


he hyp. log. of —~___— c+¥e-@ Tate 46 + 4,/ 130 


= hyp. log, of —-—— 


a 
Reh aby log. of 15°26784 = 2°7257487; by which dividing h or 


50, the quotient is 18°343584, So that the ordinate y will be 


constantly, in that case, equal to 18°343584 x hyp. log. of 
Sh ainda Also w! — = '°05451497 is =, and a = 
a 18°S43554 
hyp. log. of 6=1:7917594; therefore 7 is=the number whose 
hyp. ‘ei is cy + A or °05451497 y + 1°7917594. Hence, by 
assuming several values of the letter y, which is=cp or IK, 
the corresponding values of » will be found as above, and 
then those of w or cI from the final general equation w = 
a’ at ee py TRS ‘bie 
2a 12 
calculated the numbers in sti following table; from which 
the curve being constructed, it will be as appears in the 
figure to the example., 


And thus we have an arch in equilibrium in all its as, 


=$3-+-7. And in this manner were 


and its top a straight line, as is“generally required in most 


bridges; or at least they are so near a horizontal line, that 
their difference from it will cause little or no sensible ill 
consequence. It is also both of a graceful figure, and of a 


- convenient form for the passage ‘thiods it. So that no - 


reasonable objection can be offered against its adoption in 
works of consequence, on account of its mechanical exceh 


lency. 
4 ad 
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The Table Sor Constructing the Curve in this Example. 


Value | Value |} Value | Value{] Value | Value — 
of KI |of Ic jj of KI | of1c]] of K1 | of 1c } 


Value Value! Value { Value 
of KI of TC) of KI | of Ic 


0 (6000; 15 8-120 24 {11911 33 418-627 42 }29°919 

2 |6°035|| 16 8-430 25 |12°489!| 34 119-617 43° 131°563} 5 
4 16144) 17 8°766 26 |13°106/) 35 |20°665 44 | 33°29919 
6 67324) 18 9-168 27 113-76) 36 J21774)) 45) | 35135] | 
8 16580) 19 9°517 23 114°457|| 37 [22-948 46 |37075 k 
10 |6°914)) 20 99541} 29 j15°196]; 38 [24190)) 47 139-126 
12 /7°330 21° 110°381 a0 112 OR8DH 39 125505 48 | 41°293] . 
139 7ST] 22 110858 S51 |16°811]{ 40 {26-894 49 | 43°581 

14 17°834]) 23 |11°368 32. {17693 28°364 


The above numbers may either be feet, or any other 
Jengths, of which pe is 40 and aa ig 50. But when pe is to 
QA in any other proportion than that of 4 to 5, or when pK is” 
not to Da as 6 to 40 or 3 to 20; then the above numbers will 
not answer; but others must be found by the same rule, to’ 
construct the curve by. In the beginning of the table, as 
far as 12, the value of Kr is made to differ by 2, because the 
value of er in that part increases so very slowly. After- 
wards they differ by units or 1, 

Other examples of given extrados might be taken; but as 
there can scarcely ever be any real occasion for thou and 
as the trouble of caleulation would be, in most cases, very 
great, they are omitted. 

As the theory for arch vaults, before laid down, will so 
easily apply to the arches for domes or cupolas also, a pros 
position or two may be here added for that purpose, as 
follows. 


PROP. XII. 
J 


When a regular Concave Surface Dome, or Vault, Jormed 
by the rotation of a curve turned about tts axis, is kept in equt= ; 
librio by the pressure of a solid wall built on every part of t5 
then the Height of the wall over any part, is directly proportional 
to the cube of the secant of elevation there, and inversely pro-_ 
porttonal to the radius of curvature, and to the diameter or 
avidth of the dome at the same part, | ol 
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That is, vi being the form of the 
xterior surface of a balanced'shell, 
he interior surface of which is 
ormed by the rotation of the curve 
cA about its axis pH; the eleya- 
ion of any part c being the angle : 
cH, and cu the ordinate or semi- , 
ameter of the dome at the point c, also r the radius of 
urvature to the same point: then the height or vertical 
hickness of the shell over the point c, or cr, is proportional 

sec? bow 
r xX CH 


»Let acpep be a small part of the inner surface, like a 
‘urved sector or gore, pcA and pep being two near positions 
# the generating curve. Now the vertical load on any 
yart c of a balanced arch, in a shell or ‘dome, in the present 
“ase, is a solid pillar, cz, whose height is cr, its breadth ca, 
ind thickness ce, and consequently is = cl x ca x ce. But 
, CH ] : . 
is as— or as ———_—_ ; and'ce is always in the same 
cb sec. bcH 

yroportion as cH; therefore the pillar cz, or c1 x ca x ce 

Cl X CH 
$s as ———; which load, by the 8th prop. is also propor- 

sec. bcH 

sec’. bcu cl. x\.cH.' see?) bcH 

—; therefore — is as -———_—_; conse- 

r sec. bcH Us 
; ; eer CCH A oe ; 
juently the height cr is as ————. That is, the vertical 
r xX cH 
ieight of the wall over every part of a balanced shell, or 
lome, or vault, is directly as the cube of the secant of the 


‘urve’s elevation at that part, and inversely as the radius of 


ional to 


survature, and also inversely as the width of the dome at. 


he same place. 
_ And here may be also understood several corollaries and 


observations exactly similar to those to the 3d and the 9th 
propositions, and which therefore negd not be repeated in 


~~ ° ‘ 


. 
} 


> 
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PROP. XIII. 


Having given the form of the Inner Surface of a balance 
Shell or Dome; to determine that of the Exterior or Oute 
Surface. That ts, having given the nature or form of a 
inner shell; thence to find the nature of the outer or boundin 
surface of the superincumbent wall, by the pressure of whe, 
the shell ws kept in equilibrio. 


By reasoning here exactly 
as in the 10th proposition, 
it will be found that the ge- 
neral value of the ~ height 
er of the wall, will be pro- 
portional to. the following 
forms or | quantities, viz, 


a ha sec3, iets 
cI is either as Seoenee 
Lr, < CH ’ 
8 — o ¥ 
Or, aS Ww me * 1s considered as invariable 
TY: * 
or as —— when 9 is invariable: in which the letters hay 


the usual values, namely, * = pH the absciss, y = cu th 
ordinate, and z = pc the curve, also r the radius of curva 
ture at the point c. Or the general value of cr will be equa 
to any of these forms multiplied by a certain constant quan 
tity a, the particular value of which is always to be deter 
mined by putting the general value of cr equal to the give 
thickness of the shell, either at the crown, or at some othe 
particular place, the that value may Raphen to be know 
or given. a 


Corol.—From this, and the foregoing prop. we may infe 
this general observation, namely, that no curve can produc: 
the ficure of a true op exact balanced dome or cupola, unles 
that curve be of such a nature as to have its radius of cura 
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ture at the vertex of an infinite length, or the curvature at 
the vertex nothing; which is the case with some curves s10r 
unless the thickness at the crown be infinite. . For, at the 
vertex, the angle of elevation dcx is nothing, and the secant 
== 1; the ordinate cw is there nothing also; therefore the 
| sec’, dbcu 


——, becomes, at the vertex, 
r xX CH 


general expression, cl = 
1 


rxo 
2e a finite quantity. 


f 1 . . . ° ° . 
pv = =-— = infinite, that is pv must be infinite, if r 
O 


1 


_ Or, if pv be finite, as suppose = A; then a= rei 


] 1 
| “xo o 
‘he radius of curvature at the vertex must be infinite when 
‘he height there is finite or given. or, on the other hand, 
he height or pressure at the vertex must be infinite, when 
he radius of curvature there is a finite or given quantity, to 
ave the shell truly balanced. Of this nature: there are se- 
eral curves, of the parabolic kind in particular, of a form 
oth convenient and graceful, such as the cubical parabola 


rr= 


= infinite, when a is finite. That is, 


1 the following example. , 
EXAMPLE. | : 
‘Taking, for an example, the % 


arve pc of the cubical parabola, 
» called because its abscisses 
“e proportional to the cubes of , 
veir ordinates. Thus, putting HDs 
DH the absciss, y = cr the \ ii 
Nate, and a the parameter, 4% 
' a given quantity; then the equation to the curve is 


—— a 


t ; ; ’ ? 37/2 
v= y*. Hence, taking the fluxions, we obtain ¢ = sy'> 
a 


+. 
< 


| Sa ty me poet . 
ad x = ty when j is considered as invariable This 
3 : 


“VOL. 1. ? 


4 
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value of # being substituted for it in the general value of th 


. . > 7 . 6 yr G ’ 
height ct, viz, ——, this becomes cI = J == —~; that i 
YF meer, | 


any given or constant quantity. Consequently the oute 
curve is the same as the inner, but placed in a higher pos) 
tion, as they appear in the figure to this example, wher 
the curves are accurately constructed to a particular scale 
when the greatest width aM is 80 feet, and the height pa i 
64 feet. 

The foregoing principle for balancing dome vaults, | 
must be understood, is quite independent of the aid it ré 
ceives from the circular or other form of its contour, in whic 
indeed consists its great strength and stability. For, fror 
this shape it happens, that the inside or outer one, in th 
vertical section, may take any form whatever, either conve! 
outwards, as is usual in rotund domes, or a straight side, @ 
in the cone of tile kilns or the pyramidal spire, or even col 
ave outwards and convex inwards, For, by making all th 
coursing joints of masonry, quite around, not flat or hor) 
zontal, but everywhere perpendicular to the face, and 
the vertical joints tending or pointing to the axis, ali fl 
stones or bricks, &c, will act as wedges in a round curb, an 
cannot. possibly come down, or fall inwards, unless the com 
ponent parts could be crushed to powder, or the bottoi 
circular course burst outwards. ‘To prevent this from hap 
pening, a strong hoop of iron may be passed round the bot 
tom, and in other parts also, in works of consequence, whie 
effectually secures the fabric from bursting open, or flyin 
outwards, while the round form, like a curb, as securel 


prevents it from falling inwards. Hence too it happen: 
that considerable openings may be cut in the sides, or at ma 
be left open, as if incomplete, at top, and over the opemin 
may be erected any other figure, whether lantern or spire 
&c, either for use or ornament. 
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GENERAL SCHOLIUM. 
‘In the foregoing propositions: have been delivered the 
“ief variety of ways for constructing the arches of bridges, 
‘as they inay be in equilibrio or balanced in themselves, 
ere are three of these different methods; first, that which 
derived from the consideration of the equilibrium produced 
) the mutual thrusts, weights and pressures of the arch 
nes, supposing them prevented from sliding on each other 
ithe oblique joints, either by their roughness and friction, 
iby the cement, or stone locks, or iron bars Jet into every 
yacent pair of stones; which give the arch the effect of 
4» compacted frame, pressed on vertically by the weight 
i:he superincumbent load of wall above it: which seems 
qe the true and genuine way of considering the action of 
t load on the arch, 

“he second method, is that in which the balanced arch is: 
iputed on the supposition that the arch stones have their 
‘ing sides perfectly smooth, and at free liberty to slide on 
i other. A method which is but little insisted on, as it 
yunded on a supposition which is neither in nature nor 
tand which can never take place in any real construction 
in arch. 

she third method, is that which has fcr its principle the 
inarian or festoon arch, formed by the suspension of a 
« chain or cord, by its two ends, and afterwards invert« 

| This idea it seems was first proposed by Dr. Hooke, 

the latter part of the 17th century, when the Newtonian 

yematics prepared the way to true mechanical science. 

isa strictly just and useful principle, and may be most 

7 extended to every case that can happen in practice. 

“st indeed the idea had nothing more in view than the 

‘icing of the single or thin arch, formed by the voussoirs 

| as the catenarian curve, formed by a simple chain or 

‘ can aim at nothing further than the Dalancing of that 

(€ string of arch stones, without any uther wall to fill 

FZ 


. 
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up the flanks, &c. This principle was also neatly treated 
by Delahire, in prop. 123, 124, 125 of his Traité de Mec 
nique, published in 1695. But the same principle has be 
— Jately acted on, and extended much further, by profess 
Robison of Edinburgh, namely, by making thus a festo 
arch balancing, not only the simple string of voussoirs, b 
~ also the whole load of the superincumbent wall, of any pI 
~ tposed form whatever. This method, so easy in its practi 
operation, depends on, and is easily deduced from the fi 
or'that which balances the arch by the mutual thrusts 2 
pressures of the parts; by showing that these forces, of m 
tual pressure of the parts, are exactly equal and opposite 
those by which they pull or draw each other in the case 
suspension. rif 
_It is true that the equilibrium which any theory establish 
is of so delicate a nature, by supposing the parts to tol 
only in single points, that it may be called a tottering ec 
librium, singe any other weight or force added at any | 
would press thé arch out of its true balanced form, and, 
shifting the points of contact of the parts, bring the wl 
down to the ground, if it were not that the areh stones h 
some considerable length, by which a stability is ensm 
as the altered figure will find new points of contact, wl 
the action of the parts will principally bear, and through 
avhich points a new curve line may be conceived to pass 
the catenary or festoon balanced areh. And hence it folle 
that the longer the butting joints or arch stones are, 
more stable and secure the whole fabric will be; since 
circumstance will allow of the more change either in 
_ figure of the arch, or the true catenarian points of bea) 
or thrust, and yet have a conypetent substance of solid st 
to sustain the great force of such actions. It is therefor 
the greatest Sil to have the arch stones mad 
Jong as-may be, consistent with economy, and the 
circumstances of the fabric. And this was the great u 
the ribs that were employed in the old English architec 
the great projections of which augmented considerabl 
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‘ffuess of the whole, and enabled the architects to make » 
te of comparatively very small stones in the other parts of 
te work. This contrivance we find has been used in‘¢on- ? 
sucting roofs, as well as in bridges; the few old renmining* 
ces of hens we see have been constructed and strengthened: 
| these ribs of long and large stones. It would therefore, 

Perhaps the safest and firmest way, to give the whole, 
ery of the wall, over the arch stones, the same position. 
‘joints as these stones themselves have, namely, not in’ 
rizontal courses, but everywhere the joints in the direc~; 
m perpendicular to the curve of the arch, quite up to the’ 
p or road way; as we see indeed has been practised ‘in: 
> face of the masonry at Westmiuster bridge. For, by: 
is means, the whole has the effect of arch stones, cons!- 
‘red as extended tlie whole length, from the soffit of the 
ch, all the distance up to the road way: thus ensuring a 
ength and safety so complete, as to render even consider- 
le deviations from the theory of a bajangge arch of no 
iterial bad effect whatever. | 


SECTION IIL. 
OF THE PIERS. 


Wen an arch is supposed to stand alone, and well ba- 
ced, it is necessary that its piers or abutments should be. 
least sufficiently firm and massive to resist completely the: 
not, drift, or horizontal push of the arch. For should the 
r yield in the least to this drift, and be pushed aside, the. 
‘h must infallibly fall down. - It is therefore essential that 
‘ry arch should have its abutments properly adapted to 
ist effectually its shoot. And the same precaution ought 
9 to be employed.in a string or series of arches; such as, 


nt 
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an arcade, or a long bridgé composed of several openings: fo 
though, in these cases, the arches may be supposed to sus 
tain mutually each other’s thrust, while they are all standing 
and toxrequire only a slender pier between every adjacen 
pair ‘of arches, to serve as a thin plane between their mutua 
pushes, like the ridge board between the butting ends of thi 
rafters in the roof of a house; yet provision should be mad 
against any possible accident that may happen to any one o 
the arches in the string, so as that any of them may be sup 
posed cut open, or to fall down, and yet not affect the ad 
jacent ones, but leave them standing firm and independent 
sustained by their own piers alone. For otherwise, shoul 
the arches be made in a string as it were, all dependent o1 
each other for support, then on an accident befalling any 
one'arch, the entire series of arches must follow it, and the 
whole See come down. 

Prudent architects therefore take care to employ variou 
means of constructing their piers to be, as they expect 
sufficiently stable and firm, to sustain the shoot of the arches 
without however being always certain of the just and ade 
quate effect. For this reason it sometimes happens, thd 
their piers are made too slender for perfect safety, am 
sometimes indeed, erring on the other hand, they are madi 
unnecessarily thick and massive; a Wide which, to sai 
sothing of the ungraceful appearance, both enhances thi 
expence, and also impedes the free and easy passage of thi 
water and navigation, by occupying too much of the breadt! 
of the river, by such loads of solid masonry. It is therefor 
intended, in this section, to give rules and examples fo 
computing nearly the proper thickness and weight of a piei 
so as to be an exact balance to the shoot of the arch; tha 
by then giving it a very little more thickness in practice, 
security is provided against any accidental and extraneou 
effort. bs 

Bat this equilibrium i is not easily or certainly to be effected 
it is by all authors attempted, though not always justly, b 
determining the thickness of the piers such, that the resist 
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a , 
ance of its weight to being overset, may be at least equal to 


the force of the shoot or drift of the arch against it. This prin-_ 
ciple is obvious enough; but themall authors have not agreed 
in the method of estimating the value ef this last force in 
particular. Some have determined this point on supposition 
that the wedges or arch stones are perfectly smooth and un- 
connected with each other; while others have supposed 
them so firmly connected, as to form the arch into a solid 
mass, acting like one rigid body only. It is true, and it has 
yeen proved in the beginning of this work, that in an arch 
of equilibration, formed of parts properly disposed, whether 
ot wedges, or of vertical pieces, the horizontal push of 
shoot is constantly the same quantity in every part of the 
arch; being to the weight of the arch above that part, as 
radius to the tangent of the elevation of that part of the arch 
ibeve the horizontal line: from which circumstance some 
sersons have imagined that, by computing the shoot ar drift 
‘or any small given part, as at the key stone for instance, 
vhich can easily be done, that will be a sufficient measure 
x value of the whole; then by applying it at. some particu- — 
av part of the pier, as a force or action tending to overturn 
t, an equilibrium is established between them. But this 
aethod will not do ; because it is founded on the supposition 
hat the constituent parts of the arch are perfectly polished, 
ind at liberty to slide freely on each other. Whereas, on 
ae contrary, the parts that compose the arch are completely 
indered from sliding on each other, partly by their rough- 
ess and friction, and partly by the cement employed be- 
ween them, and still more by the ties and fastenings placed 
vithin, to bind them together. By these means it happens, 
jat all the parts are firmly compacted and united, so as to 
orm the whole arch in some measure, into one rigid and 
olid mass ; and besides that many of the voussoirs, in the 
ower parts of the arch, are built and bonded into the very 
ody of the pier itself, and forming a part of its very mass. 

_ The same principle also, of the constant and determinate 
dagnitude of the horizontal push, is founded on the suppa- 


| 


t 


72 THE PRINCIPLES OF BRIDGES. TRACT! 


ysition, that the arch is a true and real arch of equilibration 
_ which perhaps can never be justly said to be the case. Be 
sides, if it were such an arch, and the quantity of the con 
stant horizontal push duly found, it would still be doubtfu 
at what point of the pier to apply it, in making the calcula 
tion of its effect, on account of the circumstance that th 
arch has a bearing and obligue thrust, not against one pom 
only, but in a different degree at all the points in that par 
of the pier extending from, the impost, or foot of the .areh 
upward to the very top or roadway over the bridge. f 
On all'these accounts then, and perhaps others, not her 
adverted to, it would seem that there is not, and perhap 
cannot ‘be; any true and perfect mathematical calculatio 
made, of the exact balance between the push of an arch am 
the stability of the piers. Hence it has happened that variou 
methods'have been employed for this purpose, by differen 
authors, with more or less show of reason or grounds ¢ 
propriety: and hence also many practical engineers, neg 
lecting all such calculations as unsatisfactory, have depende 
on practice and experience only, taking care, as they think 
to err on the safe side, by making the piers much too mas 
sive, rather than risk the hazard of a failure by the chane 
of the contrary case. In this uncertainty, after several trial 
and examinations, two of the most promising, among the va 
rious ways of solving this problem, have been selected an 
delivered in the following prop. as affording probably a nea 
approach to a true conclusion. " 


PROP. XIV. 


To find the thickness of the piers of an arch, necessary i 
keep the arch in equilibrio, or to resist tts drift or shoot, ind 
pendent of any other arches. 


First Solution.—Let gprEc be the half arch, si EFG 
the pier necessary to balance and support it, considere 
as moveable about the extreme point c of the bas 


| 
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Through the centre of gra- 

wity I, i the arch BDEc, L, 
Jet 1K be drawn perpt to i | Dp 
the span aokc.’ Now the 

semiarch BDECis supported 
against the part of the pier 
xc, but chiefly on the im- 
post or lowest point ‘c, 
which sustains its weight, 
and by the horizontal 
thrust of the other semi- : 
arch ALDB, acting against it in the line of meeting BD. 
if both of these pressures be taken at their lowest points B, c, 
the arch may be considered as supported at these two points 
after the manner of a solid beam. But when such a body is 
supported in this way, it is well known, from the principles 
of mechanics, that the weight of the Bbdy downward, is in 
proportion to the horizontal push at its foot, as the vertical 
line 1K is to the horizontal line kc; therefore the weight of 
the semiarch BDECc, is to its shoot against the pier at c, as 
IK is to Ke: this force or push therefore will be expressed by 
a“ x a, where a denotes the arch BDEc, or its weight. or 
its area: and if this force be drawn into the length of the 


. KC.CF ; : 
lever cF, the product x a will’express the efficacious 


force tending to overturn the. pier, by causing it to turn 
sack about the point G, supposing the pier to be firmly 
compacted into one mass. 

Now, to oppose and balance this force to overset the 
pier, arising from the push of the arch, we have the resist- 
ance desiendine on the weight of the pier itself. This weight 
may be supposed to be collected into its middle ver A 
line Mn, or it may be represented by an equal weight p 
‘pen from its middle point mM; p, acting by the feet 
‘MG, and denoting the weight of the pier, or its area EFIFG. 


ii 


| : 


; 
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Therefore the resistance of the picr will be expressed by 
EY. FG.FG or SEF. FG’. 

Then, by making this opposing force of the pier equal tc 
the efficacious force of the arch, both as expressed above 
that there may be a just balance between them, they wil 
form an equation, from which will easi'v be determined the 
unknown quantity, or thickness of the pier, so as to produces 
the desired equilibrium. And, by adding a little more to it, 
for better security, the stability is considered as_sufticiently 
obtained. Thus then, having made the equation EF. FG? 


CO ait ( Ne KC. CF 
——— .4, its resolution gives us FG = 4/-———. 2a,whiel 
1K IK . EF | 


is the first theorem or rule for the thickness of the pier; bul 
which will probably be too small, by having taken the whole 
push of the arch as acting at the lowest point c. 


Second Solution.—In the second mode of solving this: pro: 
blem, though the arch stones are supposed to be laid in mor. 
tar, and so cemented or Iccked together as to prevent them 
from easily sliding on one another, yet the whole not consi 
dered so firm or hard as to form as it were one solid 
stone; but the mortar or connection being only so firm, that 
af the piers were not sufficiently strom, the arch would break 
in the weakest part, and overturn the piers. In this method 
too let all the matter in the arch BpEc be supposed collected 
into its centre of gra-— i 
vity 1, through which | DT RE 
draw or from the — |j ae | 
centre o,andthrough a f | | 
\the joint sr of the l ws, 
arch in which the 
aentre of gravity 1s | 
situated: perpendi- 
cular to the joint sr 
draw 1QP, the direc- 
tion in which. the - 


He 


Day 


= 


*. 
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joint sk resists and supports the action of the arch at 1: draw 
Ik perpendicular to ac, or in the direction of gravity, also 

GP and Ka perpendicular to 1p or parallel to ork. Then if 
IK represent the weight of the arch Bnxc in the direction of 
/gravity, this will resolve into 1a the force acting against the 
|pier perpendicular to the joint sx, and ax the part of the. 
force parallel to the same; the line 1@ is the only force acting 
‘perpendicular on the arm Gp, of the crooked lever rep, to 
turn the pier about the point c; consequently 1@ x oP will 
express the efficacious force of the arch to overturn the pier, 


and which must be equal to the force of the pier itself, de- 
| 


ol Yee 
noted by the area EG x Fe as before; that is mm 2: GP SEF. 


PG. FG = 7EF . FG’, d denoting the area of the section BpEC 
of the arch, as EF. FG denotes the section EFGH of the pier. 
And this equation, after substituting for Gp its value, will be 
a 2d theorem for the thickness of the pier, and which ma 

probably be rather above the just quantity. 3 


Schol.—As the centre of gravity is employed in both the 
preceding methods, it will be necessary to employ a few lines: 
on the manner of finding the place r of that centre, together 
with the various other lines in the figure dependent on and 
connected with it. Now the centre of gravity 1 may be 
known either by mathematical calculation, or by mechanical 
and geometrical measurement. The best way of performing 
the first method seems to be on this principle, viz. ¢ That 
the content of the solid described by any plane surface, either 
in moving parallel to itself, or in revolving about a line as 
an axis, is always equal to the product of the generating 
plane, and the line described by its centre of gravity.” - 
Hence, if the whole figure opxc be first revolved about the. 
hxis oc, the rectangle opxc will describe a cylinder, and the 
apace onsc, of a given figure, will describe a solid of a known 
magnitude; the difference of these two solids will give the 
tontent of the solid described by themixed space specs; 
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this solid content divided by the area of its said generating 
figure, gives the circumference of the circle described by the _ 
centre of gravity 1, which circumference divided by thenum-= 
ber 6*2832, or by 44, will be the lengthof the radius 1K. Next,” 
by conceiving the same figure to dake about the axis OD, 
and proceeding in the same way, there willbe found the line 
ox, or the distance of the centre of gravity 1 from the axigy 
op. The point 1 being thus determined, there will hence 
be known all the lines Kc, o1, RS, 1a,17T, TE, &c. Then, by . 
denoting the unknown breadth of the pier, 2H or Fe, by any 
letter, as 3, in terms of it will be expressed the perpendicular — 
GP: thus, by similar triangles, as IK: OK :: TH: HV; hence” 
GH — HV gives Gy, and O1 : IK :: GV : GP expresses the” | 
unknown line cp. Lastly, the value of cp substituted in the 
foregoing equation LEF. FG rl al ae 
form. of a quadratic, the solution of which will give the 
value of rc, the thickness of the pier sought, NETH eee the 
truth. p 
The mechanical way of finding the centre.of gravity 1, and 
the geometrical measurement, is thus perfor wdedee On card- : 
paper or pasteboard, or any other thin plate, construct the) 
given figure BDECB very correctly, ofa pretty large size, from 
a scale: then cut it out very neatly by the extreme edges, 
and lay it so as just to balance itself over the straight edge 
of a table, the line cz parallel to the edge, and close by the 
edge of the table draw a line on the paper, which will be the 
lima IK; next balance the same figure in like manner with the 
line DE parallel to the edge of thet table, close by which draw — 
another line, crossing the former line in the point 1, which | 
will be the centre of gravity of the figure, determined sufficie 
ently near the truth. This done, lay this point:1 down on — 
another general construction of dhe: figure, having the repre- — 
sentation of the pier annexed, on which also draw all the other — 
lines before mentioned, measuring their lengths by the. scale 
of construction, and noting chem! down. _ Then with these, 


ide Ft will be in the ‘ 


i+ 
; 
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Iq. GP 


together with the Prsich of the pier EH or Fc, denoted by 
the unknown letter z, compute the value of cp, which, with 
zthe value of rc, substitute in the equation jEF . FG* = 


mae a, which reduce and solve as above mentioned, to 


| determine the value of z or ro the thickness of the pier ; 
which may thus be easily determined in all cases, and with a 
_ sufficient degree of accuracy.—The same methods of deter- 
_ mining the centre of gravity, and the lines rk, Ke, in the fig. 
_ to the 2d example following may be employed, to substitute 


KC. CF 
IK . EF 


in the expression FG = / . 2a, for determining the. 


_ thickness of the pier by the first rule. 


In the foregoing solutions, it appears that, besides having 


- given all the measures or dimensions of the arch and height 


of the pier, it is necessary to know the areas of their vertical 
transverse sections, or at least that, of the superstructure 
BDEC: and this is easily to be found, when the figure of the 
arch Bc and the exterior pz are known, viz, by deducting the 


area of the space or vacuity opsc from that of the whole 


figure opEC.—The foregoing solutions may also be consi- 


_ dered as taking place either when the pier is all dry, or when 


it stands partly in water, which can penetrate its foundation 
or the joints of the masonry: and whether this. last circum- 
stance takes place or not, can probably be well judged of and 


ascertained by the experienced builder : if it do take place, 


which is perhaps commonly the case, then in the calculation 
the weight of the part in water must be reduced in the pro- 
portion of 5 to 3, as stone loses 2 parts in 5 of its weight when 
immersed in water.—In the foregoing solution it has also been 
supposed that the pier is made every where straight ake 
equally thick down to the very bottom, as represented in t 

* preceding figures. But, instead of that, it is very com- 
mon to enlarge the pier towards the bottom, both to give it 
a broader base to stand on, without increasing the weight or 


dimensions aboye, and to make the lever wx longer at the 
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2 easel | | 
i 


rT ull tite | 
rit OG Bae 
UIT 


base, to oppose a 
greater resistance to 
itsoversetting or turn- 
ing about the point 
G, and without any 
sensible increase to 
the weight of the 
pier. On the con- 
trary, as the thick- 
ness, and consequently the weight of the pier, may be dimi- 
nished above, in proportion as it is enlarged at the founda- 
tion, without diminishing its for¢e of resistance and stability, 
the experienced architect will avail hitiself of the circu | 
stance, to reduce ina considerable degree the size of the pier, 
and the expense of the work. : 
In the investigation of this proposition, the sections of the 
arch and pier are used for their solidities, as being evidently 
in the same proportion, or in that of their weights, since they - 
are of the same length, viz, the breadth of the bridge. By 
the above rules then, the necessary thickness of a pier may 
be found, so that it shall just balance the spread of shoot of — 
the arch, independent of any other arch on the side of the 
pier. But the weight of the pier ought a little to prepon : 
derate against, or exceed in effect, the shoot of the arch: and 
therefore the thickness ought to be taken a little more than 
what will be found by these rules; unless it be supposed that 
the pointed projections of the piers against the stream, beyond 
the common breadth of the bridge, will be a sufficient addi- 
tion to the pier, to give it the necessary preponderancy. We 
may now take some examples of the calculation in numbers, 
to show the manner of operation, and. in them also to point — 
Out the easiest methods of calculation. 


i 


MICO 
DUO 
Pt ao 


s 
EXAMPLE 1. 


Supposing the arch in the figure to be a semicircle, whose 
béight or pitch is 45 feet, and consequently its span 90 feet; 
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also supposing the thickness pB at top to be 7 feet, and the 
height cr to the springing 20; let it be required to find 
the thickness re of the pier, necessary to resist the shoot of 
the arch ; the roadway being a horizontal right line. 

Now in this example we have on or oc = 45, BD = 7, (fig. 
Pp. 74) oD or CE = 52, cF = 20, and EF = 72. Hence, the 
rectangle oDEC = OD xX oc = 52 x 45 = 2340, and the circu- 
ar quadrant onc = 45* x 41 = 1590 nearly, the difference 
of these gives 750 = a, the area of the arch BDEC. - Again, 
che content of the cylinder generated by the rotation of the 
~ectangle oDEc, about the axis op, is 40c? x i+ X OD; and 
che content of the semisphere, generated by the rotation of 
be quadrant osc, about the axis oB, is 40c* x Th xX 308; 
hérefore the difference of these gives 40c’ X {1 x (op — 
OB) = 8100 x 43 x (52—30) = 8100 x 11 x 22 = 8100, 
x ** X 11 = 140000, for the content of the solid generated 
'y the area BDEC (750) about the axisBp. Hence 140000 -= 
50 = 186} the circumference or path described by the'centre 
f gravity x about op; consequently 1862 x ge = 29°7 = 
1K, the radius of that cirele. Hence oc — ok = 45 — 99-9 
N15 °S12= RO, | 

Again, thé content of the cylinder generated by the rota- 
jon of the rectangle oBxEc, about the axis oc, is 40p* x - 
< oc; and the content of the semisphere, as above, is 408? 
< ry x foc; therefore the difference of these two (op? ~ 
on’) x $4 x oc, gives (52°— 3.457) x %2 x 45 = 1454 
: x 90 = 191494, for the content of the solid generated 
y the area spec (750) about the axis oc. Hence 191494 
- 750 = 255°325 the circumference or path described by 
1e centre of gravity 1 about oc; conseq. 255°325 x J. = 
6 = IK, the radius of that circle. Lastly, the ist'theorem 


WKC.CF.2a . 15°33 x 20 x: 1500 510000 
\/ — gives ./{————_-_____——. = 4 Regma 
Mec Ers: 40'6 x 72 $248 


2y feet = Fc, for the required thickness of the pier; but 
hich is probably below the truth, and perhaps below what 
practical engineer would fully trust to. 

It may be addedythat the method of determining the place 
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of the centre of gravity 1, by balancing the figure BDE¢, gave 


- a the 


our example to the | 
ry, 

ployed. If the me- 

OB = 0C = DE) = 45,, op = cE =) 32,) cr = @, EF =e 

similar triangles, 1K : OK :: oD : DR = 38:04, ms 


within a small fraction, the same values of the two lines IK 
KC, viz, 40 +, and 15+, which were above calculated t 
be 40°6 and 15°3. 
Secondly, to apply 
B ia wi 
2d theorem, IEF. FG? ‘ 
__ IQ. GP 
more ts 
same methods of de- 
termining the posi- 
tion of the centre of 
gravity 1 may be em- 
chanical method of balancing and measurement on.a an 
used, we may then measure, not only the lines 1K, 0K,Kc, bw 
all the other lines also depending on it, as OI, OR, TI, TR, TE 
Ka, 1a, &c, excepting only such lines as depend on the un 
known breadth re of the pier. - But, instead of that, we shal 
calcujate the accurate value of allthe lines wanted by stric 
mathematical principles, as follows. In the example are give 
and just above we have found by calculation ox = 29°7, Ki 
= 15°3, 1K = 40°6, and the area BpEC or a = 7503 and wi 
have to compute 1e and Gp. Now or = 4/(OK? + 1k’) = 
/ (29°77 + 40°67) = 50°3; then by similar triangles or : OX 
SAR Au tQhee 2397 ‘ 
Again, to get an expression for Gp, put the requiret 
thickness of the pier EH or FG = 2; then, because by 
and IK :10::0D:0R = 64°42, hence oR —o1 = soe a | 
and OK :O1::IR: TR = 23°91, also DE — DR = 6°96 = 
hence TR + RE = 30°87 = TE, and TH = TE + EB =e 
then. IK : OK 3: PH i -HV = 22°58 +.0°73152, wi Vid 
and GH — HV = GV = 49°42 — -7315z, 
Jastly O1 : IK 3: GV: GP = 39°89 — *5904c. . 
These values being ow substituted 1 » 2d theorem LEF 
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P : 
» a, give 36z* = 17664°9 — 261°5z, or 2* + 7:26s 


‘= 490°69; the root of which quadratic equation gives z = 
18°82 = EH or FG, the thickness of the pier sought. 

It may be presumed that this theorem brings out the thick- 
ness of the piers very near the truth, and very near what 
would be allowed in practice by the best practical engineers, 
as may be gathered from a comparison of the two cases of 
Westminster and Blackfriars bridges, in the former of which 
the centre arch is a semicircle of 76 feet span, and 17 feet 
thickness of piers, and in the latter it is a semiellipse, of 100 
‘eet span, 40 feet in height, and 19 feet thickness of piers. 


|? EXAMPLE 2. 


\ Suppose the span to be 100 feet, the height 40 feet, the 
thickness at top 6 feet, and the height of the pier to the 
\pringer 20 feet, as before. 
_ Here the figure either is, or may be considered as, a scheme 
rch, or the segment of acircle, in which the versed sine oB is - 
= 40, andthe right sine oa or oc = 50; also pB = 6, cF = 
‘0, and EF = 66. Now, by the nature of the circle, whose 
jentre is w, the ra- 
us wB or wc = 
'B*+0c* 407+ 50” 
/20n 80 
= 511i; hence ow 
2 512— 40 =115; 
ad the area of the 
smisegment OBC is 
wund to be 1491; 
ihich being taken Frou ie rectangle ODEC = OD x oc = 
) x 46 = 2300, there remains 809 = a, the area of the 
yvace BDECB. Hence, by the method of balancing this space, 
ad measuring the lines, there will be found, kc = 18, IK 
> 34°6, Ix = 42, KX = 24, OX = 8, IQ = 19°4, TE = 35°6, 
nd TH = 35°6 + 2%, putting z = En, the beeadtlh of the pier, 
VOL, I. G 
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as before. Then 1K : KX :!: TH: HV = 247 + 0°72; 
hence GH — HV = 41°3 — 0°72 = Gv, and IX : IK :: GV; 
= 34°02 — 0°58. These values being now substituted 


; , 18.GP.a 
in the theorem 2EF. FG’ = - 


, give 3327 = 1543147 


— 263:09z, or 2 + 8z = 467°62, the root of which quadra- 
tic equation gives 2 = 18 = EH or FG the breadth of the 
pier, and which it may be presumed is sufficiently near the 
truth. 

These two cases it may be expceted aye sufficient to ex- 
emplify this method of determining the proper dimension of 
the piers ; a method, the propriety of whiclris thus confirmed 
by SF tisciost that are so conformable to the practice of the 
best engineers. In all cases it appears to be the easiest 
course, ahd sufficiently correct, to construct accurately the 
semiarch and superstructure above it ; then find its centre of 
gravity by the method of balancing it in two positions per: 
pendicular to each other, viz. in fivied parallel and perpends 
cular to the base ac; next through that eentre 1 draw a ling 
zw perpendicular tothe curve of the arch, or inthe direction 
of the arch joints there, and meeting the base line in the point 
x; next, through 1 dine TVP Sec penticullic to 1m, and Ik 
nerpobdictlar to ac, and Kea perpendicular to tp. Then 
measure by the scale as many of these lines as are necessary 
in the intended calculation, and as are used in working the 
2d example above, viz. the lines 1k, Kx, TE, 1a, and compute 
the area BpEc = a, which may be sufficiently done in a me. 
chanical manner, and to an approximate degree, whateyel 
may be the figure of the curve, and shape of that area. After 
this, continue to complete the rest of the calculation as in the 
example above. 
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SECTION IV, 
THE FORCE AND FALL OF THE WATER, &c. 


PROP, XV. 
To determine the Form of the Ends of a Pier, so as to make 


the Least Resistance, or be the Least subject, to the Force of 
the Stream of Water. 


Ler the following figure represent a horizontal section of 


the pier, aB its breadth, cp the given length or projection 


of the end, and aps the line required, whether right or 
curved; also let er represent the force of a particle of water 
acting on AD at the point r, in the direction parallel to the 
axis CD: produce’EF to meet AB in G, and draw the tangent 
rH ; also draw Ew perpendicular to FH, HI perpendicular to 
EF, and FK perpendicular to pe, 


Now the absolute force zr of the particle of water may be 
resolved into the two forces EH, HF, and in those directions; 
of these, the latter one, acting parallel to the face at F, is of 


no eflect; and the former gH is resolved into the two El, 1H; 
so that er is the only efficacious force of the particle to move 
the pier in the direction of its axis or length: That is, the 
| absolute force is to the efficacious force, as EF is to EL Then, 


since EF is the diameter of a semicircle passing through u, 

by the nature of the circle it will be, as EF: E13: EF’: Ey?:: 

(by similar triangles) uF*: wr and :: the square of the fluxion 
G 
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of the curve or line ; the square of the fluxion of the ordinate 
FK, because HF, HI are parallel to the line and ordinate. 
Therefore, putting the abscissa DK = 2, the ordinate KF 


= y, and the line pF = z, it will be, as 2* : #* :: 1 (the force. 
aye 


EF) ; At = the force of. the particle at r to move the pier 


in the direction Erc. But the number of particles striking 
against the indefinitely small part of the line, is as 7; this 


53 3 
. J 
drawn into the above found force of each, we have = 
Be wit y” 
for the fluxion of the force, or the force acting against the | 
small part z’ of the line. 


But, by the proposition, the whole force on DFA must be } 


J \ 
a minimum, or the fluent of - rare = must be a Purge tif | 
: 4 


that of « becomes per to the constant quantity De; in which — 


case it is known that G45) must be always equal to some 


constant quantity ¢; and eae sp =g xX (x +7). 

Now, in this equation, it is evident that + is to 7 in a con- 
stant ratio; but when two fluxions are always in a constant 
ratio, their fluents v, y, it is known, are also in a constant 
ratio, which is the property of a right line. Therefore prs 
is a right line, and the end app of the pier must be a right- 
lined tr vite that the force of the water upon it may Be the 


Jeast possible. 
PROP. XVI. 


To determine the Quantity of the Resistance of the End of a 
Pier against the Stream of Water. 


4 
f 


Usinc here the same figure and notation as in the last 
proposition, by the same it is found, that the fluxion of the 
ie, 

x +7 =3 9 
the fluxion of the force against the base is j, it follows, that 


force of the stream against the face pF, s =——-; and since 


6 
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the force of the stream against the base an, isto the force 
against the face app, as (y) the fluent of §, is to the fluent of 

+H | 
i 


efficacious force against the face of the pier, as its breadth is 
YE) 


That is, the absolute force of the stream, is to the . 


to double the fluent of 
breadth. 


carey when y is equal to half the 
x 


~ Corollary 1.—If the face app be rectilineal. ; 


Putting pc = a, ac = 6, and ap = 4/(aa + $b) = 
then, asa: 6:: 24; y by similar triangles; herice x 


° 
Cc > 
= 


a a * . ° ° . 
a and x = 73 this being written for it in the general 
bby bby, 
ression above, it becomes ———-- = —~, forth 
expression above, LT Cie? e fluxion 


; bby. 
of the force on ap ; the fluent of which, or 2, is the force 
itself. Consequently the force on the flat base azn, is to that 
bd ; 
on the triangular end aps, as y to —# » or as ec to 06, that is, 


as AD* to AC’. 

_ And if Ac be equal to cp, or ApR a right angle, which is 
generally the case, then Ap? = 2ac’*, and the force on the 
base will be to that on the face, as 2to 1. Moreover, asthe 
force on ADB, When ApB is a right angle, is only half of the 
absolute force, so it is evident that the force will be more 
than one-half when app is greater than a right angie, and 
less when it is less ; and also, that the longer AD is, the less 
the force is, it being always inversely as the square of ap, 


Corollary 2.—If App be a semicircle. 


The radius ac = cp = a; then 2ar — rr = YY, or z= 


yy J 
hence —~-— becomes 


d-~/(aa— yy), ard = (Vadaay) Pap 
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ait x J; the fluent of which is eo x y; and there- 
aa J 


ge the force on the base is to the force on the circular end, 


— yy 


as is to x Y, or as da to aa — ESE or as 3aa to 


3aa — yy. And when y = a= Ac, the proportion becomes 
that of 3 to 2. So that, only one-third of the absolute force 
is taken off by making the end a semicircle. 


Corollary 3.—When the face avs is a parabola. 


Then, the notation being as before, viz, pc = a, and ac 


ayy 
LE aap iaeing 8 


which being written in the general expression, the fluent of | 


a= B, itisia 2 ih 5 Ob aps hence a= 


’ . . . bb 
it becomes the circular arc whose radius is ae and tangent y, 


bb 
Of -== od me ane whose radius is 1 and tangent ae; so that 


the absolute Aisa is to the force on the parabolic end, as y 
bb 
is to the arc whose tangent is y and radius -— ; that is, as the 


tangent of an arc Is to the arc itself, the Me being to the 


2ay ay 
tangent, as 1 to >>, or as 2 to 7. And when y = 6, the ra- 


wea b 
tio of the tangent to radius, is that of 2 to yr ihc that of 2 — 


to 1 when pc = cA. In which case, the whole force is to — 
the force on the parabolic end, as the tangent, which is — 
double the radius, is to the corresponding arc; that is, as the — 
tangent of 63° 26’ 4” to the arc of the same, or as 2 to 110714; — 
which is a less force than on the circle, but greater than on 


the triangle. And so on for other curves; in which it will 


be found, that the nearer they approach to right lines, the — 
less the force will be, and that it is least of all in the triangle, — 
in which it is one-half of the whole absolute force when right- 
angled. 
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It must be noted, however, that in determining the best 
form of the end of the pier to be a right-lined triangle, the 
Water is supposed to strike every part of it with the same 
velocity: had the variably increased velocity been used, the 
‘orm of the ends would come out a little curved; but as the 
ucrease of the velocity in the best bridges is very small, the 
difference ir them is quite imperceptible. 


PROP. XVII. 
Yo determine the Fall of the Water in the Arches. 


-Havine, in the foregoing propositions, treated of the re- 
sistance made by the piers to the current of water, it w ill now 
be proper to contemplate the effects of that resistance, and of 

the contraction of the passage they produce in the water- 
way. These effects are, a fall, or sudden steep descent, and 
an increase of velocity in the stream of water, just under the 
arches, more or less in proportion to the quantity of the ob- 
struction ; being somewhat observable at the place of all 
bridges, even where the arches are very large and the piers 
small, but in a high and extraordinary degree at London 
oridge, and some others, where the piers, and the sterlings, 
are se very large, in proportion to the arches. Now, in an 
open canal or river, an equal quantity of water passing in 
every part, in the same time, if in any part the passage be 
narrower, there, the bottom continuing the same, the velo- 
city of the stream must be so much the greater, and a corre- 
spondent rise in the surface must also take place, to produce 
that increased celerity. Similar effects also occur in a river 
when any obstacles, as the piers of a bridge, are placed in 
the way of a stream. This is resisted and obstructed by the 
piers; of course the water rises against them, and conse- 
quently the stream from thence descends the more rapidly. 
And this is the case, not only in such cauals or rivers where 
the stream runs always the same way, but in tide rivers also, 
both upward and downward, During the time of flood, when 
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the tide is flowing upward, the rise of the water is against 
the under side of the piers; but the difference between the 
two sides gradually diminishes as the tide flowsJess rapidly 
towards the conclusion of the flood. When this has attained. 
its full height, and there is no longer any current, but astill- 
ness prevails in the water for a short time, the surface assumes 
an equal level, both above and below bridge. But, as soon 
as the tide begins to ebb again, the resistance of the piers. 
against the stream, and the contraction of the water-way, 
cause a rise of the surface above and under the arches, with 
a fall and a more rapid descent in the contracted stream just 
below. The quantity of this rise, and of the consequent vee 
locity below, keep both gradually increasing, as the tide con= 
tinues ebbing; till at quite low water, en the stream or 
natural current being the quickest, the fall below the arches 
is the greatest. And it is the quantity of this fall which it is 
the object of this problem to determine. 

Now, the motion of free running water is the consequence 
of, and produced by the force of gravity, as well as that of, 
any other failing body. Hence the height due to the velo-= 
city, that is, the height to be freely fallen by any body to 
acquire the observed velocity of the natural stream, in the 
river a little above the bridge, becomes known. From the 
same velocity also will be found that of the increased stream 
in the narrowed way of the arches, by taking it jn the recie 
procal proportion of the breadth of the river above, to the 
contracted way in the arches; viz. by saying, as the latter is- 
to the former, so is the first velocity, or daieas motion, to the 
quicker. Next, from this Jast velocity, will be fousid the 
height due to it as before, that is, the height to be freely 
fallen through by gravity, to produce it, Then the differ- 
ence of these two heights, thus freely fallen by gravity, :to 
produce the two velocities, is the required quantity of the 
water-fall in the arches; allowing however, in the calculae 
tion, for the contraction of the stream, in the narrowed pas- 
sage, at the rate as observed by Sir I. Newton. Such then. 
are the elements and principles an which the solution of the 
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probiem is to be made out ; and which it is now easy for any 
one to’ perform. | 

But, as it may be desirable to exhibit the manner of the 
solution of this curious problem, by some former noted au- 
thors, in this instance I shall give the solution from some mas 
nuscripts that have now been many years in my possession : 
viz, one solution by the celebrated Wm. Jones, Esq. the 
friend of Sir I. Newton, and father of the late Sir Wm. Jones; 
which is in Mr, Jones’s own hand writing, and which I had 
from the late Mr. John Robertson, many years clerk and li- 
orarian to the Royal Society, who had the paper from Mr. 
Jones himself. Another solution is by the same Mr. Robert- 
son himself, from a paper found among a great number of 
other manuscripts which I purchased at the sale of his books, 
after his death in the year 1776 ; and among which papers there 
are also other solutions that have never been published. The 
solutions here inserted, are given in the same words'and pe- 
suliar manner as in those authors, in order to show their dif- 
‘erent forms and modes of stating and working. And first 
che solution by Mr. Jones, done in his usual manner, which 
was always remarkably concise, neat, and accurate. 


The Solution of Wm. Jones, Esq. 

'  Temma. Ina chanel , Whose stream runs with such an 
uniform velocity, in any given time, as is acquired by falling 
‘rom a certain hight (4); if an obstacle should contract the 
oassage of the water, in any place, the water above the ob- 
stacle will rise to such a hight (1) as to acquire a velocity 
that will discharge the stream as it comes ; but will occasion 
a fall at the obstacle; and the difference (H — h) between 
vhese hights, is the measure of that fall. 

/ “Inachanel of running water, whose breadth (6 feet), 
and the velocity of its stream (v feet in 1”), being given: To 
determine the quantity of the fall, occasioned by an obstacle 
that takes up p feet of the breadth of the chanel. 

Let the hight fallen (near the surface of the earth) in 1” 


a 
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of time, be (a feet); and the contraction of streams, in the 


b 
water-way, be asrtol. Put c = re d—rrcc: [hep 


ee i ae a 
the quantity of the fall is d—1 x vv x a feet. ¥ 


b—p. ; 
‘¢ For, the water-way takes up w ( ~# j part of the breadth 


of the chanel. But streams are found to be contracted in 
the water-way, in the proportion of 7 tol. Therefore the 


, Ww I f Li 
water-way contracted will be or oO) ia (=m). But the 


current above the obstacle moves v feet in 1” of time; and 
the velocities of water through different passages, of the same 
hight, are as the reciprocals of the breadth of those passages. 


aut i iN the current, in the true water-way, must moye 
v } 
{— = —v =) nv feet in 1” of time. 
mm 
** Now, since (a) feet is the hight fallen in 1” of time to 
acquire a velocity to move unifobale the length 2@ in that 
time: Let 2 and = feet be the hights fallen to acquire a Ve- 
Jocity to move uniformly the leusths v and nv feet in 1” of 
time; and because hights fallen are as the squares of their 


9a\? a c 2 
2a a 
velocities; ther eforac ——= —, and = —: consequently 
vw iv mnvv-% 


00 RNvV 

# = —, andz = 
40. Aa 
water necessary to produce, in the chanel, a current that 


Avia, AS NHVV 
moves v fect in 1” of time. And —- feet, is the hight of 


. 00 ; 
52 dota tuIs, ai feet is the hight of 


water necessary to produce, in the nae ay, a current that 


f f * Maer oe vv 
moves mv in that time. Then the difference nr — 1 xX 


4a 
of these hights, is the fall in feet. But n = bake EE D> 
m , 


therefore 2m = rrcc = d per supposition. Therefore d—1 
eee Sa feet, is the quantity of the fall. @,£. p, 
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be ; 1 
* Hence, putting a = Lp BHLr,c= ll, D= 2x 


at} C= Ld: Thentd—-1 + 2n.v a= Log. of the 
jantity of the fall, in feet*, 

Now, if the length of a pendum vibrating seconds, is 
} 126 inches, then will a = 16-0899 feet; and, devording to 


wton, r = $$: consequently a = 2.1913861; and zg = 
757207.” 

Such is the solution of this problem as given by Mr. Jones. 
\d as there is contained in the same paper with this, a short 
ution of another kindred problem, it is here inserted, as 
lows. 

© The lengttt, p inches, of a pendulum that performs one 
ration in 1” of time, ata Rieko place, being known ; the 
itude (a) fallen from, in 1” of time, will ‘ pum inches, 
x;prr feet, at that oe 


1 + 1 ud 
6 For ( te eid ate pas 1 eee a a= ; therefore 
time in + 1 
wT 
[= i = (ays 
, Consequently a = 4. prr inclies ‘= = 7; Dr feet. 


‘ And putting nN = = (Lae ;@t = QL. — L.24 = 1.6140885; 
InLa=Lp+Nn.’ 

Proceed we now to Mr. Robertson’s solution of the pro- 
m, which is on the principles, but more in detail, than 
. Jones’s. This solution was published by Mr. R. in the 
ilos. Trans. vol. 50, or in my new Abridgement, vol. 13, 
'm which it is chiefly here extracted. 


: 


! 


' ; 
' Mr. John Robertson's Solution of the Problem. 


*€ Sometime before the year 1740, the problem about the 
{1 of water, occasioned by bridges built across a river, was 
* This is the theorem, adapted to working by logarithms, given 
t Mr. Jones to Mr. Gardiner, and printed in p. 12 of his Logarithms 
i4to; the latter 1 denoting logarithm, in the theorem. 
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much spoken of at London, on account of the fall that y 
supposed would be at the new bridge to be built at We 
minster. In Mr. Hawksmoor’s and Mr. Labelye’s pamphle 
the former published in 1736, and the latter in 1739, 1 
result of Mr. Labelye’s computations was given: but nei 
the investigation of the problem, nor any rules, were at t 
time published, i 
‘In the year 1742 was published, Gardiner’s edition 
Vlacq’s Tables; in which, among the examples there prefixe 
to shaw some of the uses of those tables, drawn up by the le 
Wim. Jones, esq. there are two examples, one showing ht 
to compute the fall of water at London-bridge, and the oth 
applied to Westminster-bridge; but that excellent math 
matician’s investigation, by which those examples we 
wrought, was not printed, though he communicated copi 
of it to several of his friends. Since that time, it scems as 
the problem had in general been forgotten, as it has not m 
its appearance, to my knowledge, in any of the subseque 
publications. As it is a problem somewhat curious, thou 
not difficult, and its solution not generally known, (havi 
seen four different solutions, one of them very imperfec 
extracted from the private books of an office in one of tl 
departments of engineering in a neighbouring nation 
thought it might give some entertainment to the CUrIOUS | 
these matters, if the whole process were published. * 


© PRINCIPLES. i 


‘1. A heavy body, that in the first second of Sa 
fallen the height of @ feet, has acquired such a velacity, tha 
moving uniformly with it, will in the next second of tim 
move the length of 2a feet. Bb: 

«9, The spaces run through by falling bodies are propo 
tional to one another as the squares of their last or acquire 
velocities.—These twa principles are demonstrated by tl 
writers on mechanics. * 

“<3. Water forced out of a Jarger'chanel, through one’ 
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je smaller passages, will have the streams through those 
sages contracted in the ratio of 25 to 21.—This is shown 
he 86th prob. of the 2d book of Newton’s Principia. — 

‘4, In any stream of water, the velocity is such, as would 
acquired by the fall of a body from a height above the 
face of that stream.—This is evident from the nature of 
ition. | 

‘5. The velocities of water through different passages 
the same height, are reciprocally proportional to their 
adths.—For, at some time, the water must be delivered 
fast as it comes; other:vise the bounds would be over- 
ved. At that time, the same quantity, which in any time 
s through a section in the open chanel, is delivered in 
ial time through the narrower passages; or the momentum 
‘he narrow passages must be equal to the momentum In 
» open chanel; or the rectangle under the section of the 
‘row passages, by their mean velocity, must be equal to 
‘ rectangle under the section of the open chanel by its mean 
ocity. Therefore the velocity in the open chanel is to the 
ocity in the narrower passages, as the section of those pas- 
es is to the section of the open chanel, But, the heights 
both sections being equal, the sections are directly as the 
adths. Consequently the velocities are reciprocally as the 
sadths. : 

i 6. In a running stream, the water above any obstacles 
it therein, will rise to such a height, that by its fall the 
2am may be discharged as fast as it comes.—For the same 
ly of water, which flowed in the open chanel, must pass 
ough the passages made by the obstacles: and the nar- 
ver the passages, the swifter will be the velocity of the 
ter) but the swifter the velocity of the water, the greater 
ch height, from which it has descended: consequently the 
stacles, which contract the chanel, cause the water to rise 
ainst them, But the rise will cease, when the water can 
o off as fast as it comes: and this must happen when, by 
2 fall between the obstacles, the water will acquire a velo- 


y in a reciprecal proportion to that in the open chanel, as 
) 
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the breadth of the eee chanel is to the breadth of the 
row passages. 
$e tk ee quantity of the fall, caused by an obstaclal 
running stream, is measured by the difference between 
heights fallen from, to acquire the velocities in the nar 
passages and open chanel.—For, just above the fall the v 
city of the stream is such, as would be acquired by ab 
falling from a height higher than the surface of the wa 
and at the fall, the velocity of the stream is such, as wi 
be acquired bs the fall of a heavy body from a height a 
elevated than the top of the falling stream; and conseque 
the real fall is less than this height. Now as the stream ec 
to the fall with a velocity belonging to a fall above its! 
face ; consequently the height belonging to the veiocit 
the fall, must be diminished by the height belonging t 
velocity with which the stream arrives at the fall. 


‘¢ PROBLEM. 


‘¢ fn a chanel of running water, whose breadth is 
tracted by one or more obstacles; the breadth of the chi 
the mean velocity of the whole stream, and the breadt 
the water-way between the obstacles, being given; to] 
the quantity of the fall occasioned by those obstacles. | 

“ Let 6 = breadth of the chanel in feet ; 

v = mean velocity of the water in feet per secor 
c= pra of the water-way between the obsta 


Now 25: 212: ¢ : $5¢, the water-way contracted, by pri 
25b ; ‘ 
And te:b :: 03 gin the veloc. in the contr. way, pri 


Vv i a t 
Also (2a)? ve i:ai7, height fallen to gain the vel. v, 1 al 


| 256 e 25b vv 
And (2a) : mil? 2 a: Genre 


4 


Roe re ditto for the 


mse 
city =—v, by prince. 1 and 2. 
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256 wo vo, ' 
“hen Qe * qa ag 8 the measure of the fall required, prin, 7. 


b ; ’ 
DE [ 5 f= 1] x — is a rule for computing the fall, 


Here a = 16,0899 feet; and 4a = 64,3596. 


““ EXAMPLE 1. Sor London-Bridge. 


** By the observations made by Mr. Labelye in 1746, 
‘he breadth of the Thames at London-bridge is 926 feet ; 
um of water-ways at the time of low water is 236 feet; ‘ 
[ean veloc. of stream just above bridge is 34 f. per sec. 
‘nder almost all the arches there are great numbers of drip- 
10t piles, or piles driven into the bed of the water-way, to 
revent it from being washed away by the fall. These drip- 
tot piles considerably contraet the water-ways, at least 4 of 
leir measured breadth, or about $94 feet in the whole. So 
jat the water-way will be reduced to 1962 feet. 

“ Now 6 = 926; c = 19635 v = 31; 4a = 64,3596, 

sage sab = 5,60532; its square = 31,4196; 


“21e — 4130 
DSO 
nd 31,4196 — 1 = 30,4196 = Mba —1; 
19 361 vv 361 
| = (—)} = —>;3 And --=— 581. 
ow = Ce) 36” 4a~ 36 x 64,3596 21°? 81 


hen 30,4196 x 0,15581 = 4,739 f. = 4f, 8,868 inc, the 
fall required. 

** By the most exact observations made about the year 

‘36, the measure of the fall was 4 feet 9 inches.” 


“ exAMPLE 2. For Westminster-Bridge. 


‘“* Though the breadth of the river at Westminster-bridge 
1220 feet; yet, at the time of the greatest fall, there is 
ater through only the 13 large arches, which amount to 
20 feet: to which adding the breadth of the 12 intermediate 
ers, equal to 174 feet, gives 994 for the breadth of the river 
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at that time; and the velocity of the water just above the 
bridge, Pdi many experiments, is not greater than 2} feet 


per second. 
“ Here 6 = 994; ¢c = 820; v = 22; 4a = 64,3596. 
256 24850 a 
——.— —-- =: 1,443: and its*sduare = 2,082 5 a 
Now ae Tre : ; an quare 2 : 
25d. 4 
Hence 2,082 — 1 = 1,082 =(—-)* — 1. 
Z1¢ 
wv [ 8] 
Also’ op = (2) me Ree see ai ee ee ar) ee 


4a. 16 x 64,3596 

Then 1,082 x 0,0786 = 0,084 f. = 1 inch, the fall required 
and is about out an inch more than the greatest fall obsery 
by Mr. Labelye.” | 
Among the old papers of Mr. Robertson I find several otk 
solutions of the same problem, by different persons, and _ 
somewhat different principles. Several of the papers also, 
which are of a miscellaneous nature, relate to other branicli 
of the subject of bridges ; some of which, being curious, |] 
shall avail myself of, by insertion in the appendix to thi 
Tract.—T he following table shows, at one view, the quantity 
of fall in the water under the arches, in consequence of it! 
obstruction and contraction by the piers, according to seve: 
ral rates of velocity and quantity of obstacles; as computes 
on the foregoing principles. j 


*quaMeIIpP 
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SECTION V. al 
4 

OF THE TERMS OR NAMES OF THE VARIOUS PARTS PECL 
LIAR TO A BRIDGE, AND THE MACHINES, &C, USE 
ABOUT IT; DISPOSED IN ALPHABETICAL ORDER. ! 


ABUTMENT, or BuTMENT, which see in its place below, 
Anon, an opening of a bridge, through or under whic 
the water and vessels pass, and which is usually suppor 
by piers or by butments. Arches are denominated circula) 
elliptical, cycloidal, catenarian, &c, according to the figu! 
of the curve of them. There are also other denominatiol 


cle; So, a semicircular arch, is half the circle; a scheme !) 
skeen arch, is a segment less than the semicircle ; and arch! 
of the third and fourth point, or gothic arches, consist | 
two circular arcs, excentric and meeting in an angle at to 
each being 1-3d or 1-4th, &c, of the whole circle. | 

The chief properties of the most considerable arches, wi 
regard to the extrados they require, &c, may be learni 
from the second section. It there appears, that none, b| 
the arch of equilibration in the 2d example to prop. 5, ei 
admit of a horizontal line at top: that this arch is not on| 
of a graceful, but of a convenient form, as it may be mai 
higher or lower at pleasure with the same opening: thi 
with a horizontal top, it can be equally strong in all its par) 
and therefore ought to be used in all works of much con’ 
quence, ll the other arches require tops that are curye| 
either upward or downward, some more and some less. 
these, the elliptical, or the cycloidal arch, seems to be t? 
- fittest to be substituted instead of the balanced one, witht} 
least degree of impropriety: it is in general also the be 
form for most bridges, as it can be made of any height } 
the same span, or of any span to the same height, while t 
the same time its flanks are sufficiently elevated above t? 


‘ 


acr. 5. A DICTIONARY OF THE TERMS, ag 


ater, even when it is pretty flat at top; a property of 
hich the other curves are not possessed in an equal degree: 
ad this property is the more valuable, because it is remarked 
jat, after any arch is built, and the centering struck, it set- 
#8 miore about the hanches than the other parts, by which 
(her curves are reduced near to a straight line at the flanks. 
jliptical arches also look bolder, are really stronger, and 
iquire less materials and labour than the others. Of the 
cher curves, the cycloidal arch is next in quality to the 
iptical one, for all the above properties, And, lastly, the 
cle. As to the others, the parabola, hyperbola, and ca- 
lary, they may not at all be admitted in bridges of several 
hes; but may in some cases be used for a bridge of one 
gle-arch, which is to rise very high, because then not 
‘ch loaded at the flanks. We may hence also perceive 
} fallacy of those arguments which assert, that because the 
‘enarian curve supports itself equally in all its parts, it 
| therefore best support any additional weight laid upon 
for the additional building made to raise the bridge to 
orizontal line, or nearly such, by pressing more in one 
it than another, must force those parts down, and the 
ole must fall. Whereas, other curves will] not support 
nselves at all, without some additional parts built above 
in, to balance them, or to reduce their parts to an equi- 
ium. 

RCHIVOLT, the curve or line formed by the upper sides 
he voussoirs or arch stones, It is parallel to the intrados 
inderside of the arch when the voussoirs are all of the 
e length; otherwise not. By the archivolt is also some- 
s understood the whole set of voussoirs. 

ANQUEY, the raised foot path at the sides of the bridge 
;the parapet. This ought to be allowed in all bridges 
ny considerable sizez it should be raised about a foot 
ve the middle or horse passage, being made 3, 455, 6, 7, 
feet broad, according to the size of the bridge, and 
‘d with large stones, of a length equal to the breadth of 
walk, 
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 BATTARDEAU, or COFFER-DAM, a Case of piling, &c, with. 
out a bottom, fixed in the bed of the river, water-tight o} 
nearly so, by which to lay the bottom dry for a space large 
enough to build the pier on. When it is fixed, its side; 
reaching above tbe level of the water, the water is pumpec 
out of it, or drawn off by engines, till the included space by 
laid dry; and it is kept so, by the same means, if there ar 
leaks which carmot be stopped, till the pier 1s built up init 
and then the materials of it are drawn up again. a 
Battardeaux are made in various manners, either by a sim 
gle inclosure, or by a double one, with clay or chalk ramme 
in between the two, to prevent the water froin comin; 
through the sides. And these inclosures are also made 
either with piles only, driven close by one another, an 
sometimes notched or dove-tailed into each other; or wit 
piles, grooved in the sides, and driven in at a distance fro1 
one another, with boards let down between them in th 
gYOOVES. . 
The method of building in battardeaux cannot well 
tised where the river is cither deep or rapid. It also r 
quires a very good natural bottom of solid earth or clay 
for, though the sides be made water-tight, if the bottom ¢ 
bed of the river be of a loose consistence, the water wi 
ooze up through it, in too great abundanee to be evacuate 
by the engines. It is almost needless to remark, that tl 
sides must be made very strong, and well propt or brace 
on the inside, to prevent the ambient water from pre sit 
the sides in, and forcing its way into the battardeaux. 
BripcE, a work of carpentry, masonry, or iron, built oy 

a river, canal, &c, for the convenieney of crossing the sam 
A bridge is an edifice forming a way over a river, &c, su] 
ported by one arch, or by several arches, and these aga 
supported by proper piers or butments. A stately bridg 
over a large river, is one of the most noble and striking pie 
of human art. To behold huge and bold arches, compost 
of an.immense quantity of small materials, as stones, brick 
&c, so disposed and united together, that they seem to for 
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but one solid compact body, affording a safe passage for 
nen and carriages over large waters, which with their navi- 
ation pass free and easy under them at the same time, is a 
ight truly surprizing and affecting. 

To the absolutely necessary parts of a bridge, already 
nentioned, viz, the arches, piers, and abutments, may be 
dded the paving at top, the parapet wall, either with or 
vithout a balustrade, &c; also the banquet, or raised foot 
vay, on each side, leaving a sufficient breadth in the middle 
or horses and carriages, The breadth of a bridge for a 
reat city should be such as to allow an easy passage for 
aree carriages and two horsemen a-breast in the middle 
vay, and for three foot passengers in the same manner on 
ach banquet. And for other less bridges, a jess breadth. 
| Asa bridge is made for a way or passage over a river, &c, 
9 it ought to be made of such a height, as will be quite 
onvenient for that passage; but yet so as to be consistent 
‘ith the interest and concerns of the river itself, easily ad- 
Utting through its arches the craft that navigate on it, and 
il the water, even at high tides and floods. The neglecssof 
nis precept has been the ruin of many bridges, and parti- 
ularly that at Newcastle, over the river Tyne, on the 17th 
f November 1771. So that, in determining its height, the 
mveniences both ef the passage over it, and under it, 
n1ould be eonsidered, and the height made to answer the 
est for them both, observing to make the convenient give 
ace to the necessary, when their interests are opposite. 
| Bridges are generally placed in a direction perpendicular 
» the stream in a direct line, to give free passage to the 
‘ater, &c. But some think they should be made, not in a 
raight line, but convex towards the stream, the better to 
sist floods, &c. And some such bridges have been really 
vade.—Again, a bridge should not be made in too narrow a 
art of a navigable river, or one subject to tides or floods: 
»eause the breadth being still more contracted by the piers, 
ill increase the depth, velocity, and fall of the water under 
€ arches, and endanger the whole bridge and navigation. 


wer 
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Bridges are usually made with an odd number of -arche| 
as one, or three, or five, or seven, &c; either that the mic 
dle of ‘the stream or chief current may flow freely withor 
the interruption of a pier; or that the two halves of th 
bridge, by gradually rising from the ends to the middle, m 
there meet in the highest and largest arch; or else, for th 
sake of grace, that by being open in the middle, the eye, i 
viewing it, may look directly through there, as one alway 
expects to do in looking at it, and without which opel 
we generally feel a disappointment in viewing it. 3 

if the bridge be equally high throughout,. the arches, bein 
all of a height, are made all ne a size; which causes a gre; 
saving of centring, If the bridge be higher in the midd 
than at the Sie the arches are made to decrease from tk 
middle towards each end, but so, as that each half may hay 
the arches exactly alike, ad that they decrease in span, pri 
_ portionally to their height, so as to be always the same kir 
of figure, and similar parts of that figure: thus, if one be 

« semicircle, the rest should be sbinicizalcs also, but propo 
yonally Jess; if one be a segment of a circle, the rest show 
be similar segments of other circles ; and so for other firure 
The axches being equal at equal distances, on both sides 
the middle, is not only for the strength and beauty of th 
bridge, but that the centring of the one half may serve fi 
the other also. But if the bridge be higher at the ends tha 
the middle, which is a very- uncommon case, the archi 
ought to increase in span and pitch from the middle towart 
the ends. When the middle and enus are of different height 
their diflerence however ought not to be great in proportio 
to the length, that the ascent may be easy ; and then also 
is more heautiful to make the top one continued curve, lik 
Blackfriars, than two inclined straight lines, from the ent 
towards the middle, like that of Woniietthes bridge. 

Bridges should rather be of few and large arches, than 
many aad small ones, if the height and situation will allow « 
it; for this will leave more free passage for the water at 
navigation, and be a great saving in materials and labour, ' 


. 
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here will be fewer piers and centres, and the arches them- 
elves will require less materials. And, one large single arch 
ynly is best, when it can be executed. For the fabric of a 
ridge, and the proper estimate of the expence, &c, there 
re generally necessary three plans, three sections, and an 
levation. The three plans, are so many horizontal sec- 
ons, viz, the first a plan of the foundation under the piers, 
ith the particular circumstances attending it, whether of 
tatings, planks, piles, &c: the second, is the plan of the 
jiers and arches, &c: the third, is the plan of the super- 
ructure, with the paved road and banquet. The three 
yetions, are vertical ones: the first of them a longitudinal 
yetion, from end to end, and through the middle of the 
‘readth: the second, a transverse’ one, or: across ity and 


‘trough the summit of an arch: And th third alsb<a mn a 
at taken ona pier. The elevati n, is ad ey shia 
° i. 


ction of one side or face of the Ridge, or i : 1 gn \) 
{ viewed at a great distance, showing.’the ‘xterior spect ¢ 
(the materials, and the manner in which they are wonky 
ad decorated,—Other observations are to be ‘seen an the 
ist section. ; 
Butments, or ABUTMENTs, are the extremities of a 
lidge, by which it joins to, or abuts on, the land or sides 
the river, &c. These must be made very secure, quite 
movable, and more than barely sufficient to resist the 
ift of its adjacent arch. So that, if there are not rocks or 
ry solid banks to raise them against, they must be well 
nforced with proper walls or returns, &c. The thickness 
them, which will be barely sufficient to resist the shoot of 
2 arch, may be calculated as that of a pier by prop. x1. 
When the foundation of a butment is raised against a 
ping bank of rock, gravel, or good solid earth, it will 
oduce a saving of materials and Jabour, to carry the work 
by returns at different heights against it, like steps of 
irs. And if the foundation, and all the courses, parallel 
tit, be laid, not horizontal, but rising backwards, so as to 
t perpendicular to the springing and pressure of the arch, 
| H 2 
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it will be less liable to slide or be forced back by the pus! 
of the arch. 

Caisson, a kind of Cust, or flat-bottomed boat, in whieh 
a pier is built, then sunk to the bed of the river, and the 
sides loosened and taken off from the bottom, by a contri. 
vance for that purpose; the bottom of it being left unde 
the pier as a foundation. It is evident therefore, that the 
bottoms of caissons must be made very strong, and fit fa 
foundations of the piers. The caisson is kept afloat till thi 
pier be built to about the height of low-water mark; and 
for that purpose, its sides must either be made of more that 
that height at first, or else gradually raised to it as it sink 
by the weight of the work, so as always to keep its toy 
above water. And therefore the sides must be made very 
strong, and be kept asunder by cross timbers within, lest th: 
great pressure of the ambient water should crush the side 
in, and so not only endanger the work, but also drown th 
men who work within it. The caisson is made of the shap 

the pier, but some feet wider on every side, to make root 
fo®the men to work: the whole of the sides are of tw 
pieces, both joined to the bottom quite around, and to eacl 
other at the salient angles, so as to be disengaged from thi 
bottom, and from each other, when the pier is raised to th 
desired height, and sunk. It is also convenient to have: 
small sluice made in the bottom, occasionally to open an 
shut, to sink the caisson and pier sometimes by, before it bi 
finished, to try if it bottom level and rightly; for, by open 
ing the sluice, the water will rush in and fill it to the heigh 
of the exterior water, and the weight of the work alread} 
built will sink it; then, by shutting the sluice, and pumpin 
out the water, it will be made to float again, and the rest. 
the work may be completed: but it must not be sunk exce 
when the sides are high enough to reach above the surfac 
of the water, Ave en it cannot be raised and laid dr 
again. Mr. Labelye says, that the caissons in which h 
built some of the piers of Westminster bridge, containe 
aboye 150 load of fir timber, of 40 cubic feet each 


| 
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and was of more tonnage, or capacity, than a 40 gun ship 
of war. 


/ 
, 


) CENTREs, and CenTRING, or CENTERING, are the timber 
| frames erected in the spaces of the arches, to turn them on, 
iby building on them the voussoirs of the arches. As the 
(centre serves as a foundation for the arch to be built on, 
| when the arch is completed, that foundation is struck from 
hunder it, to make way for the water and Navigation, and 
| then the arch will stand of itself from its curved figure. A 
}centre must therefore be constructed of the exact figure of 
|the intended arch » convex as the arch is concave, to receive 


lit on asa mould. If the form be circular, the curve is struck 
‘from a central point by a radius: if it be elliptical, it ought 
‘to be struck with a doubled cord, passing over two pins or 
‘nails fixed in the foci, as the mathematicians and gardeners 
‘describe their ellipses. Very often, in practice, an oval is 
‘employed, as made of three circular arcs... This very nearly 
‘resembles the true geometrical ellipsis, being formed of two 


‘equal arcs of small circles at the extremities, having between 


‘them a longer arch of a much larger circle, the ends of these 
larches being made to butt and join to each other, that they 
seem like the same curve only continued. As this mecha- 
nical oval will have nearly the same properties and effect as 
ithe true ellipsis, and can be more conveniently worked by 
'the builders, as it requires the voussoirs to be cut only to 
‘two moulds, or for two centres, while those for the true 
‘ellipsis have them all different, we shall add in this place 
‘some of the most approved methods of describing these ovals. 
'These methods indeed are, and must be, various, according 
as the length or span is required to be more or less, in pro- 
aittion to the breadth or height. But in all of them, the 
‘centres of the large and small arcs must be so taken, that the 
right line passing through them, may also, when continued, 
pass through exactly the point where the ends of those 
arches butt and join together; for by this means they will 


have the same common tangent at that point, and conse- 


’ 
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quently they will unite together, or run into each other, 
like parts of the same curve produced. | 


FIRST METHOD.—/When the Length and Breadth differ not 
very much. 


Divide the given length or span 
AB into three equal parts, at the 
pointsc and p, With one of those 
parts, CD, as a radius, and from 
the two centres c, D, describe two 
cireles, intersecting each other in CN eT oe 
the two points Eand Fr. Through these two points 5, F; 
and the two centres c, D, draw four lines ECG, EDH, FDI 
FCK, cutting the two circles in the four points G, H, I, Ke 
Lastly, with one of these lines, as a radius, and from the twe 
centres E, F, describe the two arches cu, KI, and they will 
complete the oval, forming a figure so much resembling a 
true ellipse, that the eye cannot perceive the difference be. 
tween them. In this oval it is evident that the radius ot 
the larger circular arch is just double of that of the smalle 


arches. 
sECOND METHOD.—Jor a Narrower Oval. 


Divide the length or span AB 
into four equal parts; then, with 
one of those parts as a radius, and 
from the three points of division, 
C, D, E, as centres, describe three 
circles. Find the uppermost and | 
lowest points, F, G, of the middle circle; or through the 
middle point p draw a perpendicular to az, which will give 
the points F, G, or construct the square CGEF, which wil 
give the centres of the larger arch. Through these twé 
points Fr, G, and the two c, E, draw four lines FH, FI, GK 
GL; with any one of which as a radius, and the two cen 
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| P ‘ 
tres F, G, describe the other two ares 1, KL, to complete 
the oval; which does not rise so high as the former, 


THIRD METHOD. 


Other ovals may be made to ee 
the same length, or any other IH 
length, but rising still Jess in the 
‘crown, in any degree whatever, 
lf, after having described the two 
smaller or end circles from the 5 
centres c and &, as in the second Y 
method, instead of forming the 
right angled triangles ccs, CFE, fs 
these be described with acute an- 
gles at F and G, by making the 
equal lines cr, cc, EF, EG, longer 
than before in any ratio at plea- 
sure; these being then produced e 
© the little circles at the four i 
‘Joints H, 1, K, L, from the centres F, G, describe the other 
“wo arches Hi and KL, to complete the ovals, narrower and 
aarrower at pleasure. | 

The little circles also at the ends, may have their radius 
ken smaller to any degree, or a less portion of the whole 
span; and indeed it is evident that its radius ought always 
‘0 be less than the pitch or height of the arch. 

There are other methods of making such ovals, but those 
bove given are some of the best. The last method is gene- 
al too, and will serve to accommodate an oval to any length 
nd breadth whatever, at pleasure. Having thus described 
he half-of such an oval to any span and pitch proposed, for 
ny arch of a bridge, &c, the whole of the voussoirs may be 
ut by two mold boards only, viz, one for the voussoirs for 
he arch an and 1B, and the other for those in the arch wz. 

/ But if the arch be of any other form, the several abscisses 
hd ordinates ought to be calculated; then their correspond- 
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ing lengths, transferred to the centring, will give so many 
points of the curve, and exactly by these points bending: 
a bow of pliable matter, the curve may be drawn close 
by it. 

The centres are constructed of beams, &c, of timber, 
firmly pinned and bound together, into one entire compact 
frame, covered smooth at top with planks or boards to plac 
the voussoirs on, the whole supported by offsets in the sides 
of the piers, and by piles driven into the bed of the river, 
and capable of being raised and depressed by wedves, con 
crived for that purpose, and for taking them down when tlie 
arch is completed. They ought also to be constructed of 
a strength more than sufficient to bear the weight of t 
arch. . 

In taking down the centring; it is first let down a little, 
all in a piece, by easing some of the wedges; it is there let 
to rest a few hours, or days, to try if the arch make any ef. 
forts to fall, or any joints open, or stones crush or crack 
&e, that the damage may be repaired before the centring 1 
entirely removed, which is not to be done till the arch cease 
to make any visible efforts. 

In some bridges the centring makes a considerable part © 
the expence, and therefore all means of saving in this article 
ought to be closely attended to ; such as making few arches 
and as nearly alike or similar as possible, that the centring © 
ene arch may serve for others, and at least that the sam 
eentre may be used for each pair of equal arches, on bo 
sides of the middle. | 

Cuest, the same as CAISSON. - 

CorrrerpaM, the same as BATTERDEAU. , 

Darirt, SHooT, or THrRusT, of an arch, is the push o 
force which it exerts in the direction of the length of th 
bridge. This force arises from the perpendicular gravita 
tion or weight of the stones of the arch, which, being ke 
from descending by the form of the arch and the resistane 
of the piers, exert their force in a lateral direction. Thi 
force is computed in prop. x1, where the thickness of 


* z 
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pier is determined which is necessary to resist it; and is the 
greater as the pitch is lower, ceteris paribus. 
ELEVATION, the orthographic projection of the front of a 
bridge, on the vertical plane, parallel to itslength. This is 
necessary to show the form and dimensions of the arches, and 
other parts, as to height and breadth, and therefore it has a 
‘plain scale annexed to it, to measure the parts by. It also 
‘shows the manner of working up and decorating the fronts of 
ithe bridge. | 
ExTranpos, the exterior curvature or line of anarch. In 
ithe propositions of the second section, it is the outer or upper 
line of the wall above the arch; but it often means only the 
upper or exterior curve of the voussoirs. 

Founparions, the bottoms of the piers, &c, or the bases 
on which they are built. These bottoms are always to be 
made with projections, greater or less according to the spaces 
on which they are built. And according to the nature of the 
Zround, the depth and velocity of water, &c, the foundations 
are laid, and the piers built, after different manners, either in 
saissons, in batterdeaux, or on stilts with sterlings, &c; for 
the particular methods of doing which, see each under its re- 
spective term. 

The most obviousand simple method of laying the founda- 
ions, and raising the piers up to water-mark, is to turn the 
‘iver out of its course above the place of the bridge, into a 
vew channel, cut for it near the place where it makes an el- 
ow or turn; then the piers are built on dry ground, and the 
vater turned into its old course again, the new one being se- 
‘urely banked up. This is certainly the best method, when 
he new channel can be easily and conveniently made ; but 
vhich however is very seldom the case. 

Another method is, to lay only the space of each pier dry, 
illit be built, by surrounding it with piles and planks driven 
lown into the bed of the river, so close together as to exclude 
he water from coming ing then the water is pumped out of 
he inclosed space, the pier built in it, and lastly the piles and 
blanks drawn up. ‘This is cofferdam work; but it evidently 


. 
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cannot be practised when the bottom is of a loose consist-— 
ence, admitting the water to ooze and spring up through it, — 

When neither the whole nor part of the river can be easily 
laid dry, as above, other methods are to be used ; such as, to 
build either in caissons or on stilts, both which methods are 
described under their proper words; or yet by another me- 
thod, which hath, though seldom, been sometimes used, with 
out laying the bottom dry, and which is thus: the pier is_ 
built upon strong rafts or gratings of timber, well bound to- 
* gether, and buoyed up on the surface of the water by strong” 
cables, fixed to other floats or machines, till the pier is built;” 
the whole is then gently let down to the bottom, which must” 
be made level for the purpose. But of these methods, that 
of building in caissons is the best. | 

But before the pier can be built in any manner, the ground _ 
at the bottom must be well secured, and made quite good and — 
safe, if it be not so naturally. The space must be bored into, — 
to try the consistence of the ground ; and if a good bottom | 
of stone, or firm gravel, clay, &c, bs met with, within a mo- — 
derate depth below the bed of the river, the ices sand, &c,_ 
must be removed and digged out to it, and the foundation 
laid on the firm bettom, on a strong grating, or base of tim he 
ber, made much broader every way than the pier, that there 
may be the greater base to press on, to prevent its being sunk. 
But if a solid bottom cannot be found at a convenient depth 
to dig to, the space must then be driven full of strong piles, 
the tops of which must be sawed off level, some feet below 
the bed of the water, the sand having been previously digged 
out for that purpose ; and then the foundation, ona grating 
of timber, laid on their topsas before. Or, when the bottom) — 
is not good, if it be made level, and a strong grating of tim- | 
ber, two, three, or four times as large as the base of the pier, 
be made, it will form a good base to build on, its great si 
in a great measure, preventing it from sinking. In driving 
the piles, the method is, to begin at the middle, and proceed — 
outwards, all the way to the borders or margin: the reason 
ef which is, that if the outer piles were driven first, the earth 
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of the inner space would be thereby so jarnmed together, as 
not to allow the inner piles to be driven at all. And besides 
the piles immediately under the piers, it is also very prudent 
to drive in a single, double, or triple row of them, around 
und close to the frame of the foundation, cutting them off a 
little above it, to secure it from slipping aside out of its place, 
ind to bind the ground under the pier the firmer. F or, as 
‘he safety of the whole bridge depends much on the founda- 
ions, too much care cannot be used to have the bottom made 
juite secure. 


JETTEE, the border made around the stilts under a pier; 
eing the same with STERLING. 

Imposr, is the part of the pier on which the feet of the 
rches stand, or from which they spring. 

Keystone, the middle voussoir, or the arch stone in the 

rown, or immediately over the centre of the arch. The 
2ngth of the keystone, or thickness of the archivolt at top, 
s allowed to be about 1-15th or 1-16th of the span, by the 
est architects, | 
Orrnocrapny, the elevation of a bridge, or front view, 
5 Seen at a great distance, ; 
Parapet, the breast wall made on the top of a bridge, to 
revent passengers from falling over, In good bridges, to 
aild the parapet only a little part of its height close or solid, 
ad-on that a balustrade to above a man’s height, ias an ele- 
ant and useful effect. 

Piers, are the walls built for the support of the arches, 
id from which they spring as their bases, These ought to 
built of large blocks of stone, solid throughout, and 
amped together with iron, or otherwise, which will make 
e whole like one solid stone. Their faces or ends, from 
e base up to high-water mark, ought to project sharp out 
ith a salient angle, to divide the stream. Or perhaps the 
ttom of the pier should be built flat or square up to about 
df the height of low-water mark, toallow a lodgment against 
for the sand or mud, to cover the foundation; lest, by being 
t bare, the water should in time undermine, and so ruin or 
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injure it. The best form of the protection for dividing the 
stream, is the triangle; and the longer it is, or the more acute 
the salient angle, the better it will divide it, and the less will 
the force of the water be against the pier ; but it may be suf. 
ficient to make that angle a right one, as it will make the 
work stronger, ard in that case the perpendicular projection 
will be equal to half the breadth or thickness of the pier. In 
rivers on which large heavy craft navigate, and pass the 
arches, it may perhaps be better to make the ends semicircus 
lar; for though it does not divide the water so well as the 
triangle, it will both better turn off and bear the shock of the 
craft. | 
The thickness of the piers ought to be such, as will make 
them of weight or strength sufficient to support their interja- 
cent arch, independent of any other arches. The thickness. 
in most cases of practice, may be made about { of the spano) 
the arch. And then, if the middle of the pier be run up to it 
full height, the centring may be struck, in order to be used 11 
another arch, before the hanches are filled up. The whol: 
theory of the piers may be seen in the third section. The: 
ought to be made with a broad bottom on the foundation, an( 
gradually diminished in thickness by offsets, up to low-wate) 
mark. The methods of laying their foundations, and build 
ing them up to the surface of the water, are given under thr 
word FouNDATION. . a 
Piuxs, are timbers driven into the bed of the river for va, 
rious purposes, and are either round, square, or flat like 
planks. They may be of any wood which will not rot unde 
water, but elm, oak, and fir are mostly used, especially the 
latter, on account of its length, straightness, and cheapness 
‘They are shod with a pointed iron at the bottom, the bette) 
to penetrate into the ground ; and are bound with a strong 
iron band or ring at top, to prevent them from being spli 
by the violent strokes of the ram by which they are driver 
down. It is said, that the stilts, or piles, under London 
bridge, are of elm, which lasts a long time in the water. — 
Piles are either used to build the foundations on, gr ar 
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‘riven about the pier as a border of defence, or to support 
he centres on; and in this case, when the centring is re= 
joved, they must either be drawn up, or sawed off very low 
nder water ; but it is perhaps better to saw them off, and 
cave them sticking in the bottom, lest the drawing of them 
ut should loosen the ground about the foundation of the 
lier. Those to build on, are either such as are cut off by the 
ottom of the water, or rather a few feet within the bed of 
1e river; or else such as até cut off at low-water mark, and 
len they are called stilts. Those to form borders of defence, 
‘e rows driven in close by the frame of a foundation, to keep 
ifirm; or else they are to form a case or jettee about the 


f Its, to keep within it the stones that are thrown in to fill it 


b ; in this case, the piles are grooved, driven at a small dis- 
(nce from each other, and plank piles let into the grooves 
ttween them, and driven down also, till the whole space is 
srrounded. Besides using this for stilts, it is also sometimes 
Tcessary to surround a stone pier with a sterling or jettee, 
d fill it up with stones to secure an injured pier from being 
{l more damaged, and the whole bridge ruined. The piles 
‘support the centres may also serve as a border of piling to 
ture the foundation, cutting them off low enough after the 
atre is removed. 

?rLe Driver, is an engine for driving down the piles. It 
asists of a large ram or square block of iron, sliding per- 
adicularly down between two guide posts; which being 
,wn up to the top of them, and there let fall from a great 


(cht, it comes down on the top of the pile with a violent 


lw. It is worked either by men or horses; and either with 
ivithout wheel work, That which was used at the build. 
| of Westminster-bridge, is perhaps one of the best kind, 


*rrcH, of an arch, is the perpendicular height from the 


ing, or impost, to the keystone. 

*LAN, of any part, as of the foundations, or piers, or su« 
(structure, is the orthographic projection of it ona plane 
‘allel to the horizon. 

*usH, of an arch, the sameas drift, shoot, or thrust. | 
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\ 
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-be filled up to the top, by that means forming a kind of pt 


and rush down as soon as the centre should be drawn: wh 
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Sauient AncLE, of a pier, is the projection of the el 
against the stream, to divide it. The right-lined angle. bi 
divides the stream, and the more acute the better for th 
purpose; but the right angle is generally used, as makity 
the best masonry. A semicircular end, though it does x 
divide the stream so well, is sometimes better in large na} 
gable rivers, as it carries the craft the better off, or bears thr 
shocks the better. a) 

Snoor, of an arch, is the same as drift, thrust, &c. 

Span, of an arch, is the extent or width at the bottom, 
on the level at its springing. a 

SpANDRELS, Or SPANDRILS, are the spaces about the flars 
or haunches of the arch, above the curve or intrados, _ | | 

SpRINGERS, are the first or lowest stones of an arch, a 
those at its feet, bearing inimediately on the impost. | 

SrERLINGS, or JETTEES, akind of case, made of stilts, & 
about a pier, to secureit. Itis particularly described uny 
the next word STILTs. | 

Sritrs, a set of piles driven into the space intended, r 
the pier, whose tops being, sawed level off about low-we 
mark, the pier is then raised on them. This method 1s 
formerly used, when the bottom of the river could note 
laid dry ; and these stilts were surrounded, at a few feet « 
tance, by a row of piles and planks, &c, close to them lika 
coffer-dam, and.called a sterling or jettee ; after which, lo¢ 
stones, kc, are thrown or poured down into the space, tilt 


ae 
| 
| 


er ——— 


of rubble or loose work, which is kept together by the ‘sis 
of the sterlings: this is then paved level at the top, and i 
arches turned upon it, This method was formerly much ns) 
most of the Jarge old bridges in England being construc! 
in that way; such as London-bridge, Newcastle-bridge, i} 
chester-bridge, &c. But the inconveniencies attending it | 
so great, that it is now quite exploded and disused : for, ( 
cause of the loose composition of the piers, they must be m! 
very large or broad, otherwise the arch would push them o'f 
| 
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great breadth of piers and sterlings so much contracts the 
»assage of the water, as not only very much incommodes tlie 
javigation through the arch, from the fall and quick motion 
of the water, but from the same cause also the bridge itself 
sin much danger, especially in time of floods, when the 
‘uantity of water is too much for the passage. Add to this, 
‘vat besides the danger there is of the pier bursting out the 
-erlings, they are also subject to much decay and damage 
y the rapidity of the water, and the craft passing through 
ae arches. 

_ Turusrt, the same as drift, shoot, &c. 

' Voussorrs, the stones which immediately form the arch, 
‘eir under sides constituting the intrados or soffit. The 
‘iddle one, or keystone, ought to be, in leneth,-about #4, or 
's of the span, as has been observed; and the rest should in- 
“ease in size all the way down to the impost ; the more they 
‘crease the better, as they will the better bear the great 
‘eight which rests upon them, without being crushed, and 
iso will bind the firmer together. Their joints should also 
|: cut perpendicular to the curve of the intrados. 


: 


' 
/ 
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. 
(UERIES CONCERNING LONDON BRIDGE: WITH THE ANSWERS, 
| BY GEORGE DANCE, ESQ, | 
: en 
‘AS an Appendix to the foregoing Tract, on the Principles 

Bridges, a few smaller papers, on kindred subjects, are 
iierted in this and some of the Tracts immediately follow- 
iy. The present paper is one, among several of a curious 
iture, which J purchased at the sale of Mr. Robertson’s books : 
i the year 1776, and appears to contain circumstances of too 
ich importance to be kept private. It seems to have ori- 

12 
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ginated from song formerly made, for improving the 
* bridge and the port of London, in the year 1746. It consists) 
of queries proposed by the magistrates of the city; and answers 
to those queries, by Mr. George Dance, the Surveyor Gene-. 
ral of all the works of the city fos London, who was the father 
of that excellent architect the present City Surveyor. ' It 
seems also that the queries had been proposed to the public: 
in general, to solicit answers from any ingenious engineers’ 
or architects; for the paper remarks that, iat 
‘« The persons who are to answer Hide queries, may add 

to their answers what further remarks and observations they: 
shall think proper, to the same purpose as these queries.—In\ 
the middle of every arch there are driven down piles, called! 
dripshot piles, in order to prevent the waters from gullying 
away the ground.—I am of opinion, from the nature of the’ 
work, that the bridge was not so wide originally as it now is;) 
and that the’ points of the piers have been much extended, 
in order to erect houses thereon.—I observe Jikewise, that in) 
some of the piers, there are fresh casings of stone, before the 


Tas od 


original ashler. oF 

‘¢ July the 9th, 1746. George Dance.” 

‘© Qurny 1. What are the shapes and dimensions of the’ 
stone piers, the sterlings, and the openings at high and low 
water ? N. B. This will be best answered by fured 
sketches, or plans, correctly laid down from an exact men- 
suration by a scale, provided that scale be not smaller than. 
8 or 10 feet to an inch.” 

<< Answer. I have described the shapes and dimensions of 
the stone piers, sterlings, and openings at high and low water, 
in a figured plan, which J delivered to Mr. Comptroller.” 

“ Query 2. What are the depths of water, just above 
under, and just below the arches, or locks, at a common low, 
water? N.B. These depths may be marked on the pla or 
sketches.” ad 

“< Answer. The depth of water, beginning at Bi obit 
end of the bridge, is as follows; viz. | . 
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On the west side. i Under the arch. On the east side. 
; ft. ine. ft. ine. | ft. ine. 
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I have likewise described the dimensions in the ~ afore- 
aid.” 


* Query 3. At what height, above low-water mark, and 
: what depth below the surface of the sterlings, i is the Biie. 
2d, or lower side of the first course of stones ?” 
“* Answer. The height of the underbed of the first course 
‘stones, is various: some being 2 feet 4 inches, some 1 ft. 
.inc., some 1 ft. 10 inc., some 1 ft, 3 inc., some 1ft. 1 ine. 
ove low-water mark; and some are 6 feet, some 5 ft, 8 ine., 
me 4 ft. 6 inc-, some 4 ft. 1 inc., and some 4 feet below the 
irface of the sterlings. These are the dimensions, as far as 
am able to get them: there being no opportunity to make 
yservations but when a breach happens to any of the piers,” 
“© Query 4. What is there between the stones and the 
rads of the piles? Is it one row of planks only; or two rows, 
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crosslaid; of timber: what wood are they made of, and what, 
are their dimensions or scantlings ?”’ | 
“© Answer. ‘In general I find nothing between the stones 
and piles, but sometimes pieces of plane mostly of oak, and 
a little of elm, some of which is 6 inches and 4 inc. in thick. 
ness; which I apprehend were not originally placed there; 
but only when reparations have been made, on which account 
they were fixed, in order to wedge up tight to the stone. 
work; it being impossible to make sound work in that case 
‘by any other method” | 
‘© Query 5. Are the piles which surrounded the founda 
tions of the piers, before the sterlings were added, square o} 
round, rough or hewn, driven as close as possible, or ati 
distance? If they touch one another, are they fastened to 
gether with a dovetail, or by any other contrivance of thi 
same nature; and if they do not touch, at what distance ar 
they at a mean?” ! | 
<< Answer. These piles are round, rough, and unhewn 
they are driven close, and touch one another: they do ne 
seem to be fastened together by any contrivance, except th: 
some have planks upon them, and some have none. Br 
these observations I have ned where breaches have hap 
pened, so that one might get 1, 2, or 3 feet within the sur 
face of the piers: but how ee are in the middle of the pier 
is'impossible to determine.” UE 
“Query 6. Are the heads of those surrounding ‘piles fas 
tened together by any kirb or capcile? If there be any, le 
it ‘be described, and its dimensions, by a figured ‘sketch. ‘*: 
«Answer. They are fastened by no kirb or capcile 
There are only deci upon some of them, as I mentionet 
the former answer.’ ee 
‘‘ Query 7. Are the inside piles, on which the foutitl 
‘tions of the piers are Jaid, round or square, hewn or rougl 
very close, or at what distance ‘at a mean; of what timbe 
and size; are they shod or not?” vie 
<< Answer. This query is very difficult to answer, Tee 
-only say, that I have had ‘an opportunity to examine 0! 
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vier, about 7 feet within. It is the south pier of the dam 
ock ; a great part of which was undermined, by some of the’ 
terlings being carried away, and leaving it defenceless there, . 
| observe that the piles are round, rough, unhewn, and driven 
lose together ; and they are chiefly elm, of about one foot 
ameter. Some of these piles, being taken up, were shod 
ith iron ; and I think it is reasonable to suppose they /gre 
il] so.” i 
| “* Query 8. Whether the foundations of the piers, befi re 
ie sterlings were added, extended beyond the naked line of 
ne stone-work: and if SO, as it is most likely, describe how 
wich, at a mean, and the manner, by a figured sketch ?” 
_ “* Answer. There is, to every pier, a setofi, or foundation, 
vhich extends about 7 inches beyond the naked line of the 
‘ier ; and that setoff or foundation is of stone. But Lam of 
pinion that sterlings were fixed at the first erecting of the 
tidge ; because I think it impossible for the piers to stand 
mg without some such defence. But whether they were so 
vuch extended, or in the same shape they are now, is not 
asy to determine.” . 
| ** Query 9. Are the piles, that are under the foundations 
‘the piers, much decayed and galled by the action of the 
arrents of waters, before the sterlings were added?” 
“Answer. All those piles under the foundations of the 
cers, which I ever saw, are very sound at heart, But about 
he inch of their surface hath been decayed: but these were 

les which bad been for some time exposed to the violence 
the flood, by the breaches made in the sterlings. But I ° 
pprehend that cannot be the case with the piles which exe) 
irther under, or in the middle of the piers; because water 
snot act upon them.” 

“ Query 10. What is the inside of the stone piers made * 
‘? whether of the same sort of stone as the outside; cut 
ad. Jaid regular, or only common rubble stones, laid in very 
id mortar, as it is in Rochester-bridge ?” 
© Answer. I have seen, in several breaches, the texture 


; 
; 


> 
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of the piers: and by them it appears to me, that the insides : 
of the said piers are filled with rubble; and the external faces : 
are formed with asbler laid in courses: but the rubble ap. 


pears to be Jaid with good mortar. f 
*¢ George Dance." 


H 
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TRACT III. 


EXPERIMENTS AND OBSERVATIONS TO BE MADE ABOUT 
LONDON BRIDGE. a... 


THIS is another of the papers, relating to the state of 
London bridge, bought at the sale of the late Mr. John’ 
Robertson’s books. It appears to be an answer given to 
certain queries, addressed to the Royal Society from the 
Committee of Common Council of the City of London. This’ 
answer is signed by the President, the Vice-Presidents, and 
several ahier respectable members of the Royal Society ; viz. | 
by Martin Folkes, esq. the president, and by Wm. Jones 
(father of the late Sir Wm. Jones), James Jurin, M. D., Geo. 
Lewis Scott, esq., Benj. Robins, esq., and John Ellicott, sy 
all names highly respectable for their eminent scientific la 
bours.—Their report is in the following words: a | 

‘¢In order to answer the queries proposed by the Com- 
mittee, with regard to the alterations of London bridge, we 
apprehend it will be necessary, tis 

‘¢ Ist. To have an exact level taken, between some fixed 
point on the west side of London bridge, and another point | 
on the east side of Westminster bridge; as also, to take the 
like level between some fixed point on the east side of London | 
bridge, and another point at some convenient place about 2 | 
miles below the bridge. 

“2, To take the perpendicula height of each of thos ‘ 


| 
' 
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points above the surface of the river at low-water, and like- 
Wise at every quarter of an hour before and after low-water ; 
and to observe the time when the low-water happens at those 
places; and the same for high-water. 

*“.3. ‘To take the height of the fixed point on the west side 
of London bridge, above the surface of the river, at the low 
still water, and high still water under the dravtbridie; with 
the time of each. 

** 4. To take the height of the same point, above the sur- 
face of the river, just above the sterling, at the time of low- 
water below bridge. 
| “ 3. To take the depth of the water in all the gullets, or 
at least in that under the drawbridge, at the time of low still 
water. | 
_ *€ 6. To ascertain in how many of the arches the dripshot 
viles are driven ; how close together ; and how far the tops 
of them are below low still water mark. 

‘©7, To know particularly at what time the sterlings are 
Arst intirely covered, and when first intirely uncovered. 

“© 8. To know exactly the time of low and high water 
mark, and the height the water rises to, at the Nore, Graves- 
end, and Woolwich. , 
“¢ 9. That all the foregoing observations of the tides, be 
made at some one spring tide, and likewise at some one neap 
ime. Was signed, 

M. Folkes; Wm. Jones; Jas, Jurin;' Geo. L. Scott ; Benj. 
Robins; John Ellicott.” 
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TRACT IV. i 


ON THE CONSEQUENCES TO THE TIDES IN THE RIVER 
THAMES, BY ERECTING A NEW BRIDGE AT LONDON, 
BY MR. JOHN ROBERTSON. 


WHILE it was in contemplation to erect the new bridg 
over the river at Blackfriars, there was much public conversa 
tion and speculation on the probable effects of such erection, 
relative to the tides in the river, and other matters connectet 
with it. On this occasion, the magistrates of the city o 
London consulted many scientific men and practical engi. 
neers, touching those points. Among others, they requested! 
the advice and opinion of Mr. John Robertson, then maste! 
of the Royal Mathematical School in Christ’s Hospital, by < 
special letter from the Town Clerk, as follows. | 


“To Mr. Rebertson at Christ’s Hospital. 


“¢ Sir,—The Committee of Common Council appointed te 
consider, whether the Navigation of the river Thames wil 
in any and what manner be bec bya new Bridge, intem 
to meet at Guildhall, on Thursday the 12th instant, at If 
o’clock in the forenoon, and desire you will be so-kind as tc 
favour them with your company at that time, in order to give 
them your opinion and assistance therein. I am, Sir, é 

** Your most obedient, humble Servant, 
“¢ James Dobsomfl 


Town Clerk’s Office, Guildhall, 5 Dec. 1754. ib 
Mr. Robertson’s Answer. 


. Before I deliver my opinion concerning the questior 
proposed, 1 think it necessary to premise some bei principle 
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relating to the Tides, and particularly those which affect the 
‘iver Thames; because a just solution to this question depends 
chiefly on the phenomena of the tides. 

*¢1. It is now well known that the tides are regulated by the 
notion of the moon; and that this planet takes something Jess 
“han 25 hours, between the times of its departing from any me- 
‘idian, to its return to the same; in which time she causes two 
joods and two ebbs; so that in most parts of the earth there is 
. new time in every revolution of about 12 hours and a half. 
| “2. There is a flood tide which flows round the northern 
parts of Europe, and thence proceeds southward through the 
western ocean: a branch of this tide runs southward along 
the German sea, and makes high water to all the eastern 
»voasts of Great Britain, in a successive order, in regard to the 
time the moon has passed the meridians of those places: this 
oranch of the tide runs but a little to the southward of the 
mouth of the river Thames. 

** 3. While the said branch is running down the German 
sea, the grand body of the tide is marching southward along 
che western coasts of Ireland,and thence flowing partly south- 
ward, partly south-eastward ; one branchruns up St. George’s 
Channel, and another branch flows eastward, up the English 
‘Channel, and makes, in a successive order of time, the high 
waters upon all the southern coasts of England: this branch 
extends something to the northward of the mouth of the 
‘river Thames. 

/ “4, The said tides, meeting near the mouth of the river 
Thames, contribute to send a powerful tide up that river ; 
und so long as the said southern and northern branches con- 
‘inue to flow, so long will the waters continue to accumulate 
ut the mouth of this river, and make their way up it, in order 
0 restore the waters to a level. 

| “* 5. The flowing of the tide up the river Thames is ereater 
or less, in proportion only to the accumulation of the waters 
at its mouth ; and therefore, in the common course of things, 
ithere is, relative to the moon’s age, a fixed quantity of tide 
which the river Thames is to receive; and therein to be 


on 
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disposed of in the best manner that its situation will 
admit. 

“* 6. On account of the water being confined between the 
banks of the river, the tide must flow up higher, in propor. 
tion as the river becomes narrower, till the fixed quantity is 
received. But then it must be.observed, that when the tide 
acts against the stream of a river, the tide up that river be- 
comes progressively stronger Bhi stronger, for a time, ac- 
cording as the velocity of the natural stream is checked; and 
in this manner the river waters themselves by degrees obtain 
a contrary direction, and run up with the tide, and so may 
be considered as waters coming in with the tide of flood, 
and. part of the fixed quantity which that river is to receive, 

‘<7. ‘The return of the tide, or the time of ebbing, is not 
every where performed in the same time as it took to flow 
in. For, in the ebb tide there is to be discharged, not only 
the waters which were brought in by the tide, bis mT) all the 
river water which has been retarded by it. 

‘¢ 8, Whatever obstacles are laid in the way of the tide, 
across any channel, the utmost rise, or the high-water mark, 
at different times, will be respectively the same : because the 
water will continue to rise till the fixed quantity of tide is 
disposed of, and no longer. And, in like manner, the low- 
water mark will not be affected by such obstacles. Indeed, 
between the limits of high and low-water marks, the water 
will be raised higher against those obstacles, both in the flood 
and ebb tides, than they would be in those places, were the 
obstacles removed. For, as the velocity of the current must, 
on both sides of the obstacle, be equal, in order for one part 
of the water to run away, as fast as the successive ones fol 
low; therefore the waters must rise on that side of the ob-. 
stacle which they run against, till they be so high, that by 
their fall they acquire a velocity sufficient to carry thane off, 
as fae) as they arise at the obstacle. 

‘ These principles being premised, the solution to the 
question proposed naturally follows. And in order to this, 
let us for the present suppose, ‘that between London and 


, 
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Westminster bridges, another bridge were built ; and to show 
what might be the consequences in the worst case, let us sup- 
pose it occasioned as great a fall as at London bridge. 


: 
’ 


| ** Consequences during the time of the Flood Tide. 


*« The flood tide, meeting with the obstruction of the new 
oridge, would accumulate on the eastern side thereof, much 
-n the same manner as it does now at London bridge: this 
would cause the flood tide at first to run through London 
oridge with less velocity than it does at present. For, the 
jew bridge, by penning up the water, would throw some of 
t back again, towards London bridge; and consequently the 
vaters on the eastern side of London bridge, would rise higher 
han they now do, that they might run off with the same ve-~ 
ocity, with which they came to the bridge. 
© The tide would not run up the river so far as it now 
‘loes ; and consequently the tide of flood would be sooner 
pent, than at present: nevertheless the rise of the waters 


sould not, at any place, be lessened beneath the present 


tandard. For, the more obstacles any moving body has to 
/neounter with, the sooner will its motion be destroyed. But 
jhe fixed quantity of the tide being in no wise diminished, 
ue waters must necessarily rise as many feet high, either 


bove or below the bridges, as they would, were there no 
ridges over the river. 


“s Consequences during the Tide of Ebb. 


*« The ebb tide would be obstructed, on the western side 
the new bridge, in the same manner as it is now at London 
ridge; but the rise of the water at the new bridge would be 
ighest*. For, as London bridge, by penning up the water, 


: 
’ 


_* It is manifest that all this reasoning, by Mr. Robertson; we 
‘ust remember, has been on the supposition, that the new bridge 
sould be built with piers and sterlings, like London bridge, and so 
ause a similar obstruction to the currents, 
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would cause it, at the beginning of the ebb, to revert or fal 
back again towards the new bridge: consequently the water 
on the western side of the new bridge must rise higher, o1 
account of the pen below, that they might run away as fas 
as they were succeeded by the following water. - 

“ The length of the tide of ebb would be greater thani 
is at present, by as much time as the tide of flood would bh 
shortened. For though the same quantity of flood tide, bein 
poured through London bridge, would spend its force soone 
than at present, yet the time of the return of the aggregat 
of the flood tide, and the retarded land waters, would b 
greater ; in proportion as the obstacles, they would have t 
pass by, were increased. Fi 

*¢ From what has been said, I apprehend it is evident, tha 
anew bridge, built between London and Westminster bridges 
cannot alter the present high and low-water marks ; eve; 
though this new bridge should be so constructed, as to ‘oc 
casion a fall of the waters, equal to what they have at Londo 
bridge. 

‘* But experience has shown, how a bridge may be buil 
so as to cause no sensible fall: and were such a bridge su 
stituted in the place of that we have before supposed, th 
consequences already remarked would become’so inconsider 
able, in respect to the tides, that I believe, and it is my op! 
nion, that there would ensue no apparent alteration in th 
present state of the navigation of the river Thames, cithe 
above or below London bridge.” 


| 
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TRACT 'V, 


iNSWERS TO QUESTIONS, PROPOSED BY THE SELECT COM- 


| MITTHE OF PARLIAMENT, RELATIVE TO A PROPOSAL FOR 
| ERECTING A NEW IRON BRIDGE,- OF A SINGLE ARCH 
| ONLY, OVER THE RIVER THAMES, AT LONDON, INSTEAD 
OF THE OLD LONDON BRIDGE. 

| 

| 


_ AMONG the various means of improving the port of Lon- 
/on, which have lately been devised, was one by removing the 


id inconvenient London bridge, and erecting another in its 
ead, which might be more commodious, and better accord- 
ag with the improved state of the port. Several projects 
vere given in to the Committee of Parliament, appointed to 
onsider those improvements, among which was one pro- 
osed by Messrs. Telford and Douglass, to be of a single 
weh, made of cast iron, which the Committee so far noticed, 

3 to order engravings to be made of the design, and, for 

sore safety, to issue a set of questions, concerning this ex- 
‘aordinary project, to be sent to several ingenious profes. 
onal and literary men, requesting their answersto all or any 

£ them, within a limited time. 

The present tract contains my answers, which were de- 
vered in, to those questions, and for which I was honoured 
ith the thanks of the Committee ; which answers are here 
iven as a proper appendix, among other articles, to the essay 
1 bridges in the first Tract, 

The situation proposed for this new bridge, is about 200 
ards above the old bridge, which brings it to run nearly in 
line with the Royal Exchange, and with the wide part of 
@ main street of the Borough of Southwark. This is the 
arrowest part of the river, being here but 900 feet over, 


was also proposed to narrow the riyer still more in this 


: 


) 
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part, by building strong abutments of masonry, running 150 
feet’into the river on each side, against which to abut the 
proposed arch of cast iron, which consequently was to be of. 
600 feet span, extending across the river at one stretch. The 
height of the arch at the crown or key piece, was to be 65 
feet above high-water, to allow ships of considerable burden, 
with their top masts only struck, to sail through beneath it, 
up to Blackfriars bridge; to load or unload by the side of 
new wharfs, to be built into the river, on both sides of if, 
all the way-up to Blackfriars. The width of the bridge, to. 
be 45 feet in the middle, and from thence widening all the 
way, in acurved form, till it should become enlarged to 90 
feet at the extremities. | 

The letter of the Committee is here given first, with the 
set of questions, followed by the answers as delivered in con-. 
sequence of that requisition. | 


THE ORDER OF THE COMMITTEEe 


| “ Lune 23 die Marti 1801, 

‘‘ At the Committee for the further improvement of the Port. 
of London ; hy 

*€ Charles Abbot, Esq. in the Chair : tre 

** Ordered, That the Print, Drawings, and Estimates of : 
an Iron Bridge, of a single arch, 600 feet in the Span, 
together with the annexed Queries, be sent to Dr. Hutton, 
requesting that he will, on or before the 25th of April next, 
transmit to Mr. Samuel Gunnell, the Clerk to this Committe 
his opinion upon all of these queries, or such of them as 
may be disposed to consider. i! 


** Charles Abbot, Chairman. 


“* To Dr. Hutton, 
‘© Military Academy, Woolwich.” 
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“¢ Estimate. 
£. 
«« Getting out and securing the foundation of i 90 000 
) the two abutments -.  - - 
4.39 5000 cubic feet of granite or other beta stone 86,400 
) 20,029 cubic yards of brickwork, at 20s. - - 20,029 
19,200 cubic feet of timber in tyes, at 3s. 6d. 3,360 
) 6,500 tons of cast iron, including scaffolding 130,000 
2 and putting up, at 201. . - 
Making roadways and footpaths - -.. 2,500 


£262,289” 
© Questions respecting the Construction of the annexed Plate 


and Drawings of a Cast Iron Bridge of a Single Arch, 600 
feet in the opm, and 65 feet Rise. 


““1. What parts of the bridge should be considered as 
redges, which-act on each other by gravity and pressure, 
ind what parts as weight, acting by gravity only, similar to” 
‘he walls and other loading, usually erected upon the arches 
f stone bridges.—Or, dase the whole act as one frame of 
‘on, which can only be destroyed by crushing its parts ? 
| ** 2. Whether the strength of the arch is affected: and in 
rhat manner, by the ee Bedbd 3 increase of its width towards 
1e two extremities, or abutments ; when considered verti- 
ally and horizontally. And if so, what form should the 
ridge gradually acquire? 
“3. In what proportions should the width be distributed 
om the centre to the abutments, to make the arch uniformly 
‘rong? 
“4, What pressure will each part of the bridge receive, 
ipposing it divided into any given number of equal sections, 
te weight of the middle section being given. And on what 
arts, bid with what force wil the whole act upon the abut. 
ients ? 
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«¢ 5, What additional weight willthe bridge sustain; and 
what will be the effect of a given weight placed upon any oj 
the before mentioned sections? | 

‘< 6, Supposing the bridge executed in the best manner, 
what horizontal force will it require, when applied to’any 
particular part, to overturn it, or press it out of the vere 
plane? 

apt Supposing the span of the arch to remain the sant 
and to spring ten feet lower, what additional strength woul 
it give to the bridge.—Or, making the strength the same 
what saving may be made in the materials.—Or, if instead 0 
a circular arch, as in the plate and drawings, the bridge shouk 
be made in the form of an elliptical arch, what would be thi 
difference in effect, as to strength, eae , convenience, an( 
expences ? 

‘* g, Is it necessary or adviseable, to have a model nash 
of the proposed bridge, or any part of it, in cast iron. 1 
so, what are the objects to which the experiments should b) 
directed ; to the equilibration only, or to the cohesion of th 
several parts, or to both united, as they will occur in the in 
tended bridge? 

9. Of hat size ought the model to be made, and wha 
relative proportions ool experiments, made on the mode) 
bear to the bridge, when executed? 

‘© 10. By what means may ships be best directed in a 
middle stream, or prevented from driving to the side, an 
striking the arch, and what would be the consequence ¢ 
such a ys es ib 

‘11. The weight and lateral pressure of the bridge bein, 
given, can ee Orne be made in the proposed situation 7 
London bridge, to resist that pressure? 

‘12, The weight and lateral pressure of the bridge bein 
given, can a centre or scaffolding be erected over the rive 
sufficient to carry the arch, aathane obstructing the vesse 
which at present navigate that part? 

‘¢ 13, Whether it eae be most adviseable to make th 
bridge of cast and wrought iron combined, or of cast ir¢ 
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only. And if of the latter, whether of the hard white metal a 
‘or of the soft grey metal, or of gun metal? 

__ “ 14 Of what dimensions ought the several members of 
the iron work to be, to give the bridge sufficient strength? 

| 15. Can frames of cast iron be made sufficiently correct, 
‘to compose an arch of the form and dimensions as shown in 
the drawings No. 1 and 2, so as to take an equal bearing as 
one frame; the several parts being connected by diagonal 
>races, and joined by an iron cement, or other substance ? 
N. B. The plate is considered as No. 1. 

|< 16, Instead of casting the ribs in frames, of considerable 
ength and breadth, as shown in the drawing, No. 1 and 2, 
would it be more adviseable to cast each member of the ribs 
nD separate pieces of considerable lengths, connecting them 
ogether by diagonal braces, both horizontally and vertically, 
\s in No. 3? 

“17. Can an iron cement be made, which shall become 
iard and durable. ‘Or can liquid iron be poured into the 
dints? | 
' © 18. Would lead be better to use in the whole or any 
vart of the joints? 

} «19. Can any improvement be made in the plan, so as to 
lender it more substantial and durable, and less expensive. 
And, if so, what are those improvements? 

h «© 90, Upon considering the whole circumstances of the 
ase, and agreeable to the resolutions of the Committee, as 
ated at the conclusion of their third report: Is it your 
pinion, that an arch of 600 feet in the Span, as expressed 
| the drawings produced by Messrs. Telford and Douglass, 
~ the same plan, with any improvements you may be so good 
‘to point out, is practicable and adviseable, and capable of 
hing made a durable edifice ? : 
‘21. Does the estimate communicated herewith, accord- 
ig to your judgment, greatly exceed or fall short of the 
vobable expence of executing the plan proposed, specify- 
ig the general grounds of your opinion? 

_ # The Resolutions referred in No. 20, are as follow. 

K 2 
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‘‘ Ist. That it is the opinion of this Committee, that it Is 
essential tothe improvement and accommodation of the port 
of London, that London Bridge should be rebuilt, upon such | 
a construction, as to permit a free passage at all times of the 
tide, for ships of such a tonnage, at least, as the depth of the 
river would admit of, at present, between London Bridge and | 
Blackfriars Bridge. a | 

‘od, That it is the opinion of this Committee, that an| 
Iron Bridge, having its centre arch not less than 65 feet high, 
in the clear, above high-water mark, will answer the intended | 
purpose, and at the least expence. i. 

‘¢ 3d, That it is the opinion of this Committee, that the. 
most convenient situation for the new bridge, will be imme- 


diately above St. Saviour’s Church, and upon a line from 
thence to the Royal Exchange. 


: ‘¢ Charles Abbot. 
‘* To Dr. Hutton, Woolwich.” 

The Answers to the foregoing Queries, were as Follow 
where each question is repeated immediately before its an, 
swer, to preserve the connection more close and imme- 


diate. 


Answers to the Questions concerning the proposed New Tron 
Bridge, of one arch, 600 feet tn the span, and 65 feet high. 
Quest. 1. What parts of the bridge should be considered) 
as wedges, which act on each other by gravity and presst 
and what parts as weight, acting by gravity only, similar tc 
the walls and other loading usually erected upon the arche: 
of stone bridges. Or, does the whole act as one frame ol 
iron, which can only be destroyed by crushing its parts? } 
Answer. Yt is my opinion, that all the small frames o 
parts ought to be so connected together, at least vertically. 
‘as that the whole may act as one frame of iron, which Cat 
only be destroyed by crushing its :parts.—For, by this means 
the pressure and strain will be taken off from every particula 


: 
} 
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arch or course of voussoirs, and from every single voussoir 
f 

or frame, and distributed uniformly deigaghtine the whole 
mass. Hence it will happen, that any particular part which 
may by chance be damaged, or be weaker than the rest, will 
de relieved, and. prevented from a fracture, or, if broken, 
orevented from dropping out and drawing other parts after 
t which may be next to it, either aig Vil or on the sides of 
t By this means also, the effect of any partial or local 
Oressure, or stroke, or shock, whether vertical or horizontal, 
will be distributed over or among a great number of the ad. 
acent parts, and so the effect be broken and diverted from 
she immediate place of action. By this means also will be 
»bviated, any dangerous effects arising from the continual 
§xpansion or contraction of the metal, by the varying tem- 
derature of the atmosphere, in consequence of which the 
oridge will, all together, inone mass, ina small and insensible 
Moree: keep perpetually and silently rising or sinking, as the 
irchlengthensby the expansion, or shortens bythe contraction 
ofthe metal.—This unity of mass will be accomplished, by 
onnecting the several courses of arch pieces together verti- 
‘ally, or the lower courses to the next above them, and also 
»y placing the pieces together in such a way as to’ break 
oint, after the manner of common or wall masonry, and that 
serhaps in the longitudinal and craarerne joints, as well as 
he vertical ones. 

Quest. 2. Whether the strength of the arch is affected, 
nd in what manner, by the proposed increase of its width 
‘owards the two extremities, or abutments; when considered 
‘ertically, and horizontally ; and if so, sudielt form should sige 
\ridge gradually acquire? 
| Answer. There can be no doubt but the bridge will be 
greatly strengthened by an increase of its width towards the 
Wo extremities, or abutments, especially if the courses or 
varts be connected together in the manner wbove mentioned, 
‘nthe answer to the first question. For thus, the extent of 
he base of the arcli at the impost being enlarged, the strength 
w resistance of the abutment will be increased in a much 
ligher degree than the weight and thrust of the arch, and 
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consequently will resist and support it more firmly. Th 
arch itself will thus also acquire a great increase of strengtl 
and stability, both from the quantity and disposition of thi 
materials, as well vertically as horizontally, by which, in th 
Jatter direction in particular, the arch will be better enabli 
to: preserve its true vertical position, and to resist the fore 
or shock of any thing striking against it in the horizontal di 
rection. And, for the better security in these particulars 
considering the immense stretch of the arch, it will perhay 
be adviseable to enlarge the width in the middle to 50 fee 
instead of 45, and at the extremities to 100 feet, instead ¢ 
90, as proposed in the design.—As to the form of this widt 
or enlargement, the side of the arch might be bounded eithe 
bya circular arch, or by any curve that will look most grace 
ful: perhaps a very excentric ellipse will answer as well¢ 
any other curve, or better. ! 
Quest. 3. In what proportions should the ee be di 
tributed from the centre to the abutments, to make the arc 
uniformly strong ? 
Answer. To make the arch uniformly strong throughou 

it ought to be made an arch of equilibration, or so as toh 
equally balanced in every part of its extent.—When the m: 
terlals.of the arch are uniform and solid, then, to find t 
weight over every part of the curve, so as to put the arch 
equilibrio, is the same thing as to find the vertical thickness 
the arch in every part, or the height of the extrados, or bai 
of the arch, over every point of the intrados or soffit of t 
ander curve of the arch: the rule for determining and pr 
portioning of which, is described at large in my Treatise | 
Bridges, particularly in prop. 4*, andthe examples there giy 
to the same. But in the case of the present proposed desi; 
for a bridge, a strict mathematical precision is not to be e 
pected or attained by mere calculation, on account of t 
open frame work of iron, in parts of various shapes and si 
We must therefore be content with a near approach to th 
point of perfection ; which can be accomplished in a degt 


* The same as prop. 10, tract 1, of this volume. 
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ufficient to answer all the purposes of safety and convenietice, 
Now this can be conveniently done, by a comparison of the 
»resent design of a bridge, with the example of a similar in- 
stados curve in the book above mentioned, and which is the 
ease of the first example to the said 4th prop., being that 
vith a circular soft. By that example it appears, that the 
veight above every point in the soffit curve, should increase 
exactly in proportion as the cube of the secant of the nutnber 
of degrees in the arch, from the centre or middle, to the se- 
veral points in going toward the abutments. This propor- 
ion, though it require an infinite weight or thickness at the 
*xtremities of a whole semicircle, where the arch rises per- 
dendicular to the horizon ; yet for a small part of the circle 
ear the vertex, the necessary increase of weight or thick- 
ess, toward the extremities, is in a degree very consistent 
with the convenient use and structure Of such a bridge ; as 
will be evident by a glance of the figure and curve to that 
example. For, as the whole extent of the soffit arch, in the 
present design for an iron bridge, is but about 48° 54’, or 
24° 27’ on each side, from the middle point to the abutments, 
that is, little more than the fourth part of the arch in that 
example; therefore, by cutting out the fourth part of that 
arch, it will give us a tolerable idea of the requisite shape of 
the whole structure, and increase in the thickness where the 
materials are solid, or at least the increase in weight over 
every point in the sofht ; | 
that is, the figure exhibits |_Des+_|Wtorheight| Deg. /Wt.orheight 
a curve for the scale of ioe ion 
such increase. Or,if we 10°018 Aaa 
compute the numeral va- 10041 | 16 11°258 
lues of the weights or 10-073 | 17 11°434 
thickness, by the rule in 107115 | 18 11°625 
that example, in the pro- a ist Bye vty 
portion of the cube of 10-298 {21 eae 
the secants, they will be 10°379 | 92 12°546 
yasin the annexed tablet; | 10 10°470 | 23 12°82] 
which is computed for | 11 10°572 | 24 13°116 
every degree in the arch, 10°685 | 247 
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from the middle, supposing the middle thickness or weight | 
to be 10, And the true representation of the figure, as con= 
structed from these numbers, or the extrados curve detere 
mining the true scale of weight or thickness, overvevery such 
point in the soffit curve, is as is here exhibited below. Where 
the thickness or height in the middle being supposed 10, the 
vertical thickness or height of the outer curve, above th 

inner, at the extremities, is 13°272, or nearly 13%, and the 


, 
? 
- 


> 
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fi 


other intermediate thicknesses, at every degree from the ver- 
tex, are as denoted by the numbers in the latter column of the» 
table. If the thickness at top be supposed 7, or 8, or 12, or: 
any other number, instead of 10, all the other numbers must . 


be changed in the same proportion. Now the upper curve | 


in this figure is constructed from these computed tabular | 
numbers, and exhibits an exact scale of the increase of weight 
or thickness, so as to make the whole an arch of equilibration, 
or of uniform strength throughout, when the materials are of 
uniform shape and weight, And in this case the upper curve 
does not sensibly differ from a circular are in any part of it, 
But, as the convenient passage over the bridge requires that | 
the height or thickness at the extremities, or imposts, should 
be a great deal more than in proporgion to these numbers 
denoting the equilibrium of weight, it therefore follows, that 
the frame work of the pieces above the arch, in the filling 
up of the flanks, ought to be lighter and lighter, or cast of 
a form more and more light and open, as in the engraved 
design, so as to bring the loading in those parts as near to 
the equilibrium weight, as the strength and stability of the 
iron. frames will permit. . ~ ‘ 
Quest. 4, What pressure will each part of the bridge re- 
“ceive, supposing it divided into any given number of equal 
sections, the weight of the middle section being given ; and 
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on what part, and with what force, will the whole act upon 
‘the abutments ? 

Answer. By the equal sections, mentioned in this question, 
imay be understood, either vertical sections of equal weight, 
or those perpendicular to the curve of equal weight, or of 
equal length ; and whichever of these is intended, their thrust 
‘or pressure in direction of the curve may be easily computed, 
if wanted for the purpose of making experiments on the 
strength of the frames, to know whether they will bear those 
pressures, or what degree of pressure they will bear, without 
being crushed in pieces: But as it is evident that the frames 
next the abutments will suffer the greatest pressure of any, 
Ishall here give a computation of the actual pressure there, 
which may be suflicient, since if the frames at the abutments 
“are capable of sustaining that greatest pressure, we may safely 
‘conclude, that all the others, from thence to the vertex, will 
be more than capable of sustaining the lesser loads or pres- 
sures to which they are subject; and this computation will 
answer the latter and most essential part of the question, viz. 
* on what part, and with what force, will the whole act on 
ithe abutments.”’ Now, from the nature of an arch, it appears 
that the whole pressure on the abutments, will be chiefly on 
ithe lower part of the impost, where the lower frame rests on 
lit, and where we shall therefore, in our computation, suppose 
‘it to act. And in the calculation, the whole weight of the 
‘half arch ao must be supposed united in its centre of gravity 
in. Then, if a vertical line sn be drawn through the centre 
of gravity N, by conwputation it is found that pM is nearly 
equal to 160 feet, and consequently mz equal to 140 feet: 
also, if no be perpendicular to the impost, or in the direction 
lof the arch at o£; we shall have this proportion, viz, as MN 
(60), is to the weight of the half arch (3250 tons), so is No | 
(152), to the pressure on the impost in the direction of the 
‘arch at o, and so is ME (140), to the horizontal thrust or 
pressure in the direction ME; this gives $233 tons for the 
pressure on the im post at o in direction of the arch, and 
7583 tons for the horizontal thrust in direction ME ; being 
' : 


; 
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the. pressures at each end of the bridge. We may therefore 
estimate the greatest pressure on the Jast or abutment frame, 
at about § or 9 thousand tons. 

Quest. 5. What additional weight will the btidge sustaitl,. 
and what will be the effect of a given weight placed pay 
any of the before mentioned sections ? | 

Answer. It is perhaps not possible to pronounce exactly 
what additional weight the bridge will sustain, without break 
ing, as it depends on so many circumstances, some of which 
are not known. But, considering the great dimensions and 
strength of the arch frames, aud of the whole fabric, wé are 
authorized to conclude, that there is no possible weight which: 
can pass over any part of the bridge, even heavy loaded wag- 
gons, whose pressure can be great enough to cause any dan-! 
ger to such strong aud massy materials, and especially when: 
it is considered that, by connecting all the frames together,| 
by proper bond and otherwise, as fRedtionea in the answer, 
to the first question, the to additional pressure will soon 
be distributed through the whole series of the iron framing. 

QuEstT. 6. Supposing the bridge executed in the best 
manner, what horizontal force will it require, when applied 
to any particular part, to overturn it, or press it out of the: 
vertical plane ? ; 

Answer. This question will be much better answered by 
means of experiments, made on a proper model, than 
. theoretical calculations a prior?. But when the bea 
‘executed in the best manner, with the frames properly bom 
and connected together, it seems moré likely that any v violent 
horizontal shock, such as a ship driving against it, w ould 
break-any particular frame, rather than overturn Hie ama f 
of bonded materials, or even move it sensibly out of the ver 
tical position. H) 
Quest. 7. Supposing the span of the arch to remain the 

same, and to spring ten feet lower, what additional strength 
would it give to the bridge.—Or, making the strength the 
same, what saving may be made in the materials.—Or, if 
instead of a circular arch, as in the plate and drawings, the 
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‘bridge should be made in the form of an elliptical arch, what 
/would be the difference in effect, as to strength, duration, 
convenience and expence? 

_ Answer, Should the arch spring ten feet lower than in 
‘the design, the bridge would be more stable, because the 
thrust or pressure on the abutments would be directed lower 
‘down, and more into the solid earth: and in general, the 
lower the springing of the arch, the more firm the abutments 
‘and stable the bridge, if the height of the crown above the 
‘springing of the bridge be the same.—But the greatest ad- 
vantage would be, by making the bridge in the form of an 
jelliptical arch, instead of the circular one, in all the articles 
of strength, duration, convenience, and expence. For, as 
‘the elliptical flanks require Jess filling up than the cireular, 
‘this will produce a great saving in the iron frame work : and 
‘this same reduction of materials in the flanks, toward the 
‘abutments, is the very cause of greater strength, by reducing 
‘the weight there nearer to the case of equilibration ; since 
‘that very extraordinary mass employed in the flanks of the 
‘circular arch destroys the equilibrium of the whole, by an 
overload in that part. The elliptical arch will be also much 
more convenient, as it will allow of a greater height of navi- 
gation way between the water and the soffit of the arch. The 
elliptical arch is also a much more graceful and beautiful 
form than the circular arch. 

Quest. 8. Is it necessary or adviseable, to have a model 
made of the proposed bridge, or any part of it, in cast iron. 
If'so, what are the objects to which the experiments should be 
directed ; to the equilibration only, or to the cohesion of the 
several parts, or to both united, as they will occur in the in- 
tended bridge? 

Answer. It appears to be very adviseable, to have a model 
made of the whole of the proposed bridge, in cast iron, as 
well for the greater safety and satisfaction, as for the benefits 
and improvements to be derived from the experiments to be 
made with it, and from the experience and knowledge de- 


ee 
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rived from the casting and making it.—The objects to which 
the experiments should be directed, might be, the equilibrium 
of the whole, the cohesion and fitting of the several parts, the 
effects-of a vertical load on every part separately, and the 
effects of a horizontal blow or shock against every part in 
the side of the arch. Also what we ight would be requisite ® to 
break or to crush the model frames. 

Quest. 9. Of what size ought the model to be made, and 
what relative proportions will experiments, made upon the 
model, bear to the bridge, when executed? 

Answer. 'The greater the size of the model, the more sa: 
tisfactory the experiments and conclusions will be. For this 
purpose, it seems adviseable, that the model be not less than 
the 20th yart or dimensions of the bridge, that is, of 30 feet 
in length.. Now, as the solid contents of similar bodies are 
in the same proportion as the cubes of their linear dimen! 
sions, such a model would require only the 8 thottsandth part 
of the weight or metal in the bridge, because the cube of 2¢ 
is 8000. So that, as it is estimated the bridge will requir 
6500 tons of metal, it follows, that about $ quarters of a tor 
weight of metal will suffice for the model of 30 feet in length, 
As to the relative proportions of experiments made with the 
model: those relating to the equilibrium, will be in the same 
direct proportion with the masses of the model and bridge 
as wellas those relating to loads or shocks.. But the strengt 
of any particular bar or frame will be only as the square o 
the scantling, while the stress upon it will be barely in ‘ths 
same proportion as the length. i 

Quest. 10. By what means may.ships be best directed it 
the middle stream, or prevented from driving to the side, ang 
striking the arch; my what would be the consequence of suc] 
a stroke? : 

Answer. Some kind of fences might be placed in the river 
to direct the navigation tothe proper opening in the middle 
The effect of the stroke or shock of a vessel, striking the sidi 
of the bridge, if very heavy, might endanger the breaking 
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of the particular frame or bar so struck. But, the whole 
being well bonded and connected together, none of the others 
would probably be displaced. 

Quest. 11. The weight and lateral pressure of the bridge 
being given, can abutiients be made in the proposed situa- 
tion or Bowdon bridge, to resist that pressure ? 

Answer. No doubt of it; and especially if the courses 
,of masonry have the joints aivectel towards the centre of the 
arch. 3 
| Quest.12. The weight and lateral pressure of the bridge 
being given, can a centre or scaffolding be erected over the 
river, sufficient to carry the arch, witheat obstructing the 
‘vessels which at present navigate that part ? 

Answer. 1 doubt not that the requisite centring or seaffold- 
ing can be erected, without obstructing the present naviga- 
‘tion. 

Quest. 13. Whether it would be most adviseable to make 
the bridge of cast iron and wrought iron combined, or of cast 
iron only; and if of the latter, whether of the hard white 
metal, or of the soft grey metal, or of gun metal? 
| ene It appears most aaviscable to make the bridge 
of cast iron only, and that of the soft erey metal, the bars 
and frames of which will be less hable to fracture by a blow | 
or shock, than the hard metal. | 

The mixture of wrought iron with the cast metal, would 
be very improper, as the sorts are of unequal expansion and 
contraction by heat and cold, and as the several arch frames 
should not be tied or bolted together, but suffered to have a 
little play lengthways, in their butting grooves, so as that no 
one part be more confined than another. 

Quest. 14. Of what dimensions ought the several mem- 
bers of the iron work to be, to give the bridge sufficient 
strength? ad 

Answer. This question will be best answered by ‘experi- 
| di made on the metal. 

Quest. 15. Can frames of cast iron be made sufficiently 
“Correct, to compose an arch of the form and dimensions as 


| 
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| 

shown in the drawings No. 1 and 2, so as to take an equal 

bearing as one frame, the several parts being connected by 

diagonal braces, and joined by an iron cement, or other sub- 
stance ? 


N. B. The plate is considered as No. 1. i 

Answer. There can be no doubt that cast iron frames may 
be made sufficiently correct to compose an arch of any form 
whatever, and give them an equal bearing; because the 
wooden moulds, from which the metal is cast, can be made 
or cut to any shape desired. 

QueEst. 16. Instead of casting the ribs in frames, of con- 
siderable length and breadth, as shown in the drawing No. 1 
and 2, would it be more adviseable to cast each member of 
the bike’ in separate pieces of considerable lengths, connect- 
ing them together by diagonal braces, both horizontally and 
vertically, as in No. 3? | 

Answer, tis, in my opinion, better to cast the ribs in 
frames, of considerable length and breadth. | 
_ Quest. 17. Can an iron cement be made, which will 
become hard and durable, or can liquid iron be poured into 
the joints ? 

Quest. 18. Would lead be better to use in the whole, or 
anv part of the joints? 

Answers to Questions 17 and 18. The joints might either 
be filled with an iron cement; or liquid iron might be poured 
into the joints, having a furnace near at hand for that pure 
pose; or, melted lead may be run in, which will be best of 
all ; because, being a soft metal, it will yield to, and accome 
acute itself to the inequalities of pressure or of shape, 
forming a sound and soft bond or bearing between frame and 
frame ; and preventing their fracturing each other by a too 
hard and unequal bearing ; in some respect performing the 
same office as the cartilages between the i of the ‘bong 
in the animal frame. 

Quest. 19. Can any improvement be made in the plan, 
60 as to render it more substantial and durable, and less exe: 
pensive, And if so, what are those improvements? | 
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_ Answer, Although the plan appears to possess a very ex- 
traordinary degree of excellence, I am of opinion, that it is 
not incapable of some further improvements, so as to render 
it more substantial and durable, as weil as less expensive. 
The circumstances which, it appears to me, would be im- 
provements, are as follow: 

Ist. ‘Lo make the vertical arch or curve of the bridge 
elliptical, instead of circular ; which will bean improvement 
in stability, in convenience, in beauty, and in saving ex- 
pénce. , 

2d. To make the width of the bride 50 feet in the middle, 
and 100 feet at the extremities: which will add greatly to its 
tability and security. 

3d. To make the thickness of the arch at the crown, or the 
height of the middle or key frame there, to be not less than 
10 or 12 feet, instead of 6 or 7 as proposed ; because, in so 
extended and massy a fabric, ¢hut seems to be the least thick- 
hess that can afford a rational ground for security and sta- 
bility. 

4th. I would tie or connect every course of frames to those 
next above them, so as that the whole bridge may rise or 
settle together as one mass, by expansion or contraction. Yet 
I would not tie or bolt the frames together rlengthways, but 
would simply make the edge, or the tenons, of the side of 
each frame, fit into the groove or the mortice holes of the 
next, going into each other two or three inches ; by which 
means the arch frames will always sit or fit close together, 
in every degree of temperature, without straining or tearing 
asunder at the ties. 

5thly. I would place the frames of the whole fabric so to- 
gether, as to make a proper bond, in the manner of good 
masonry, by making. them all to break joint both longitu- 
dinally and transversly : by which means, every shock 6r 
pressure on any part, would be broken and divided » or 
shared, among a great many, and any openings be prevented, 
which might arise from the manner of placing the frames 
with straight joints continued quite through, 


| ° 
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Quest. 20. Upon considering the whole circumstances 
of the case, and agreeable to the resolutions of the Select ) 
Committee, as stated at the conclusion of their Third Re- 
port, Is it your opinion that an Arch of 600 feet in the span, — 
as expressed in the drawings produced by Messrs. Telford 
and Douglass, or the same plan, with any improvements you | 
may be so good asto point out, is practicable and adviseable, 
and capable of being rendered a durable edifice? ay 

Answer. , On considering the whole circumstances of the | 
case, It is my opinion, that an Arch of 600 feet in the span, _ 
as expressed in the yeaah produced by Messrs. Telford 
and Douglass, especially when combined with the improve-_ 
ments above mentioned, is practicable and adviseable, and ! 
capable of being rendered a durable edifice. : 

Charles Hutton. 


Woolwich, April 21, 1801. 


TRACT VI. 


HISTORY OF IRON BRIDGES. ; 


A Gentrat History of all Arches and Bridges, both dite 
cient and modern, and constituted of either wood, or stone , | 
or iton, would be a very curious and important work. It | 
should contain a particular account of every circumstance re- ‘ | 
lating to them: such as their history, date, piace, artificer, | 
forts, dimensions, nature, properties, &c. ‘Such 4'wsuies ina | 
chremolasieal order, would make a considerable volume, and { 
much too large to form a part of the present work. Icon-. 
fine my views, therefore, in the present Tract, to a short , 
account of the novel invention of Iron Bridles, in several 
instances that have recently been executed or proposed ; 
some few of which have been lately noticed in the new 
edition of Dr, Rees’s Encyclopedia, ee 
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Bridges of cast iron appear to be the exclusive invention 
of British artists. The first that was executed on a large 
scale, is that on the river Severn, at Colebrook Dale, which 
was erected in the year 1779, by Mr. Abr. Darby, iron- 
master at that place, This bridge is composed of five ribs} 
and each rib of three concentric rings or circles, which are 
connected together by radiated pieces. The inner ring, of 
zach rib, forms a complete semicircle : the others only seg- 
nents, being terminated and cut off at the road-way. These 
‘ings pass through an upright frame of iron, which stands on 
she same plate as the ribs spring from; which not only acts 
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sa guide to the ribs, but also supports a part of the road« 
‘ay. Between the inner upright of this frame and the outer 
‘ng of the ribs, in the haunches, is a circular ring of iton, 
‘about 7 feet diameter ; and between the outer upright of 
'e frame, and the ribs, are two horizontal pieces, which act 
‘ abutments between the stonework and the ribs. There 
‘e also two diagonal stays, to keep the ribs upright. The 
‘adway is covered with cast iron plates; and it has an iron 
‘iling on each side. The inner or under ring, of each rib, 
‘ cast in two pieces, each of which is about 78 feet in length, 
VOL, I. L b 
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the arch being 100 feet 6 inches span: and the whole of the 
iron in it weighs 1784 tons. 

Whoever judiciously examines the construction of this 
bridge, will see, that its fame has arisen chiefly from the cir- 
cumstance of its having been the first of the kind: for the 
construction is very bad. The cast iron indeed is in the 
best state of preservation: but the stone-work has cracked in 
several places. It is probable, therefore, that its duration 
will not be Jong; though not from any deficiency in the 
iron-work. a | 

The second iron bridge which has come to my knowled@l 
is that which was designed by the noted Mr, Thomas Payne 
This arch was set up in a bowling-green, at the public. 
house called the Yorkshire Stingo, at Lisson-Green, in the 
year 1790. This bridge was intended to be sent to America) 
but, owing to Mr. Payne’s being unable to defray the ex 
pense, the arch was taken down by Messrs. Walker of Ro 
therham, the persons who made it, and some of the material 
were afterwards employed in the ane at Wearmouth an 
Sunderland, next following. 

The third iron bridge that has come to our knowledge 
was that executed on the river Wear, at Sunderland, b 
Rowland Burdon, Esq. M. P. for the county of Durham, b 
the assistance of Messrs, Walker the founders, Mr. Wilson 
and several other persons: and for erecting bridges on sim 
lar principles, the first gentleman took out a patent in th 
year 1794. This bridge was begun in the year 1793, ab 


completed in August 1796. The stone abutments are 70 fet 
high, above the ordinary surface of the low-water in Sundei 
ee harbour, to the spring of the arch.. The iron arch’ 
36 feet span; and the springing stones project about 2 es 
a the face of the masonry: so that the whole spat 
from abutment to abutment, is 240 feet. The versed sine ¢ 
the arch ig 30 feet : its soft i is therefore 100 feet above tk 
surface of low-water in Sunderland harbour. Be 
The arch is composed of 6 ribs ; and each rib of 3 col 


centric rings, or segments of circles. “Each ring is 54 inch 
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deep, by. 4 inches thick ; and these rings are connected by 
radii, 4; inches by 24; the rings being at such a distance 
from each other, as to make the whole depth of a rib 5 feet. 
The ribs are composed of pieces of about 2% feet long; and 
worked iron bars are let into grooves in the sides of the rings, 
and fastened by rivets. These ribs are connected transversely 
by hollow iron tubes, or pipes, with flanches on their ends, 
and fastened to the ribs by serew-bolts: there are also diagonal 
iron bars, to prevent the ribs from’ twisting. The haunches 
are filled with circular rings; and the top is covered with a 
rrame of wood, and planked, to sustain the roadway. It has 
uso an iron railing on each side. | 

The construction of this bridge is thought to be superior 
60 that at Colebrook Dale; and its weight is much less, in 
eroportion tothe length, the whole being only 250 tons, of 
which 210 tons are cast iron, and 40 tons of worked iron. 
Yet it is considered in no small danger of falling, the arch 
taving settled several inches, as well as twisted from a straight 
direction, and the whole vibrating and shaking in a remark- 
ble manner in passing over it. 

The fourth iron bridge that has been executed, is that over 
he river Severn at Buildwas, about 2 miles above Colebrook 
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Dale. It was begun in the year 1795, and finished in 1796, 
the iron work by the Colebrook Dale Company, under the 
direction of Mr. Thomas Telford. The arch is 130 feet 
span, with a versed sine or height of only 17 feet ; and it is 
but 18 feet wide to the outside. This bridge seems to have 
been contructed on the principle of the famous wooden bridge 
at Schaufhausen. The ribs under the roadway are segment 
of a large circle, each cast in two pieces: but, on each sidg 
of the railing, there is a rib, cast in 3 pieces, which spring: 
from a base, 10 feet lower, then crosses the others, and rise 
as high as the top of the railing : and from the upper part o 
these outer side ribs, the other ribs, which bear the coverin; 
plates, are suspended by king-posts: the covering plates 
which are 46 in number, each extending quite across th 
bridge, have flanges 4 inches deep, andact as anarch. Th 
outside ribs are 18 inches deep, and 23 inches thick ; th’ 
middle ribs 15 inches deep, and 2} thick ; and the whol 
weight of iron is about 174 tons. | 


*. i 


Perhaps this may not be the most favourable constructil 
that might be contrived: the tendency of the rib aa, when} 
expands, being to raise the ribs BB a little higher than thy 
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would by their own expansion, and to depress them lower 
when it contracts: which is not the case ina wooden bridge, 
this material not being so affected by heat and cold. 

, About the same time as the bridge at Buildwas was erected, 
,an iron bridge was thrown over the river Tame in Hereford- 
\shire ; but its parts were so slender, and so ill disposed, that 
no sooner was the wooden centring taken from under it, than 
the whole gave way, and tumbled into the river. 

_ In the same year also as the Buildwas bridge was begun, 
another was erected by the Colebrook Dale Company, over 
the river Parret, at Bridgewater. ‘The arch of this bridge is 
an ellipsis of 75 feet span, with 23 feet rise. ‘The haunches 
are filled with circular rings of iron, and other fanciful 
figures: it is composed of ribs connected together by cross 
ties of iron ; and the roadway is supported by plates. This 
bridge i is very neat, and thought to be exceedingly firm and 
‘durable. 

From the completion of the above bridge, few of any note 
were executed in this country, till about the year 1800, when 
the stone bridge erected over the Thames, at Staines, gave 
‘way. On this occasion the magistrates of the counties of 
Middlesex and Surrey came to a resolution to erect an iron 
bridge there, on the abutments of the stone bridge, the piers 
‘of which had failed ; and Mr. Wilson, the agent of Mr. Bur- 
on, was employed for this purpose. He accordingly under- 
took the construction of an iron arch of 181 feet span, with 
162 feet rise or versed sine; the arch being the segment of a 
circle. In this bridge the ribs were similar to those of Wear- 
mouth: but instead of having the blocks, of which the ribs 
are composed, kept together by worked iron bars, let into 
erooves in their sides, the rings of the ribs were cast hollow, 
and a dowel was let into the hollow ring at each joint; so that 
the two adjacent blocks were fixed together by this dowel, 
and by keys passing through the rings. The ribs were also 
‘connected transversely by frames, instead of pipes as in the 
Sunderland bridge. The haunches were filled with iron 
‘rings, and the whole was covered with iron plates. 
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It is to be noted, that ‘an iron arch, in small blocks, is not’ 
set.up after the manner of a stone one, by beginning at the 
abutments, and building upwards; but is begun at the top, 
and continued downw swiss ; it being easier to join the stone, 
to the iron, than to cut the iron at the top, if it should not 
fit. It is somewhat remarkable, therefore, that when these 
ribs were put together, and perane they joined the masonry, 
it was so nicely balanced, and its parts were so firmly locked; 
together, that after all the supports were taken out, except 
those next the abutment, the whole was moved by a man, 
with a crowbar under the top, and it seemed to have little 
tendency to push the abutments asunder. This, however, 
turned out unfortunately not to be the case. The centring 
was taken away, and the bridge was opened for the use of the 
public, about the end of the year 1801, or beginning of 1802, 
At first it seemed to stand firm, and the public were much! 
pleased with its light and elegant appearance. But in a short 
time it was found that the arch was sinking; and soon after 
it had gone so much, that it was obliged to be shut up, and 
the old bridge opened again. The sinking of the arch brok 
several of the transverse frames, and many of the radii at 
the haunches ; which left no doubt that the abutments had 
given way. But on examination there appeared no visible 
sien of such failure: there was not a crack in the masonry, 
nor had they gone out of the upright.—After much investi 
gation however, it appeared that the whole masonry of the 
abutments, to the very foundation, had slidden horizontally 
backwards, still preserving the perpendicular, or upright 
position. The failure took place in the south abutment, 
which was supposed to be owing to a cellar, that had. been 
made init. The inhabitants of Sinihes therefore, by the ad- 
vice of an engineer whom they consulted, had this abutment 
strenithetied': but no sooner was this Hone: than the north 
one failed; and they. had intended to strengthen this also; 
but their funds being nearly exhausted, they came to the re- 
solution to take the whole down, and erect a wooden bridge 
jn its stead. | 
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Before the completion of the iron bridge at Staines, another 
vas begun of the same dimensions, and on, the same principle, 
wer the river Tees at Yarm. This bridge was completed. 
iso; but, instead of gradually yielding, as that at Staines 
iad done, the whole suddenly tumbled into the river, at, 
nce. . | , 
_ From the accidents above described, and from several others 
if less note, iron bridges have lost a good deal of their cele-, 
rity, but probably on no just grounds. Those failures that,. 
ave happened, have not been through any intrinsic def- 
iency in the iron material, but from the injudicious manner 
a which they have been constructed. An opinion has gone, 
orth, not only among the practical builders of iron bridges, 
i among some men of science, that the lateral pressure of, 
‘on bridges, in consequence of their parts being so firmly 
ound together, is comparatively small, to that of,,stone 
rches. But, on a due consideration of their principle, I 
elieve it will be found quite different, and that an iron arch, 
ff the same weight as one of stone, requires much ¢tronger 
butments, to resist its lateral pressure or push, than the stone 
rch does. And this we shall here endeavour to account 
or. : | 
Stone may, in a great measure, be considered as an un- 
lastic substance, being very little subject to expansion or 
ntraction. When, therefore, an arch is composed of this , 
iaterial, and the abutments are sufficiently strong, to support 
,, when left to itself, there is little probability of its failure. 
Io ordinary load upon it will excite a tremulous motion ; 
or will it change by heat or cold. The lateral pressure on 
ie piers or abutments is therefore uniform. 

But iron is an elastic substance, and is greatly affected by 
eat or cold, expanding with the one, and contracting by 
xe other. When, therefore, a heavy load acts upon an iron 
ridge, such as a loaded waggon, the whole is put in motion, 
nd the arch vibrates like the string of a violin, contracting 
nd expanding while its parts are in the act of vibration, 
“hus at one part of the vibration it pulls the abutments to- 


) 


o 
152. HISTORY OF TRACT 6, 


gether, and at the other it pushes them asunder, with a force 
compounded of the quantity of matter in motion, and the ve- 
locity with which it moves. When it expands, the whole 
weight of the arch is raised, and the pressure on the abut. 
ments is compounded of the matter and velocity of the weight 
raised. No such pressure, or rather impulsive momentum, 
takes place in a stone bridge: therefore the strength of the 
abutments of an iron bridge should be such, as not only te 
sustain the weight of the arch, but also the additional push 
arising from the causes above stated, The abutments of 
Staines bridge were only 14 feet thick ; whereas they ought 
to have been at least 25 feet. There were also other causes 
which contributed to the failure of this bridge, such as th 
improper manner in which the foundations were made 
The abutments of Yarm bridge were made still weaker that 
those of Staines: no wonder, therefore, that its failure wa 
more sudden, 

‘Tam therefore most decidedly of opinion, from what hai 
happened in the bridges above described, and in severa 
others, that no part of the failure is attributable to the irot 
material, at least respecting its strength.—I do not howeve 
mean to say, that iron is generally to be preferred to stone: 
on the contrary, I think a stone bridge is preferable to an irot 
one, when it can be executed with propriety and conveniéney 
But there are many cases where stone would not answer tht 
purpose ; in which cases therefore iron is most valuable, 
The cases here chiefly alluded to, are when the foundation 
cannot be made within the width that a stone arch can w tl 
convenience be erected ; or when the requisite rise would bt 
very inconvenient for a stone bridge, or in places where stoi 
cannot easily be procured. The bridge at Wearmouth is at 
example of the former, as stone piers would have very mucl 
obstructed the navigation of the river ; and of the latter, @ 
the arch is a segment of a circle of about 500 feet diamedi 

The bridge at Boston, in Lincolnshire, is another example 
though of less extent: the banks of the Witham are very low 
and the houses are built close to the river; the rise of tidei 
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great, and barges navigate under it: therefore, to render the 
uccess-easy over the bridge, it became necessary to make it 
lat ; and to admit of headroom under the arch, flatness again 
vas necessary. This bridge was therefore made of cast iron. 
ts span is 86 feet, and its versed sine only 51 feet. The 
\butments have been well secured ; and though many of the 
radii of the ribs broke, when the pavement was put on it, yet 
he rings are quite entire, and the bridge is as firm as can be 
wished. 

In the course of the late improvements in Bristol harbour, 
wo handsome cast iron bridges were erected over the New 
tiver there, in the years 1805 and 1806, under the direction 
f Messrs. Jessop, These two bridges are equal and alike in 
dl respects. The arch in each is a circular segment, of 100 
eet span, with a versed sine or rise of only 15 feet: the width 
if the bridge about 31 feet: the whole is of cast iron, of the 
trongest grey metal; amounting to 150 tons, viz. 100 tons 
in the ribs, pillars, bearers, balustrade, &c, and 50 tons in the 
olates for the roadway. The arch consists of two concentric 
‘ircular rings or segments, firmly connected and bound toge- 
‘her. Each of these is formed of 6 ribs, at 6 feet distance 
rom each other, tied together by cross bars, at intervals of 
‘bout 93 feet ; as appears in the plan of the fabric here an- 
iexed on the following page. On the upper ring, of each 
ib, stand a number of pillars, in an upright position, or per- 
yendicular to the horizon, their tops formed like a T, as 
yearers to support the plates for the roadway. All which, 
vith the railing, or balustrade, as well as the disposition and 
oursing of the abutments, with piling underneath, appear in 
he represented elevation following; the courses of masonry 
‘ery judiciously being laid inclining, as we have elsewhere 
ecommended; and the whole seems otherwise very properly 
vontrived, It would lead us too far here to enumerate all the 
‘ngenious particulars in the construction of this arch, with the 
limensions of all the parts, and the practical methods of put- 
‘ing them together, and securing the whole in the firmest 
nanner, as prescribed to the iron masters for their direction. 
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iuffice it therefore to observe, that, from the mode of putting 
he bridge together, it is so contrived, that if any part be in- 
ured, it can be taken out, and replaced, without disturbing 
he main body of the bridge. 

The cost of one bridge, independent of the digging and 
arth work, and making the roads to it, was nearly as below. 


Li 
iles = - n 4 a ee = IN are mien B50 
lasonry, 3200 yards, at 18s. including stone - - 1600 
ron work, 100 tons, at 9]. 18s. and 50 tons, at 91. - 1440 
Covering with gravel, and paving, &c. - - | - 292 
Txpences of erection and painting - + - - 418 

£4000 


Thus has been given a short history of such iron bridges 
ss have come to my knowledge: aware however that many 
thers have been built, both for roads and for aqueducts in ca- 
vals, &c: but none of these, that I have heard of, are remark- 
ble either for their span or construction : so that it appears 
‘nnecessary to enter into any particular description of them. 
Che projects also that have been made for bridges of this 
ind, but not executed, are numerous, and a short account 
aay here be added of some of the more remarkable designs 
hat have come to our notice; though our researches have 
,ot enabled us to trace any of them to a period prior to the 
xecution of the bridge at Colebrook Dale. ay 
, A design was made in the year 1783, by whom, does not 
ppear, for an arch, chiefly of iron, of 400 French feet in 
pan, and 45 feet in the versed sine; answering to a circle of 
bout 934 feet diameter. This design, with a memorial on the 
dyantages of using iron, in the construction of bridges, was 
yresented by the author to the unfortunate Louis of France, on 
he 5th of May 1783. It had two large ribs, partly of iron and 
vartly of wood. These ribs were 30 feet deep at the springs, 
nd 15 feet at the midde of the arch. Each rib was composed 
f 4 rings, drawn from different centres, the inner ring 
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being the strongest; and they were connected together by 
pieces of iron in various fanciful forms, little adapted to giv: 
strength to the arch. Between the ribs were cills, or logs.o 
timber, laid transversely, resting ou the interior ring ; and, 
floor of wood was proposed to cover them. So that the roa 
was suspended by the ribs; and the upper part of the rib 
was to answer the purpose of a parapet, similar to the woode 
bridges in Switzerland.—It appears that this project possess€ 
little merit beyond the boldness of its design ; and we hay 
never heard that any bridge has been constructed on th 
principle. 
In the year 1791 a project was made by Mr. John Rennit 
Civil Engineer, for an iron bridge, intended for the isle ¢ 
Nevis. The span of the arch was to be 110 feet, and i 
versed sine 133; answering to a circle of 234 feet diamete 
_ It was proposed that this arch was to have 6 ribs; each f. 
to consist of 3 rings, which were to be connected togeth 
by radii. The depth of the rib at the middle was 33 fe 
and at the springs 6 feet. The ribs were to be connecte 
together by transverse frames of iron, placed in the joints | 
the blocks of which the ribs were composed : the haunch 
tobe filled with circular rings of irom; and the whole was 
have been covered with plates of iron, to support the road 
In April 1794, he made another design for the same isla 
of Nevis, in which the span was 80 feet, and the rise or vers. 
sine 92 feet. This design was formed on the same principl 
as the former, except that the rib was 11} deep at the spring 
though still only 3£in the middle. The radii were continu 
to the roadway ; and the whole was to be covered with ir 
plates, as the former. Neither of these designs however Ww 
executed, as the French got possession of the island. 
From the above period, no projects for iron bridges, exe d 
those above described, have come to my knowledge, till a 
plications were made to parliament, for the purpose of i 
proving the port of London, by means of wet docks. T 
House of Commons, after having heard a great deal of € 
dence, on the inadequacy of the Thames to accommodate | 
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upping, appointed a select committee, to take the whole 
ito their consideration, and to report to the house the best 
ieans for giving relief to the extensive commerce of the me- 
popes. This committee, after having recommended the 
onstruction of the West India and London Docks, took up 
je consideration of the state of the Thames, and of London 
‘ridge, which forms the great obstruction to the influx of 
iy sd greatly i injures the navigation of this very important 
ommercial river ; and in the year 1799 they directed plans 
f London bridge to be made out, with correct descriptions 
f its construction and state of repair ; from which it appeared 
» them, that a new bridge, of more waterway, was impe- 
ously required : and in consequence encouragement was held 
t to artists, to bring forward designs, for the construction 
fa new bridge, instead of the old one. On this occasion 
any designs were made out, and presented to the committee. 
ome were for stone bridges, and some for iron. But as the 
gject of this account relates to projects for iron bridges only, 
e shall here confine our attention to these last alone, 

The encouragement held out, by the Select Committee, 
rought forward four designs of this kind: namely, one by 
Ir, Wilson, formerly mentioned, of 3 arches; the middle 
ae of which was 240 feet span, having a versed sine of 37 
ret; the two side arches of 220 feet span each, and their 
arsed sine 30 feet. The height of the soffit of the middle 
‘ch 80 feet above the high-water of an ordinary neap tide. 
‘he principles of this design were so nearly the same as those 
f Sunderland bridge, that it is unnecessary to enter into any 
1inute description of it. 

Two other designs were brought forward by Messrs. Tel- 
xd and Douglass: one to consist of 5 arches across the 
ver, and the other of 3. The middle arch of the former 
as 180 feet span, with a versed sine of 38 feet; also two 
rches, each of 140 feet span, and two of 120 feet span each. 
“he other had a middle arch of 240 feet span, with a versed 
ne of 48 fect ; and two side arches, of 220 feet span each: 
1¢ height of the soffit of the middle arch being 80 feet above 
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the high water of neap tides, the same as that of Mr. Wilson’: 
design. 
The arches of both the designs of Messrs. Telford anc 
Douglass were constructed in the same manner ; therefore « 
description of one will serve for both. ‘They were composec 
of ribs; each rib having an outef and inner ring: the inne: 
ring much stronger than the outer, and they were connectec 
together by radiated bars, which extended quite to the piece 
that supported the roadway. In the large arches there werr 
two portions of rings, to stay the radiated bars in the haunches) 
but in the small arches only one. Of how many pieces tht 
ribs were composed, or in what manner to be joined, was no 
shown in the designs, nor mentioned in the descriptions. Th 
great height given to these bridges, to admit of vessels pass 
ing under them, renders it necessary, particularly on th 
south side of the river, where the land is under the level’ 
spring tides, that long approaches, or inclined planes, as th 
designers called them, should be made ; and these they pre 
posed to support on iron arches, constructed in a manne 
similar to those of the bridge. By the section it appears tha 
there will bea rise of about } foot in 19, on the main approac 
from the Borough ; so that, taking the height of the road 
way on the bridge at 60 feet above the wharf of the Thame: 
this approach FA extend 1140 feet into the Borough, High 
street. Now arise of 1 in 19 is almost double the rise : 
Ludgate-hill: so that, if it were to be made the same rise a 
Ludgate-hill, it would extend to a distance not much shor 
of half a mile. The side approach upward, it appears also 
would come within about 260 yards of Blackfriars bridge, ani 
that downwards would extend to nearly opposite the Tower 
So that a considerable part of the Borough would probabl 
be subjected to great inconveniences and expences by thes 
far extended. approaches, which appear unavoidable. Th 
additional Jabour too that would by this means be occasionet 
would probably cost more, to the inhabitants of London an 
the Borough of Southwark, than all the advantage that migh 
arise by bringing vessels up to Blackfriars bridge. These ob 
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ections are not applicable to these designs alone, but in an 
»qual degree to Mr, Wilson’s also. | 
_ ‘There can be no doubt but that both designs could be‘exe- 
cuted ; whatever may have been the opinion of artists on the- 
skill exercised in their mechanical construction. We have 
»efore shown, that the true principle on which an arch ought 
,o be constructed, is to increase the depth of the voussoir, as 
tis called.in masonry, towards the spring of the arch, so that 
‘he arch, with its load upon it, shall be in equilibrio in all its 
oarts. ‘This being accomplished, it does not appear that any 
zood can result from extending the radii further; for as the 
‘oadway presses perpendicularly on the arch, it appears not 
the strongest mode to support this perpendicular load by in- 
slined pieces ; but rather the contrary. It seems proper, 
therefore, that the roadway should be sustained by upright 
sillars of iron, instead of inclined radii, though less elegant 
‘D appearance to the eye: nay we might even prefer the 
circular rings or eyes of Mr. Wilson, to this mode: though 
we are aware that a circle, pressed on four points, is by no 
means calculated to bear a very great pressure. 
, The Select Committee of the House of Commons, not be- 
ng satisfied with any of the three designs, that have been 
described, directed Messrs. Dance and Jessop to report, 
hether any, and what advantages, would accrue to the na- 
”gation of the Thames, if it were to be considerably con- 
racted. Accordingly these gentlemen reported, that if, in- 
stead of the channel of the Thames at London bridge being 
140 feet wide, as it was proposed to be when the above de- 
‘igns were made, it were reduced to 600 feet, that great ad- 
vantages would result to the navigation ; since, by diminish- 
ng the width, the depth would be much increased.—Itmight 
ve foreign to the purpose of the present work, to enter into 
any discussion on the propriety of this measure; for which 
veason we may leave that discussion to a future opportunity. 
{n consequence of this opinion, Messrs. Telford and Douglass 
Presented to the Committee a very elegant and magnificent 
design, for an arch of 600 feet span, having its versed sine 
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about 65 feet; so that the circle of which this arch is a seg- 
ment, must be about 1450 feet diameter. 

The arch was composed of seven ribs; and each rib may 
be said to have 6 rings, the 3 lower concentric, and about $ 
feet deep. The dimensions of the iron cannot be correctly 
taken by measurement from the plan, this being on a small 
scale. These rings were connected by radii about 13 inches 
asunder ; the outer and inner are the strongest, and that in 
the middle appears light, and seems intended, it is presumed, 
chiefly to stiffen the radii, though doubtless it will also add 
to the strength of the bridge. The ribs are composed of 
frames of iron, each about 10 feet long, which extend quite 
to the entablature of the cornice. The other 3 rings are not 
concentric with those 3 lower, but each drawn from a larger 
radius than the other. The lowest of these three terminates’ 
in the upper ring of the three lower, at about 120 feet fro 
the key, or the middle of the arch. The two above this 
unite at about the same distance from the middle of the arch, 
and are thence continued in one ring, till they reach within 
about 35 feet of the middle or key of the arch, where they 
join the said upper rib of the lower three. These three upper 
ribs are united to the third or upper ring, of those first de- 
scribed, by means of radii; but the spaces between these radii 
include the space of two,of the lower radii; and, instead of 
being stiffened by a light ring, as the lower radii are, that 
object is effected by Gothic tracery. These seven ribs, above 
described, are set parallel to each other ; and, to brace them 
horizontally, there are six others, or diagonal ribs, =the 
which cross the former diagonally, two terminating in # 7 
middle rib, and two in the adjoining ribs; and there are two 
outside ribs, that terminate each on the face of the exterior 
ones. So that, in fact, two of the seven have no diagonal 
rib terminating at their top. The whole of these last described 
tibs are therefore side or diagonal braces, to keep the seven 
principal ribs in their vertical position, and prevent the arch 
from racking sideways, as happened at Sunderland or Wear- 
mouth bridge, before mentioned.—All ‘these vertical and 
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diagonal ribs are connected together by transverse frames, 
it the joints of each of the radiated frames or voussoirs, The 
op or platform, under the roadway, is covered, in the usual. 
nanner, with iron plates; and there is a light iron railing on 
nach side, with Gothic ornaments.—The breadth of the road- 
way at the top, or middle of the arch, is 45 feet, and at the 
yaunch or extremity of the arch 82 feet wide.—The arch 
prings from large frames of iron, set in abutments of ma- 
onry ; and its approaches are similar to those before de- 
cribed for the designs of Messrs. Telford and Douglass, 
| The principles on which this arch is designed, may be found 
na work published at Leyden, in the year 1721, entitled 
* Recueil de plusieurs machines de nouvelle invention, ouv- 
age posthume de M. Claude Perrault, &c. &c.” and is de- 
cribed in pages 712, 13, 14 of that work, and represented in 
plates 10 and 11. It is described, “ Pont dé bois d’une seule 
wehe de trente toises de diametre, pour traverser Ja Saine 
“isavis le village de Sevre, ou l’on proposoit de la contruire.” 
+ may also be seen in the Ist vol. of the Machines approved 
wy the Academy of Sciences, pa. 59, pl. 14. It may appear 
rerhaps doubtful to some persons, whether this design is so 
sroportioned as to be in perfect equilibrio, being remarkably 
teavy at the haunches ; and that, were such an arch as there 
escribed to be erected over the Thames, whether it would 
ermanently support itself—The extension of the radii to 
he roadway has been before noticed as not well adapted to 
ustain the perpendicular pressure, with which it would be 
harged, and that unless its parts were in perfect equilibrio, 
he joints of the frames might open in such a manner, as to 
‘erange the whole fabric, and accelerate its destruction,— 
(hat an iron arch of 600 feet span might be constructed in 
uch a manner, as to become a firm and stable fabric, it is not 
neant to be denied; but, according to the principles we have 
aid down, .it should be rather differently constructed from 
we have described. Indeed, if the weight of iron, men- 
joned in the estimate, be correct, the parts must be very 
jender indeed ; and were the whole to be in equilibrio, this 
VOL. I. M 
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weight of the structure itself might bend the parts in such a 
manner, as in some measure to endanger its downfall. 

We imagine that three distinct objects were proposed to: 
be obtained by the improvements which the public have in 
view. These are, Ist. The maintaining of deeper water, 
from the lower part of the Thames to Blackfriars bridge, 
and upward.—2d. More clear space for the navigation of 
vessels under the bridge.—3d. Kflecting this object with the, 
least rise of road over it. 4 

In respect to the first question, I have already declined en. 
tering into it; being of opinion it is a discussion rather fo. 
reign to the purpose of a book on bridges.—Tihe second ap- 
pears to come fully under the scope of the principles we have 
treated on.—The arch here proposed, as we have before seen, 
is of 600 feet span, witha versed sine or rise of 65 feet. Now, 
at the distance of 100 feet from the middle, the height is 58 
feet ; at 150 feet from the middle the height is 49 feet ; and 
at 200 feet it is 37 feet in height. So that, only about 200 
feet, or 4 of the width of the river, can be accounted fit for 
the navigation of coasters: about another third may be fit for 
the ordinary barges; and the remaining third will be for little 
other purpose than the Ing boats and wherries that ply on the 
river. 

Vessels, therefore, in departing from the hits, must be 
drawn out nearly to the middie of the river, before they can 
take the advantage of the tide downwards: and those coming 
to a wharf, must fetch up in the river till they are hauled into 
it. This might-do for vessels that frequent wharfs situated 
a considerable distance above the bridge: but those for wharfs 
that might be near it, must experience much trouble and in- 
convenience ; and it is to be feared that they would fre 
quently sustain damage in their masts and rigging, by strike 
ing against it, and might probably injure the bridge itself, 
Mr. Rennie-has very nrapetly noticed this, in his answer to 
one of the queries proposed by the Select Committee of the 
House of Commons: but he follows up his observations by 
saying, that, as the strength of the current will be chiefly in 
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tthe middle of the river, the vessels will generally pass in that 
track. Now we may admit that, for a vessel sailing up or 
\down the river, and going to some wharf near Blackfriars 
ibridge, or depar ting from thence downward, that this will 
be the case: but when going to, or sailing from wharfs near 
the new bridge, it will be very much otherwise ; as may be 
observed by any one who will attend to the vessels sailing to 
or from the wharfs below London bridge: and we should 
fear that, in order to prevent the accidents above noticed, 
dolphins, or some such contrivance, will be found absblinely 
necessary, to keep the vessels in the proper track, in passing 
through this arch.—Now, if we be right in our conjecture, 
jit would probably be better to have two piers, and a bridge 
of three arches, than a bridge of one only ; by which the 
height or space under the bridge, for vessels to pass, might 
oe very much increased ; and those wharfs which lie near the 
oridge not be subject to the inconveniences, nor the vessels 
to the risk before mentioned. 
Thirdly, A bridge of three arches will not require the ribs 
co be so deep at the top, as a bridge of one arch, by at Jeast 
3 feet ; and therefore so much will be gained in the height of 
the spadwivy over it. On the whole therefore it seems, that 
the design in question is not completely calculated to attain 
the objects the Select Committee of the House of Commons 
nad i in view: but, on thecontrary, that it will appear to most 
phinking men, rather an injudicious idea, to effect by a great 
Cars that which can at least as well, if not better, be ac- 
complished by a work of less expence, and of more probable 
stability. 
» Our observations have been hitherto donBnad to the possi- 
»ility and propriety of executing an iron arch, of 600 feet © 
pan, according to the design given with the report of the 
Alouse of Commons. We may now add some observations on 
she practicability of building abutments, in this situation, suf. 
ficiently strong to resist the lateral pressure of this arch ; 
which, according to our calculation, made on the supposi- 
‘ion that the arch would be similar to one of stone, acting 
M.2 
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with a regular and uniform pressure upon it, would be of — 
about 9000 tons. But when the effects of the vibrated which 
must necessarily take place in an arch of this magnitude, are 


taken into consideration, the lateral pressure, or rathe 


vibrating push, will far wigs that quantity ; ; and for this. | 


effort, as has been before noticed, provision must be made in 


the strength of the abutments: and though the thickness of | 
these in the design, namely 85 feet, seems to be great, yet] 
ain inclined to think it would be ddan too small, especiall yo 


at the south end of the bridge, where I am informed the 


a 


ground is very bad, being mooriog and soft mud to a co “i 
siderable depth. Twtleied I should fear that something of the 


™r | 


kind of what happened at Staines would be likely to ‘ake place 
here, namely, the whoie mass of masonry be forced back ho» 
rizontally, by the great lateral push of the arch, in spite of 
every precaution that could be taken to prevent it. But we 
must observe, as we have before done in answer to the Queries 
in the Report of the Committee of the House of Commons, 
that the foundations of the abutments should be laid inclining 
towards the centre of the circle to which the arch is drawn, 
as a more likely mode of preventing them from sliding out- 
war - than if — nea but even w ith this preci 


arch must follow it. 


The following is a rough sketch, on a very small scaled 4 


the design, at least very elegant, which was given along wi with 
the above project. 
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As in some degree and nature related to the foregoing 
account of iron arches, properly so called, we may here add 
a few words, just to notice two ingenious works lately exe- 
cuted, being a kind of straight or flat arch, for an iron aque- 
duct, supported on pillars, carried over rivers. ‘These were, 
both of them, designed by Mr. Thomas Telord, engineer, 
and executed under his direction. 

The former was a small aqueduct of cast iron, the first for 
4 navigable canal, which was constructed in the year 1795, 
on the Shrewsbury canal, near Wellington in Shropshire, 
It is 180 feet in length ; and the surface of the water in the 
aqueduct is about 20 feet above that of low water in the 
river. The supporting pillars, in this case, are also of cast 
iron. There are no ribs under the bottom plates, these 
being connected with the side plates, shaped like the stones 
in a flat arch, which is also the case in the second instance, 
at Pontcysylte. The iron work of this aqueduct was cast at 
Ketley foundery, by Messrs. Reynolds. 4 

The second instance was erected in the year 1805, at the 
Pontcysylte aqueduct. It having been found necessary to 
carry the Ellesmere canal across the river Dee, at the eastern 
termination of the vale of Llangollen, at the height of 126 
feet 8 inches above the surface of low water in the river, 
Mr. Telford conceived the bold design of effecting this by 
means of an aqueduct constructed of cast iron, supported 
by stone pillars. These are 20 in number, including the 
abutments: the length of the aqueduct is 1020 feet, and 
the breadth across it 12 feet. It has been in constant use 
for the purposes of navigation ever since it was first opened, 
on the 26th of November 1805, and it answers every pur- 
pose perfectly well. The iron work was cast, and set up, 
by Mr. William Hazledine, of Shrewsbury. A small view ol 
the elevation of this elegant structure is as here below. 
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TRACT VII. 


‘A DISSERTATION ON THE NATURE AND VALUE OF INFINITE 


SERIES. 
i 


1. Asour the year 1780 I discovered a very general and 
easy method of valuing series, whose terms are alternately 
positive and negative, which equally applies to such series, 
whether they be converging, or diverging, or their terms all 
‘equal ; together with several other pr operties relating to 
‘certain series: and as there may be occasion to deliver some — 
of those matters in the course of these tracts, this opportu- 
nity is taken of premising a few ideas and remarks, on the 
nature and valuation of some of the classes of series, which 
form the object of those communications. This is done with 
a view to obviate any misconceptions that might perhaps be 
made, concerning the idea annexed to the term value of such 
leeries in those tracts, and the sense in which it is there always 
to be understood ; which is the more hecessary, ‘as Many con- 
itroversies have been warmly agitated concerning these mat- 
ters, not only of late, by some of our own countrymen, but 
jalso by others among the ablest mathematicians in Europe, 
at different periods in the course of the last century ; and all 
this, it seems, through the want of specifying in what sense 
the term value or sum was to be understood in their disser- 
tations, And in this discourse, I shall follow, in a great 
measure, the sentiments and manner of the late celebrated 
LL. Euler, contained in a similar memoir of his in the fifth 
yolume of the New Petersburgh Commentaries, adding and 
‘intermixing here and there other remarks and observations 
pot my own. 
| 2. By a converging series, is meant such a one whose 
}terms continually decrease ; and by a diverging series, that 
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whose terms. continually increase. So that a series whose 
terms neither increase nor decrease, but are all equal, .asthey, 
neither converge nor diverge, may be called a neutral series, 
asd—-ad+a—a+&c. Nowconverging series, being sup- 
posed infinitely continued, may have their terms decreasing 
to 0 asa limit, as the series 1 — } +4 —4 + &c, or only 
ai to some finite magnitude as a limit, as the series 

—~ i+ 4-— 4+ &c, which tends continually to 1 as a 
jimit. So, in ie manner, diverging series may have their 
terms tending to a limit, that is either finite or infinitely 
great: thus the terms 1 ~ 2+ 3 —4-+ &c, diverge to ins 
finity ; but the diverging terms + — 2 + 2? — ¢ + &c, only 
to the finite magnitude 1. Hence then, asthe ultimate terms 
of series which do not converge to 0, by supposing them 
continued in infinitum, may be either finite or infinite, ther 
will be two kinds of such series, each of which will be further 
divided into two species, according as the terms shall either 
“be all affected with the same sign, or have alternately the 
signs +-and —. We shall, therefore, have altogether four 
species of series which do not converge to 0, an example of 
each of which may be as here follows: 


1 


fap a Sarthe Deer 1+ 1+ &c. 
2+243+4+ $+ 54+ &. 

nia Abed ena BED L— 1+ &e. 
$-44+3-4+ ¢- 7+ &. 

5+ 6+ &e. 


eae te Sticetilahs fal 
1+24+4+84 16 + 52 + Kc. 
Moete nes 5— 6+ &e. 


ley ene 1—-2+-:4- 84°16 — 32+ &c. 


3. Now concerning ‘the Sums of these species of series 
there have been great dissensions among mathematicians; 
some affirming that they can be expressed by a certain su } 
while others deny it. In the first place, however, it is e 
dent that the sums of such series as come under the first 0 


these species, will be really infinitely great, since by actually 
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‘ollecting the terms, we can arrive at a sum greater than any 
sroposed number whatever: and hence there can be no doubt 
ut that the sums of this species of series may be exhibited 


: 0: Pais a ‘ : 
y4exPressions of this kind "% It is concerning the other 


pecies, therefore, that mathematicians have chiefly differed ; 
nd the arguments which both sides allege in defence of their 
pinions, have been endued with such force, that neither 
varty could be hitherto brought to yield to the other, 


4. As to the second species, the celebrated Leibnitz was 
ne of the first who treated of this series1 — 1 + 1—1 +4 
— 1 + &c, and he concluded the sum of it to be = = 


29 


elying on the following cogent reasons. And first, that this 


4 ; : a A 
ries arises by resolving the fraction rr 7 into the series 


—a+a—a@ + at — a + &c, by continual division in 
ae usual way, and taking the value of a equal to unity. 
econdly, for more confirmation, and for persuading such as . 
re not accustomed to calculations, he reasons in the follow- 
ig manner: If the series terminate any where, and if the 
umber of the terms be even, then its value will be = 0; 
ut if the number of terms be odd, the value of the series 
ill be = 1: but because the series proceeds in infinitum, 
ad that the number of the terms cannot be reckoned either 
dd or even, we may conclude that the sum is neither = 0, 
or = 1, but that it must obtain a certain middle value, 
quidifferent from both, and which is therefore = 4. And 
ius, he adds, nature adheres to the universal Jaw of justice, 
iving no partial preference to either side. 


5. Against these arguments the adverse party make use of 
ich objections as the following. First, that the fraction 


moe, F951. 

= is not equal to the infinite series 1 — a 4+ a® — a? 4 
ue, unless a be a fraction less than unity. For if the division 
‘2 any where broken off, and the quotient of the remainder 


added, the cause of the paralogism will be manifest : 


* 
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1 4 

2 h = a7 : | y! 

for we shall then have a diag 1 a+a a3 + 
+ a" + as and that, although the number 7 should 


a + : | 

{+a 
ought not to be omitted, unless it should become evanescent, 
which happens only in fiove cases in which a is less than 1, 
and the terms of the series converge to 0. But that in other 
cases there ought always'to be included this kind of supple-. 


ment ——- 
os l+a 


sign +, namely — or + according as 7 shall be an even or 
an odd number, yet if be infinite, it may not therefore be 
omitted, under the pretence that an infinite number is neither 
odd nor even, and that there is no reason why the one sign 
should be used rather than the other; for it is absurd to sup- 
pose that there can be any integer Pumper: even though it 
be infinite, which is neither mee nor even. 

6. But this objection is rejected by those who attribute de. 
terminate sums to diverging series, because it considers an 
jnfinite number as a determinate number, and therefore either 
odd or even, when it is really indeterminate. For that it is 
contrary to the very idea of a series, said to proceed zn inf 
nitum, to conceive any term of it as the last, though infinite; 
and that therefore the objection above-mentioned, of the 
supplement to be added or subtracted, naturally falls of itself, 
Therefore, since an infinite series never terminates, we nevet 
can arrive at the place where that supplement must be joined; 
and therefore that the supplement not only may, but indeed 
ought to be neglected, because there is no place found 
for it. | 

And these arguments, adduced either for or against the 
sums of such series as above, hold also in the fourth species, 
which is not otherwise coberbescd with any further doubts 
peculiar to itself. | 

1. But those who dispute against the sums of such series, 


be made infinite, yet the supplemental fraction ae 


; and though it be affected with the dubious 
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Jhink they have the firmest hold in the third species. For 
hough the terms of these series continually increase, and 
hat, by actually collecting the terms, we can arrive at a 
sum greater than any assignable number, which is the very 
definition of infinity ; yet the patrons of the sums are forced 
'o admit, in this species, series whose sums are not only 
‘inite, but even negative, or less than nothing. For since 


the fraction 7 , by evolving it by division, becomes 


Y+a+a*+a? + at + &c, we should have 


) 1 
. Ses Neth ino LStwagane ch Aah 8 + 16 + &c, 
i 
1 
pop SF H1 498494274 81 + be, 


which their adversaries, not undeservedly, hold to be absurd, 
‘since by the addition of affirmative numbers, we can never 
‘obtain a negative sum; and hence they urge that there is the 
‘greater necessity for including the before-mentioned supple- 
ment additive, since by taking it in, it is evident that 


Q>+4* 
ears pealeereretey yaries eet ibe Wr ch Ch: SEM 


1-2? 
though n should be an infinite number. 
| = “Pie ideferiders'thétefore! of the siinis\Ot such series, in 
jorder to reconcile this striking paradox, more subtle perhaps 
joan true, make a distinction between negative quantities; for 
they argue, that while some are less than nothing, there are 
others greater than infinite, or above infinity. Namely, that 
Re one value of — 1 ought to be understood, when it is 
conceived to arise from the subtraction of a greater number 
4 + i froma lessa; but the other value, when it is found 
equal to the series 1 + 2 + 4 + 8 + &c, and arising from’ 
the division of the number 1 by — 1; for that in the former 
case it is less than nothing, but in the latter greater than infi-. 
| ‘nite. For the more confirmation, they bring this example 
of fractions 


1 l l 1 
%? 3? Q? a iaalge &e, 


l 1 l 1 
1? Q? — |? —@g 
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which, evidently increasing in the leading terms, it is inferrec 


5 


will continually increase ; and hence they conclude that a 
; 1 RANT Hi 
is. greater than 4, and pe greater than Taint and so on; ant 


i iit) oe 
therefore as — Is expressed by —1, and 3 by & , or infinity 


—1 will be greater than © , and much more will = _4 bi 
greater than 4. And thus they ingeniously enough repel 
led that apparent absurdity by itself. | | 

9. But though this distinction seemed to be ingenious 
devised, it gave but little satisfaction to the adversaries ; ant 
besides, it seemed to affect the truth of the rules of algebra 


; 1 
For if the two values of ~1, namely 1 — 2 and igs be realh 


different from each other, as we may not confound them, th 
certainty and the use of the rules, which we follow in makin; 
calculations, would be quite done away; which would be 

greater absurdity than that for whose sake the distinctio 


: , 1 
was devised: but if 1 — 2 = x7 3s the rules of algebr 


require, for by multiplication -1 x (1-2) =—1+4+2=1 
the matter in debate is not settled; since the quantity — 1 
to which the series 1 + 2 + 4+ 8 + &c, is made equal, i 
less than nothing, and therefore the same difficulty still re 
mains. In the mean time however, it seems but agreeabl 
to truth, to say, that the same quantities which are beloy 
nothing, may be taken as above infinite. For we know, ne 
only from algebra, but from geometry also, that there ar 
two ways, by which quantities pass from positive to negative 
the one through the cypher or nothing, and the other throug 
infinity: and besides, that quantities, either by increasing 0 
decreasing from the cypher, returnagain, and revert to th 
same term0O; so that quantities more than infinite are th 
same with quantities less than nothing, like as quantities | 
than infinite agree with quantities greater than nothing. 
10. But, further, those’ who deny the truth of the sun 
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at have been assigned to diverging series, not only omit to 
sign other values for the sums, but even set themselves ut- 
rly to oppose all sums whatever belonging to such series, 
things merely imaginary. For a converging series, as 
/ppose this 1 +2444 4 +4 &c, will admit of a sum 
: 2, because the more terms of this series we actually add, 
nearer we come to the number 2: but in diverging series 
€ Case is quite different; for the more terms we add, the 
‘ore do the sums which are produced differ from one an- 
her, neither do they ever tend to any certain determinate 
lue. Hence they conclude, that no idea of a sum can be 
»plied to diverging series, and that the labour of those per- 
ns who employ themselves in investigating the sums of such 
ries, is manifestly useless, and indeed contrary to the very 
inciples of analysis. 
‘1. But notwithstanding this seemingly real difference, yet 
ither party could ever convict the other of any error, when. 
‘er the use of series of this kind has occurred in analysis ; 
d for this good reason, that neither party is in an error, 
e whole difference consisting in words only. For if in any 
leulation we arrive at this series 1 — 1} +1— 1+ &c, 
d that we substitute + instead of it, we shall surely not 
ereby commit any error; which however we should cer- 
nly incur if we substitute any other number instead of that 
ties; and hence there remains no doubt but that the series 
— 1+ 1-— 1+ &c, and the fraction 4, are equivalent 
‘antities, and that the one may always be substituted instead 
the other without error. So that the whole matter in dis- 
ite seems to be reduced to this only, namely, whether the 
iction 7 can be properly called the swm of the series 1 — 1 
1— 1+ &c. Now if any persons should obstinately 
ny this, since they will not however venture to deny the 
iction to be equivalent to the series, it is greatly to be feared 
*y will fall into mere quarrelling about words. 
12, But perhaps the whole dispute will easily be compro- 
ised, by carefully attending to what follows, Whenever, 
analysis, we arrive at a complex function or expression, 
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either fractional or transcendental; it is usual to convert it 
into a convenient series, to which the remaining calculus may: 
be more easily applied. And hence the occasion and rise of. 
infinite series. So far only then do infinite series take place. 
in analytics, as they arise from the evolution of some finite. 
expression ; and therefore, instead of an infinite series, in any 
calculus, we may substitute that formula, from whose evo- 
lution it arose. And hence, for performing calculations with 
more ease or more benefit, like as rules are usually given for 
converting into infinite series such finite expressions as ate 
endued with less proper forms ;, so, on the other hand, those: 
rules are to be esteemed not less useful, by the help of which 
we may investigate the finite expression from which a pro» 
posed infinite series would result, if that finite expressio 
should be evolved by the proper rules: and since this ex- 
pression may always, without error, be substituted instead 
of the infinite series, they must necessarily be of the same 
value: and hence no infinite series can be proposed, but a 
finite expression may, at the same time, be conceived as 
equivalent to it. 4 
13. If, therefore, we only so far change the received notion 
‘of a sum as to say, that the sum of any series, is the finite 
expression by the evolution of which that series may be pro- 
duced, all the difficulties, which have been agitated on both 
sides, vanish of themselves. For, first, that expression by 
whose evolution a converging series is produced, exhibits at 
the same time its sum, in the common acceptation of the 
term: neither, if the series should be divergent, could the 
investigation be deemed at all more absurd, or less proper, 
namely, the searching out a finite expression which, being 
evolved according to the rules of algebra, shall produce that 
series. And since that expression may be substituted in the 
calculation instead of this series, there can be no doubt but 
‘that it is equal to it. Which being the case, we need not 
necessarily deviate from the usual mode of speaking, but 
might be permitted to call that expression also the sum, 
which is equal to any series whatever, provided however; 
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shat, in series whose terms do not converge to 0, we do not 
sonnect that notion with this idea of a sum, namely, that the 
more terms of the series are actually collected, the nearer we 
must approach to the value of the sum. 

| 14. But if any person shall still think it improper to apply 
he.term sum, to the finite expressions by whose evolution 
ll series in general are produced ; it will make no difference 
in the nature of the thing ; and instead of the word sum, for 
juch finite expression, he may use the term value, or func- 
jion, or perhaps the term radix would be as proper as any 
»ther that could be employed for this purpose, as the series 
aay justly be considered as issuing or growing out of it, like 
sa plant springs from its root, or from its seed. The choice 
f terms being in a great measure arbitrary, every person is 
t liberty to employ them in whatever sense he may think 
t, or proper for the purpose in hand; provided always that 
fix and determine the sense in which he understands or 
nploys them. And as I consider any series, and the finite 
<pression by whose evolution that series may be produced, 
‘no more than two different ways of expressing one and the 
,me thing, whether that finite expression be called the sum, 

; value, or function, or radix of the series ; so in the follow- 

ig paper, and in some others which may perhaps hereafter 

|; produced, it is in this sense I desire to be understood, 

jhen searching out the value of series, namely, that the ob- 

jet of the enquiry, is the radix by whose evolution the series 

say be produced, or else an approximation to the value of 

sin decimal numbers, &c. 
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TRACT VILL. 


A NEW METHOD FOR THE VALUATION OF NUMERAL INF 
NITE. SERIES, WHOSE TERMS ARE ALTERNATELY (4 
PLUS AND (—) MINUS; BY TAKING CONTINUAL ARIT] 
METICAL MEANS BETWEEN THE SUCCESSIVE SUMS, A 
THEIR MEANS f 

Pi 


ARTICLE 1. 


Tur remarkable difference between the facility whi 
mathematicians have found, in their endeavours to determi 
the values of infinite series, whose terms are alternately affirt 
ative and negative, and the difficulty of doing the same thi 
with respect to those series whose terms are all affirmativ 
is one of those striking circumstances in science which } 
can hardly persuade ourselves is true, even after we have se 
many proofs of it; and which serve to put us ever at 
on our guard not to trust to our first notions, or co 
jectures, on these subjects, till we have brought them tot 
test of demonstration. For, at first sight it is very natu 
to imagine, that those infinite series whose termsare alla 
ative, or added to the first term, must be much simplet 
their nature, and much easier to be summed, than those whe 
terms are alternately affirmative and negative ; which, ho 
_ever, we find, on examination, to be directly the revel 
the methods of finding the sums és the latter series beingn 
merous and easy, and also very general, whereas those 
have been hitherto discovered for the summation of the form 
series, are few and difficult, and confined to series whi 
terms are generated from me other according to some p 
ticular iW s, instead of extending, as the other method 
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all sorts of series, whose terms are connected together by 
dition, by whatever law their terms are formed. Of this 
'markable difference between these two sorts of series, the 
'w method of finding the sums of those whose terms are al- 
rnately positive and negative, which is the subject of the 
esent tract, will afford us a striking instance, as it possesses 
© happy qualities of simplicity, ease, perspicuity, and uni- 
‘rsality ; and yet, as the essence of it consists in the alter- 
tion of the signs + and —, by which the terms are con- 
eted with the first term, it is of no use in the summation of 
»se other series whose terms are all connected with each 
jer by the sign +. 

2. This method, so easy and general, is, in short, simply 
s: beginning at the first term a of the series a— 5 +c— 
+ €—f + &c, which is to be summed, compute several 
vcessive values of it, by taking in successively more and 
fe terms, one term being taken in at a time; so that the 
t value of the series shall be its first term a, or even O or 
hing may begin the series of sums; the next value shall 
(its first two terms a — 6, reduced to one number ; its next 
ae shall be the first three terms a — 6 + c, reduced to one 
jnber ; its next value shall be the first four terms a—b 
.¢ — d, reduced also to one number; and soon. This, it 
evident, may be done by means of the easy arithmetical 
‘rations of addition and subtraction. And then, having 
ind a sufficient number of successive values of the series, 
ve or less as the case may require, interpose between these 
1es a set of arithmetical mean quantities or proportionals; 
between these arithmetical means interpose a second set 
jrithmetical mean quantities ; and between these arith- 
ical means of the second set, interpose a third set of 
ametical mean quantities ; and so on as far as you please, 
this process we soon find either the true value of the 
*$ proposed, when it has a determinate rational value, or 
arwise we obtain several sets of values approximating 
|e neawer to the sum of the series, both in the ca- 


and in the lines, either horizontal or obliquely de- 
OL, I. N 
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scending or ascending ; namely, both of the several sets of i 
means theindely es, and the sets or series formed of any of. 
their corresponding terms, as of all their first terms, of their 
second terms, of their third terms, &c, or of their last terms, 
of their penultimate terms, of their atitepeniiltimaté terms, 
&e: and if between any of these latter sets, consisting of the 
like or cor responding terms of the former sets of arithmetical 
means, we again interpose new sets of arithmetical means, as. 
we did at fire with the successive sums, we shall obtain other: 
sets of approximating terms, having the same properties as 
the former. And thus we may repeat the process as often 
as we please, which will be found very useful in the more 
difficult diverging series, as we shall see hereafter. For this 
method, being derived ‘nly from the circumstance of the al- 
ternation of the signs of the terms, ++ and —, it is therefore 
not confined to converging series alone, but is equally appli- 
cable both to diverging series, and to neutral series, by which 
last name I shall take the liberty to distinguish those series, 
whose terms are all of the same constant magnitude; namely, 
the application 1 is equally the same for all the three follonaa 
sorts of series, viz. . 

Converging, 1—F+3—-F+4—G + &e. 

Diverging, 1—24+3—44+5—6+ &c. 

Neutral, lI— 1 + L1—1+1—1 + &. 
As is demonstrated in what follows, and exemplified in a 
variety of instances. 

It must be noted, NeGeran, that by the value of the series, 
I always mean such radix, or finite expression, as, by evolu- 
tion, would produce the series in question ; accordity to the 
sense we have stated in'the former paper, on this subject ; or 
an approximate value of such radix ; and which radix, as if 
may be substituted instead of the series in any operation, } 
call the value of the series. | 
3. It is an obvious and well-known property? of infinite 

series, with alternate signs, that when we seek their value 
by collecting theix terms one after another, We obtain ageriet 
of successive sums, which approach continually neat 


i 
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nearer to the true value of the proposed series, when it is a 
converging one, or one whose terms always décrease by some 
regular Jaw ; but im a diverging series, or one whose terms 
as continually increase, those successive sums diverge always 
more and more from the true value of the series. And from 
the circumstance of the alternate change of the signs, it is 
also a property of those successive sums, that when the last 
term which is included in the collection, is a positive one, 
then the sum obtained is too great, or exceeds the truth; but 
when the last collected term is negative, then the sum is too 
little, or below the truth. So that, in both the converging 
and diverging series, the first term alone, being positive, ex- 
ceeds the truth; the second sum, or the sum of the first two 
terms, is below the truth; the third sum, or the sum of the 
three terms, is above the truth; the fourth sum, or the sum 
of four terms, is below the truth; and so on; the sum of any 
even number of terms being below the true value of the series, 
and the sum of any odd number, above it. All which is ge- 
nerally known, and evident from the nature and form of the 
series. So, of the series a—b 4+c—d+e—/f+ &c, 
the first sum a is too great ; the second sum a — 6 too little; 
the third sum a — 6 + ¢ too great ; and so on as in the fol- 
lowing table, where s is the true value of the series, and 0 is 
placed before the collected sums, to complete the series, 
being the value when no terms are included : 
Successive sums. 


s is greater than 0 

s is less than a 

s is greater than a—b 

s is less than a—b+e 

sis greater than a—-b+c—md 

s is less than a—b+cec—~—d+e 
&e. &e, 


/ 4. Hence the value of every alternate series s, is positive, 
vand less than the first term a, the series being always sup- 
| ae to begin with a positive term @; and consequently, if 
signs of all the terms be changed, or if the series begin 

' N 2 


| 
} 


a 


< 
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with a negative term, the value s will still be the same, but | 
negative, or the sign of the sum will be changed, and the 
value become —s = —a +b—c+d— &c. Also, bes 
cause the successive sums, ina converging series, always ap= 
proach nearer and nearer tothe true value, wiile they recede 
always farther and farther from it-in a diverging one; it 
follows that, in a neutral series, a— a + a—a + &c, which 
holds a middle place between the two former, the successive 
sums 0, 4,0, a, 0, a, &c, will neither converge nor diverge, 
but will be always at the same distance from the value of the 
proposed series a — a + a—a + &c, and consequently that 
value will always be = 4a, which holds every where the mid= 
dle place between 0 and a. 1 
I am not unaware that, though @ — a + a —a + — &ey 
a 
“fb 
will also arise by evolving several other functions in like 
manner ; as | 
a a” n C+e+a+ kc. 
atata@ - atata+a’ &e, aa ae oe ee a+ xe 
er any other similar function, in which the numerator has 
fewer terms than the denominator. Yet the preference 
among them all seems justly due to the first 


av a a ‘ i P ‘ 
ect. (phew = — = ja, for this reason, besides wh 
a--+a 


may be produced by evolving re by actual division, it 


ay 7, 1e'2 
is said above, viz, put s for the value of the series a — a + 


7), 
Ri 
oa) 


a—~a + &c; since 
thens = a—a+ta—at— &, 
and a = a, take the upper equ. from the under, . 
then d—s =a—a+a—a-+ &c= sby sup. — 
theref..a —s = s, and 2s = a, or s = ja, asabove. 
5. Now, with respect toa converging series, a—b-+¢—d+ 
&c ; because 0 is below, and aabove s, the value of the series, 
but a nearer than O to the value s, it follows that s lies be- 
tween a and ia, and that ta is less than s, and so nearer to § 
thanO is. {n like manner, because a is above, and a—J6 
below the value s, but a -— 4 nearer to that value than it, 
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it follows that s lies between a and a — 6, and that the arith. 
metical mean a — 46 is something above the value of s, but 
hearer to that value than ais. And thus, the same reason- 
ing holding in every following pair of successive sums, the 
arithmetical means between them will form another series of 
terms, which are, like those sums, alternately less and greater 
than the value of the proposed series, but approximating 
nearer to that value than the several successive sums do, as 
every term of those means is nearer to the value s, than the 
corr esponding preceding term in the sums is. ee like as 
the successive sums form a progression approaching always 
nearer and nearer to the value of the series ; so, in like man- 
ner, their arithmetical means form another progression, com- 
ing nearer and nearer to the same value, and each term of the 
progression of means nearer than each term of the successive 
sums. Hence then we have the two following series, namely, 
of successive suinsand their arithmetical means, in which each 
itep approaches nearer to the value of s than the former, the 
atter progression being however nearer than the former, and 
he terms or steps of each alternately below and above the 
value s of the series a — 6 +¢—d + &c. 


Successive sums. - Arithmetical means, 

m=, 0 | za 

a (co a—ib 

az a—b 3a a— b41¢ 

-a—b+e @ a— b+ c—id 

as a—b+cec—d sa a— b64 c— dttle 

-a@—b+c—d+ej}r a— 64 ¢c— d+ e—if 
&e, &c. 


vhere the mark -3, placed before any step, signifies that it 
s too little, or below the value s of the converging series 
t—b+c—d-+ &c; and the mark c signifies the cone 
rary, or too great. And hence 4a, or half the first term 
£f such a converging series, is less than s the value of the 


eries. 
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6. And since these two progressions possess the same pro- 
perties, but only the terms of the latter nearer to the truth 
than the former; for the very same reasons as before, the 
means between'the terms of these first arithmetical means, 
will form a third progression, whose terms will approach still 
nearer to the value of s than the second progression, or the 
first means ; and the means of these second means will aps 
proach nearer than the said second means do ; and so on cons 
tinually, every succeeding order of arithmetical means, ap-+ 
proaching nearer to the value of s than the former. So that 
the following columns of sums and means will be each nearel 
to the value of s than the former, VIZ. 


Suc, sums. | Ist means, {| 2d means. 3d means,=" 


oe 


10 a 3a—b Ta—4bh +e 
2 4 8 
a Ke a—5 geome gant 
“J a—b a—b4+5 ry Root bye gin bie 
r|a—b-+c a—b+c~< a—b4+e——— ao— b+ ¢— Sa 
2 adden a—b+t&c. | a—b+&c. a—b+&e. 
Cc, 


ald 


Where every column consists of a set of quantities, ap. 
proaching still nearer and nearer to the value of s, the term 
of each column being alternately below and above that valué, 
and each suceeeding column approaching nearerthan the pre- 
ceding one. Also every line, formed of all the first terms, al 
the retort terms, all the third terms, &c, of the columns, forms 
also a progression whose terms BA Behe ee 
the value of s, and each line nearer or quicker than the former; 
but differing from the columns, or vertical progressions, 1 
this, sal: that whereas the terms in the columns are a 
ternately below and above the value of s, those in each line 
‘are all on one side of the values, namely, either ali below ot 
‘all above it; and the lines alternately too little and too oreat, 
namely, all che expressions in the first line too little, all those 
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n the second line too great, those in the third line too-little, 
nd so on, every odd line being too little, and every even line 
00 great. 

a 3a—6 Ta~4b+c 


7. Hence the expressions — ited He 
1 pr ssions 2 > mn ) 8 > 
\5a—11b+5c—a 3la—26b+4+-16c —6d+e 


16 32 
inual approximations to the value s, of the converging series 
t—b+c—d+e— &, and are all below the truth. But 
ve can easily express all these several theorems by one gene- 
val formula.” For, since it is evident by the construction, that 
vhile the denominator in any one of them is some power 
2”) of 2 or | + 1, the numeral co-efficients of a, 6, c, &c, 
he terms in the numerator, are found by subtracting all the 
erms except the last term, one after another, from the said 
power 2” or (1 + 1)”, which is = 

n— 1 n—-1ln—~2 
i+ntn. ‘ +n. al ca ai + &c, namely the 
coefficient of a equal to all the terms 2”, minus the first term 
1; that of 6 equal to all except the first two terms 1 + 1; 
that of c equal to all except the first three ; and so on, till 


the coefficient of the last term be = 1, the last term of the 
power ; it follows that the general expression for the several 


theorems, or the general approximate value of the converg- © 


ing series b— a + ¢— d+ &c, will be 


n—1 
ou |] — n— nN. 
Q»— | Die VOEe Q 
a Peer Tn NEY mA e+ 


&e, continued till the terms vanish and the series break off, 
n being equal to 0 or any integer number, Or this general 
formula may be expressed by this series, 


1 n—1 N—1n—2 

oe * [(2"-1)a—(A—n)b + (B—1. eo (er erat. 5 )d 
&e] ; where A, B, c, &c, denote the coefhcients of the seve- 
| | preceding terms. And this expression, which is always 
too little, is the nearer to the true value of the series 


Cm b+c—d+ kc, as the number z is taken greater; always 


oO 
— 
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excepting however those cases in which the theorem is accu- 
rately true, when 7 is some certain finite number. Also, with 
any value of n, the formula is nearer to the truth, as the terms 
a, b, c, &c, of the proposed series, are nearer to equality ; so: 
that the slower any proposed series converges, the more ac- 
curate is the formula, and the sooner does it afford a near. 
value of that series: which is a very favourable circumstance, 
as it is in cases of very slow convergency that approximating 
formula are chiefly wanted. And, like as the formula ap-| 
proaches nearer to the truth as the terms of the series ap- 
proach to an equality, so when the terms become quite equal, 
as in a neutral series, the formula becomes quite accurate, 
and alw ays gives the same value 4a for s or the series, what- 
ever integer number be taken for », And further, when the. 
proposed series, from being converging, passes through neus 
trality, when its terms are equal, and becomes diverging, the. 
formula will still hold good, only it will then be alternately | 
too great, and too little as long as the series diverges, as we: 
shall presently see more fully. So that, in general, the value 
sof the series a—6 + ¢ —d + &c, whether it be cone! 
verging, diverging, or neutral, is less than the first term a: 4 
when the series conyerges, fhe value is above ja; when it 
diverges, it is below {a ; and when neutral, it is equal to zae 
8. Take now the series of the first terms of the several | 
orders of arithmetical means, which form the progression of | 
continual approximating formule, being each nearer to the 
value of the series a— 6 + ¢c—d + &c, than the former, 
and place them ina column one under another; then take the 
differences between every two adjacent congnlle: and place 
them in another column by the side of the el as here 
follows : q 
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Approx. Formule. _ Differences. 
a a—b 
2 ayy 
3a——+ a—2b+e 
Aes. parent: re) 
Ta—4b+c¢ a—36+3c—d 
8 16 
it5a—11b+5c—d a—4b + 6c—4d+e 
ie Wee dn oG ROSS ete SB He 
Sla —266+4 16c — 6d+e 
ea aa 
&e. &e. 


From which it appears, that this series of differences consists 
tof the very same quantities, which form the first terms of all 
the orders of differences of the terms of the proposed series 
a—b +c¢—d-+ &c, when taken as usual in the differential 
method. And because the first of the above differences added 
to the first formula, gives the second formula; and the se- 
cond difference added to the second formula, gives the third 
formula ; and so on; therefore the first formula with all the 
differences added, will give the last formula ; consequently 
our general formula, before mentioned, 


— x [(2".—1)a—(a—n)b+(B—n. * 5) e— &e], 


which approaches to the value of the series a—6+c—d+&c, 
is also equivalent to, or reduces to this form, 

a a—b ‘a—2b+e —3 — ; 

: i’ : ey as ee oan de He) 
which, it is evident, agrees with the famous differential series. 
And this coincidence might be sufficient to establish the truth 
of our method, though we had not given other more direct 
proof of it. Hence it appears then, that our theorem is of 
ithe same degree of accuracy, or convergency, as the differ- 
ential theorem ; but admits of more direct and easy applica- 
tion, as the terms themselves are used, without the previous 
trouble of taking the several orders of differences. And our 
method will be Suleoee general for literal, as well as for 
numeral series, by supposing a, 6, c, &c, to represent not 


) 
. 
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barely the coefficients of the terms, but the whole terms, both 
the numeral and the literal part of them. However, as the 
chief use of this method is to obtain the numeral value of 
series, when a literal series is to be so summed, it is to be. 
made numeral by substituting the numeral values of the letters, 
instead of them. It is further evident, that we might easily 
derive our method of arithmetical meats from the above dif- 
ferential series, by beginning with it, and receding back to 
our theorems, by a process counter to that above given. 

9. Having, in Art. 5, 6,7, 8, completed the investigations, 
for the first or converging form of series, the first four articles, 
being introductory to both forms in common; we may now, 
proceed to the diverging form of series, for which we shall, 
find the same method of arithmetical means, and the same 
. general formula, as for the converging series ; as well as the 
mode of investigation used in Art. 5 e¢ seg. only changing 
sometimes greater for less, or less for greater. Thus then, 
reasoning from the table of successive sums in Art. 3, in which’ 
$ is ivelaately above and below the expressions 0, a, a — 0,| 
a—b-+c, &c, because 0 is below, and a above the value s 
of the series u—b + c—d-+ &c, but O nearer than ato that 
value, it follows that s lies between 0 and ja, and that ja is 
ereater than s, but nearer to s thanais. In like manner, be- 
cause a is above, and a — 6 below the value s, but a nearer 
that value than a— 6 is, it follows, that s lies between a and 
a— 6, and that the aritimetical mean a — 30 is below s, but 
that it is nearer to s than a—6 is. And thus, the same 
reasoning holding in every pair of successive sums, the arith. 
metical means between them will form another series of terms, 
- which are alternately greater and less than s, the value of the 
proposed series ; but here greater and less in the contrary 
way to what chy were for the converging series, namely, 
those steps greater here which were less there, and less here 
which before were greater. And this first set of arithmetical 
means, will either converge to the value of s, or will at least 
diverge less from it than the progression of successive sums. 
Again, the same reasoning still holding good, by taking the 
arithmetical means of those first means, another set is found, 
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Hihich will either converge, or else diverge less than the 
former. And so on as far as we please, every ew operation 
gradually checking the first or greatest divergency, tilla 
number of the first terms of a set converge sutticiently fast, ” 
to afford a near value of s the proposed series. ) 

10. Or, by taking the first terms of all the orders of means, 
we find the same set of theorems, namely - 
a 3a—b Ja—4b4-¢ 15a—11b+ 5e—d 


1 ee Re 2 


3°74 8 16 


, &c, or in general, 


nu—I 
2 


ES x [ (27-1) a—(A—n) b+ (B—2. 


a 1.¢ oH &c], 
which will be alternately above and below s, the value of the 
series, till the divergency is overcome. ‘Then this series, 
which consists of the first terms of the several orders ofmeans, 
may be treated asthe succcessive sums, taking several orders of 
‘means of these again. After which, the first terms of these last 
vorders may be treated again in the same manner ; and so on as 
far as we please. Or the series of second terms, or third terms, 
‘&c, or sometimes, the terms ‘ascending obliquely, may be 
treated in the same manner to advantage. And with a little 
practice and inspection of the several series, whether vertical, 
or horizontal, or oblique, for they all tend to the detection 
‘of the same value s, we shall soon learn to distinguish where- 
‘abouts the required quantity sis, and which of the series 
will soonest approximate to it. : 

11. To exemplify now this method, we shall take a few 
series of both sorts, and find their value, sometimes by actually 
‘going through the operations of taking the several orders of 
arithmetical means, and at other times by using some onc of 
the theorems 

a 3a—-—b "a—4b+4+c¢ 15a—-11b+ 5ce—d 

| Gale Beers bbb 1G eer 
‘And to render the use of these theorems still easier, we shall 
here subjoin the following table, where the first line, consist- 
ing of the powers of 2, contains the denominators of the 
theorems in their order, and the figures in their perpendicu- 
\Jar columns below them, are the coefficients’ of the several 
| terms in the numerators of the theorems, namely, the upper 


| 


&c, at once. 
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1 | 9 | 46] 176 | 562 |1586|4096] 9908 |22819|]5064311092941230964/480492 
1110] 56 | 232 | 794 |2380! 6476 |16384/39203] 89846 |199140!430104. 
1 | 11 | 67 | 299 {1093] 3473 | 9949 |26333] 65536 |155382/354522 
1 | 12 | 79 | 378] 1471 | 4944 |14893] 412296 |106762/262144 
1 | 13 | 92 | 470 | 1941 | 6885 | 21778 |.63004 |169766 
1 | 14] 106 | 576 |2517] 9402 | 31180] 94184 
1 15 | 121 | 697 | 3214 | 12616] 43796 
1 16 | 137 | 834 | 4048 | 16664 
1 17 154 988 | 5036 
1 18 172 | 1160 
1 19 191 
1 20 
1 


1} 3} 7 (15)31)63}127/255/5 1 1)1023)2047|/4095)8 19 1|16383|32767|65535]13 107112621 431524287] 1048575 
1 | 4 11/26/57} 1 20/247/502/1013/2036/40835/8 178/16369|3275 21655 1911310541262125!524268/1048555 
11} 5 /16}42] 99 |219'466) 968 |1981/4017|8 100)16278|32647165399]1 309 18/26 1972/5 24097]1048365 

1 | 6 (22) 64 |163}382) 848 |1516/3797|78 14/159 14/32 192/64839]130238/261156/523128/1047 295 

1} 7 | 29 | 93 |256) 638 |1486/3302/7099/14913/80827/63019}127858/258096)5 19252|1042380 

1} 8 | 37}130} 386 |1024/2510)5812)1291 1/27824/58651)121670/249528|507624| 1026876 


988116 
910596 
784626 
616666 
431910 
263950 
137980 
60460 
21700 
6196 
1351 
211 
vi 
1 
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The construction and continuation of this table, is a busi- 
ness of little labour. For the numbers in the first horizontal 
line next below the line of the powers of 2, are those powers 
diminished each by unity. The numbers in the next hori- 
zontal line, are made from the numbers in the first, by sub- 
‘racting from each the index of that power of 2 which stands 
above it. And for the rest of the table, the formation of it 
.s obvious from this principle, which reigns through the whole, 
chat every number in it is the sum of two others, namely, of 
che next to it on the left in the same horizontal line, and the 
aext above that in the same vertical column. So that the 
whole table is formed from a few of its initial numbers, by 
2asy Operations of addition. 

In converging series, it will be further useful, first to collect 
1 few of the initial terms into one sum, and then apply our 
nethod to the following terms, which will be sooner valued, 
vecause they will converge slower. 


12. For the first example, let us take the very slowly con- 
verging series 1—3 + 3—4+i4—£+4 &c, which is known 
‘o express the hyp. log. of 2, which is = °69314718. 

Hered =1, b=7, c= 4, d=4, &c, and the value, as 
Jound by theorem the Ist, 2d, 3d, ath, 10th, and 20th, will 


a 
Ist, 3 = += °5. 
Sa—b 3-4 Or 
2d, 4 SE a 625. 
ta—40+¢ 7—2+4+2 5 
3d, ie al Sn are a a = 000666. 
l5a—1lb-5e—d 15—55412-2 
ath, OE OEE 8 58909, 
1023a—101364+&c 709°698413 
(0th, SUE OR oer =°693065, 
.., 10485754—1048555b4+&c 126817'45238043 
20th, LS REE Li AO QETT Prue 


°69314714, 
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true to the 3d figure, ie the 20th theorem to the 7th figure 
The operation for the 10th and 20th theorems, will be easily, 
performed by dividing, mentally, the numbers in their res 
spective columns in the table of coefficients in Art. 11, by. 
the ordinate numbers 1, 2, 3, 4, 5,6, &c, placing the quo- 
tients of the alternate terms below each other, then adding 
each up, and dividing the difference of the sums continually 
five or ten times successively by the number 4: after the 
manner as here placed below, where the operation is set down 


for both of them. a 
1. For the 10th Theorem. 9. For the 20th Theorem. 
+ ‘ 2 ee a 
1023 506°5 1048575 5249715 
322666667 | 212 349455 261806'25 
127°6 64°333 208476 171146" 
25°14985% 7 141159°42857143 | 1138245 
1-222992 O14 | 87180°66666667 | 61666°6 
_ sent at 3926454545454 |  21995°83333333 
1499°631746 | 789-933 10613'84615385 431857142857 | 
789:933333 1446°66666667 88725 ie it 
———____—__ 19°4"1058824 11°72222299 | 
&:|  '109°698413 1110526316 0°05 Hf 
4} 177424603 ee ——— 
4| 44°356151 1886251°72936456 | 1159434°27698418 | 
4) 11989038 1159434°27698413 : 
4] Q772259 we 
698065 4} 2681745258043 
4} 181704°36309511 
4A} 4542609077378 
41!  11356:52269345 
4 2859'13067356 
4 109°78266834 
4 11744566708 
d 44°36141677 
4 11:09035419. 
4 217258855 
69314714 


Again, to perform the operation by taking the success : 
sums, and the arithmetical means: let the terms abies ae 
be reduced to decimal numbers, by dividing the common nu- 
merator 1 by the denominators 2, 3,4, &e, or rather by taking 
these out of the table printed at the end of this volume, which: 
Meontains a table of the square roots and reciprocals of all the 


numbers, 1, 2, 3, 4, 5,6, &c, to 1000, and which is of great 


use in such calculations as these. 
istand thus : 


' The terms. | Suc. sums 
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Then the operation will 


“iJ 

— 05 Or 

+ 333333| 833333 

— 25 583333 The several orders of means. 

+ 2 183333 

— 166666| 616666 

+ 149857| 759524 eri 692560 | goog 

— 195 634524 75080 693552 agaon 693131 | gogi 44 

+ 111111} 745635) 69 692858 | 205 693158 | Ao | costa7 

wary 645635 | 999935 | Gogggo | 893119 | go5149 | 099190 
2%) | 691090 | 2722?” | 693173 

+ 090909} 736544} 60, 326 | 692984 

— 083333} 653211} °"* 


Here, after collecting the first twelve terms, I begin at the 
bottom, and, ascending upwards, take a very few arithmetical 
‘means between the successive sums, placing them on the right 
of them: it being unnecessary to take the means of the whole, 
as any part of them will do the business, but the lower ones 
in a converging series best, because they are nearer the value 
sought, and approach sooner to it. I then take the means of 
the first means, and the means of these again, and‘so on, till 
the value is obtained as near as may be necessary. In this 
process we soon distinguish whereabouts the value lies, the 
limits or means, which are alternately above and below it, 
gradually contracting, and approaching towards each other. 
‘And when the means are reduced to a single one, and it is 
found necessary to get the value more exactly, I then go 
back to the columns of successive sums, and find another 
first mean, either next below or above those before found, 
and continue it through the 2d, 3d, &c, means, which makes 
now a duplicate in the last column of means, and the mean 
between them gives another single mean of the next order ; 
and so on as far as we see it necessary. By such a gradual 
progress we use no more terms nor labour than is quite re- 
‘quisite for the degree of accuracy required. 

- Or, after having collected the sum of any number of terms, 
we may apply any of the formule to the following terms 

‘So, having as above found 653211 for the sum of the att 
12 terms, and calling the next or 13th term '076923=a, the 
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14th term :0714285=4, the next, ‘06666 &c =c, and so on: 


3a— 


ie | 
then the 2d theorem ——— gives :039835, which added to 


"653211 the sum of the a 12 terms, gives *693046, the va- 
lue of the series true in three places ee figures; and the 3d 


/ Ta—4b+e 


theorem See ee gives 039927 for the following terms, 


and which added to *653211 the sum of the first 12 terms, 
gives 693138, the value of the series true in five places. And 
so on. | 

13. For a second eeiple, let us take the slowly bie: 
ing series }—-344-5 4§-—24 &c, whichis = 2 -+ hyp 
log. of 2=1°19314718. Then the process will be thus. 


Terms. Suc.sums ; 
+ 2 2 
at (Ps O°5 
+ 1:333333 | 1:833333 
— 1:25 0°583333 Arithmetical means, 
4+ 1:2 1°783333 
— 1'166666 | 0°616666 

TRALEE oo , 11188095] <-. 
+ 1142857 1759524 1197024 | 1192560 | 1.95956 @ 
— 1:193 0°634524) 7 Sooo | 17193552 sipedds eeias 
+ 111111] 1°745635 1795695") 17192858 | a5, 157 147 
by 0°645635 | 5 15°00? | 1-199369 | 1199110 | 149 | 150 

se | 1191090 1:193173 

+ 11090909 | 1°796544 119487 | 1192984 
— 1:083333 | 0°6532}1 Ah 


Here, after the 3d column of means, the first four figures 
1'193, which are common, are omitted, to save room and the 
Houle of writing them so often down; and in the last three 
colunins, the process is repeated with oe! last three figures of 
each number ; aud the last of these 147, joined to the first, 
four, give 1:193i47 for the value of the series proposed. And 
the same value is also obtained by the theorems used as in the 


former example, 


14. For the third example, let us take the converging seri 


; 


I-3-+377+4- 3+ &c, which is =*7853981 &e, or 2 of 
the pinosiel eae of the circle whose diameter is 1. Here : 
a=1, 6=4, , &c, then turning the terms into decimals, 
and proc dedi with the successive sums and means as be- 

re, we gill the 5th mean true within a unit in the 6th 
place xs here below: 


* 
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Terms, S.sums 
+1 
— 0°333333 + ae 
‘ ae 723810 ithmetical 
_ 834921 Arithmetical means. 
#) HAT 
— 090909 nn | T8244 , 
+ 76993 | 820955 | rengo7 | 785037 | ngsagq 7 
154268 "85641 185387 |. 
— 86667 | 813991 | 783680 | ngsoqn | 785434 | nasi gq | 185397 
+ § 58823 760459 | 786775 7185599 785380 
— 52632] oo core | 784269 | 
+ 47619 
15. To find the value of the converging series 
1 2 ‘oy 3? b So . & 1% 3*., 5* ge 
"2 +t pig t pple + ee ee OO 


yhich occurs in the expression for determining the time of a 
ody’s descent down the arc of a circle. ce oe 

The first terms of this series I find ready computed by 
Ir. Baron Maseres, pa. 219 Philos. Trans. 1777 ; these be- 
ig arranged under one another, and the sums collected, &c, 
s before, give °834625 for the value of that series, being 
nly 1 too little in the last figure. 


Terms. S.sums | 
1 3 
* 0-95 soe 
+ 140625 792969 
milan ' 91656 gasp Arithmetical means, 
ne 867737 
+ T4768 | coni7s 
— 60562 | 358064 | 232520 | gsagze | 
a 50889 836124 834584 
wn | 914185 834796 834618 
— 43879 ~~ |,833468 834652 P 834625 
852750 834509 834631 
+ 38565 835550 834610 
818351 834711 
_ 34399 84,9396 833873 
a 31045 


16. To find the value of 1—341—.4.1-—&e, consisting 
* the reciprocals of the natural series of square numbers. 


Terms. S.sums 
1 ‘ 
ye 
0°25 861111 
111111 | cog6y1 ; ; 
oe 838611 Arithmetical means. 
_. | 810833 
Sonos | 831241 823499 
_ 20408 | 215616 | 029429 | go0609 
15625 | 812!9) sorngg 822499 
327962 ’ | $29376 '* | s0a4ng 
- 12346 2 | 39996: 822452 822468 
817962 | °* 82252 829464 | 2 829467 
1 822094 822476 #04 | 800466 
‘ 826226 ’* | 300404 822468 
08264 82975 822460 
819282 822497 
6944 | 505199 | 822240 
5917 
VOL, I. i) 
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The last mean *822467 is true in the last figure, the more 
accurate value of the series 1—1 + }—-7y + &e, iar 
°8224670 &c. 

17. Let the diverging series }—3+3—-$¢+ &e, be 
proposed ; where the terms are the Ey of those m 
Art. 13. | 


Terms. | Suc. sums. . 
+ 5 TRS “ 
— 666666| — 166666 ter : 
+ 75 + » 583383 Arithmetical means. : 
aan" — 216666 
++ $33333| + 616666 : 
957143 | — 240476 | 12895> | 199560 | joa056 
+ 875 + 634524 | so8q'| 193952 | 193005 | 192 | tas : 
— 888889] — 254365] 49. 192858 {17> 157 [147 

9911405635 To noe, | 193110 150 
+9 + 645635 | Forena | 199362 patna dle ‘ 
— 909091] — 263456] sougng | 192984 ’ 
+ 9166671 +4 659211 |°7" 


Here the successive sums are alternately -+ and —, as wel 
us the terms themselves of the proposed series,» but all the 
arithmetical means are positive. ‘The numbers in each co. 
lumn of means are alternately too great and too little, but s¢ 
as visibly to approach towards each other. The same mu 
tual approximation is visible in all the oblique lines from lef 
to right, so that there is a general and mutual tendency, it 
all ha columns, and in all the lines, to the limit of the valuc 
of the series. But with this difference, that all the number 
in any line descending obliquely from left to right, are on 
one side of the limit, and those in the next line in the same 
direction, all on the other side, the one line having its num. 

bers all too great, while those in the next line are all too 
little; but, on the contrary, the lines which ascend from be 
low sblinuely towards the right, have their numbers alter. 
nately too great and too little, after the manner of those in 
the columns, but approximating quicker than those in the 
columns. | So that, after having continued the columns ol 
arithmetical means to any convenient extent, we may then 
_ select the terms in the Jast, or any other line obliquely as- 
cending from left to right, or rather beginning with the last 
found mean on the Hi bits and descending towards the left; 
then arrange those terms below one another in a column, a 
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take their continual arithmetical means, like as was done with 
the first succesive sums, to such extent as the case may re- 
quire. And if neither these new columns, nor the oblique 
‘ines approach near enough to each other, a new set may 
de formed from one of their oblique lines which has its terms 
ilternately too great and too little. And thus we may pro- 
ceed as far as we please. These repetitions will be more 
iecessary in treating series which diverge more; and having 
tere once for all described the properties attending the series, 
vith the method of repetition, we shall only have to refer to 
hem as occasion shall offer, . In the present instance, the last 
wo or three means vary or differ so little, that the limit may” 
+e concluded to lie nearly in the middle between them, and 
herefore the mean between the two last 144 and 150, namely 
‘47, may be concluded to be very near the truth, in the last 
hree figures ; for as to the first three figures 193, repetition 
if them is omitted after the first three columns of means, both 
0 save space, and the trouble of writing them so often over 
gain. So that the value of the series in question may be 
oncluded to be *193147 very nearly, which is = —14 


ae hyp. log. of 2; or 1 less than its reciprocal series in 
irt. 13. 


a oS ”. S/R 9h hook! 
4 the diver NBs al Ls yr nhl ea te cs 
18. Take the diverging series A 46° Tea eatin 
c. Here, first using some of the formulz, we have by the 
Ist “= "625 
S >] 2 — e 
3a—b 
4 
Ta—4b+¢ 
T° = +56966. 
8 
l5a—11b+5c—d 
16 
3la—26b6+ 16c—6d+e 
eer p= ae °56907, &e., 
Or, thus, taking the several orders of means, &e, 
02 


2d, 


= °*57292. 


3d, 
|) 4th, = *56917. 


5th, 
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Terms Suc. sums. Arithmetical means. 
+425 + 1°25 f. 
— 1458333 | — 0-208338 | 27082" | 566406 | gags | 
+ 1640625 | +1 1432292 | Poggig | 570964 | g055 8970 | 94 | 
— 1;804688 | — 0°372396 | Posi 4y 7 967546 | gago | 9972 | o4g 032 | ge | 
+ 1°955079 | + 1°582683 | par aoq | 570232 | oy 44 9015 | gaa | 038 oi 
— 2094797 | — 0:512044 | Poona, 7 568050 | gas | 9050 a 
+ 2'225647 | + 1°713603 | ,o09,6 | 569868 . ‘. = 
— 2349994 | — 0635691 , be 
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* 


Here the successive'sums are alternately + and —, but the | 
arithmetical means are all +. After'the second column of) 
means, the first two figures 56 are omitted, being common; | 
and in the last three columns the first three figures 569, which | 
are common, are omitted. Towards the end, all the num- 
bers, both oblique and vertical, approach so near together, | 
that we may conclude that the last three figures 035 are all 
true; and thesé being joined to the first three 569, we have) 


-569035 for the value of the series, which is otherwise found = 


24/2 
6 


19. Let us take the diverging series 


oF Ff Re, or $m Boob Sr, a (oly, me 

or 4— 44 + 54 — 62.4 714 — 83 + &e. he : wel 
Terms. Sums. 5 

+ 4 + & 

Bente: — 05 

+ 5°333393] + 4833333 

— 6°25 — 1:416666 Arithmetical means. 

BD re + 5:783333 

— 8166666 | — 2383333 7 . 

F 9:149857| + 6759524 | Peering | 1:942560 | os 

= 10125 | — 3°365476] 9. soq9g9 | 1943557 | ony | 128 | 14 

+ UPIILLIT] + 7745635] J coseqs | 1942857 1 179 | 158 | 150 

— 191 — 4354365 | 5 rorogo | 19433621 ang | 1421 7 

+ 13:090909 |'+ 8°736544| J. ggagnn | 17942985 

— 14085333 | ~ 5:346789 i 


After the second column of means, the first four figures 
1°943 are omitted, being common to all the following ¢o-| 
lumns ; to these annexing the last ‘three figures 147 of the 
last mean, we have 1:943147 for the sum of the series, which 
we otherwise know is equal to | + hyp. log. of 2. See! 


= *56903559 &c. 


16 


Simp. Dissert. Ex. 2. p..75 and 76, ‘. 
And the same value might be obtained by means of the 
formule, using them as before. tes. © 
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20. Taking the anny ne series 1 —2-++ 3—4 + 5-——&c, 
7 7 1 
uals — : = —,. by di- 
141° ~~ 14+2+41 4 


viding 1 by 1 + 2+ 1; the method of means gives us the 
spd 


or from the radix (—— 


Terms. | Spms.| Means, 
) +1 + 1 0 
> t. > I x 4 
' + 3 + 2 0424 
| ee. =i 4 + 
+ 5 + 3 3 
| ben Chip id sem’ by 9 (Page 
| Where the second, and every succeeding dulawin of means, 


rives + for the alae of the series proposed. 

In like manner, using the theorems, the first gives 4, but 
‘he second, third, fourth, &c, give each of them the same 
value 1; fu: 


. =e 
aa 
a—b 3—2 1 
fae 4k 14h 
la—4b+ce¢ 74843 2 1 

iia RECA A TMi 
5a-—116+5c—d 15—22+4+15—4 4. 1 

16 = LA TRS rae 


21. Taking the series 1 — 4+ 9 — 16 + 25 — 36+ &e, 
hose terms consist of the squares of the natural series of 
umbers, we have, by the arithmetical means, 


Terms, Sums. Arithmetical means. 
Ne a Sed ae Shes ah Da ' 
aonb al | + 

: + 9 + 6 x4 13 | Wigs: 3 
= Gof MO og fT + bg 
+ 25 + 15 vile — 4 

Pp — 36 | — 2l 

; 


Where it is only in the second column of means that the 
wvergency is counteracted ; after that the third and all the 
ther orders of means give O for the value of the series 


| sconndilliai 


: 
| 
| 


er 
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2 

2 — 2 

8a—b 3—4 1 

Ta—4b+¢ 7—16+9 Op 

lda—11b+5ce—d = 15-444 45-16 0 


where the third and all after it give the same value 0. | 4 


j , 
22. ‘Taking the ge a series of terms 1—2-+4—8-- 


] veer 
&c, derived from the radix —— =-z, by actually dividing 
ar 3 : 

Iby 1+ 2. 

Terms. | Sums. Arithmetical means, 

fav OP ee” Oe 9 a A 3 

Sg 2|— 1 0 + t ia 1s 

+ 44/+ 3)+.1 - z 2 

oo fe BL RUS heed y oe geh ant 

+ 16Pe Atle SEA | a Bd me. 

— S2}— 21}— 547 3,7 4 0 

+ GbL 443 be TE sae od 

— 128;- 85/—- 21)0 | 2 a1 -! 

+ 256) + 171! +4 43 &e. 


Here the lower parts of all the columns of means, fron 
the cipher 0 downwards; consist of the same series of term 
+1—14+3—54+11—21 + 43 — 85 + &c, and thi 
other part of the columns, from the cipher upwards, as we 
as each line of oblique means, parallel oe oie above th 
line of ciphers, forms a series of terms 4,4, $75 + - 
12° +11 
5 Sree oat alternately above and below the value of the series 
x, and approaching continually nearer and nearer to it, an 
which, when infinitely continued, or when 7 is menices th 
term becomes + for the value of the geometrical series 
pas di liga lig lp ne uid | 

And the same set of terms would be given by each of th 
formule. 
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23. ‘Taking the geometrical series 1 —3-+9 — 27-481 — &e, 


sbtained from the radix iss = => by dividing 1 by 1 +3, 


1+3 
Terms. | Sums. Arithmetical means, 
e i+ 1] +4 0 
er 3)— 2|— 314 1% 4 itt $f. Oly 
MCA No aie eee PS WES 6 pied my HED ae JY 
= 27|— 20|— 64) 4 7 3 vi + 2] — 2 
+ 81| + 61 | +208| — 99] — SFI + 


Tere the column of successive sums, and every second column 
f the arithmetical means, below the O, consists of the same 
eries of terms 1,'—2, +7, —20, + &c, while all the other, 
columns of means consist of this other set of terms de irks 
+24, —64, + &c; also the first oblique line of means, 250) 
»9, 4, 0, &c, consists of the terms 4 and 0 alternately, which 
re all at equal distance from the value of the series proposed 
| —3 + 9—27+ 81 — &c, as indeed are the terms of all the 
ther oblique descending lines, And the mean between every 
vo terms gives 1. for that value, _Andthe same terms would 
e given by the formula, namely alternately 2 and 0, 

| And thus the value of any geometrical series, whose ratio 


. : ' 1 
r second term is 7, will be found to be = ith 


24. Finally, let there be taken the hypergeometrical serieg 
—14+2—6+24—120+ &e=1—1A+ 2B — 3¢ +4D—5E-+ 
ce; which difficult series has been honoured by a very cone 
derable memoir written on the valuation of it by the cele- 
rated L. Kuler, in the New Petersburg Commentaries, 
a. v, where the value of it is at length determined to be 
(963473 &e. t 
To simplify this series, let us omit the first two ternis 
=1=0, which will not alter the value, and divide the re- 
ining terms by 2, and the quotients will give 1—~34.19— 
d+ 360 — 2520 + &c; which, being half the proposed 
wies, ought to have for its value the half of «596347 &e, 
amely *298174 nearly. 
Now, ranging the terms in a column, and taking the’sums 
ad means as usual, we have 
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Terms.| Sums. Arithmetical means. 

+ 1|+ Nt) B® 

— 9 Sid eet at yall al 1.4950 

+ 184 10+ AY gt Sa} 10-1875] gros toe| 144375 

— 60\— 50/— 20] ,.| 238) 2. 59°40695|, 5h g9975 99 029458 
I A7 

+ 360)+ S310}+ 130] ALT pagans 4298975 1” ‘ 


Peoieo!s yrosole reo 
Where it is evident, that the diverging is somewhat dimi- 
nished, but not quite counteracted, in the columns and ob= 
lique descending lines, from beginning to end, as the terms 
in those directions still increase, though not quite so fast as. 
the original series ; and that the signs of the same terms are 
alternately -+ and —, while those of the terms in the other 
lines obliquely ascending from left to right, are alternately 
one line all +, and another line all —, and these terms con- 
tinually decreasing. The terms in the oblique descending 
lines, being alternately too great and too little, are the fittes 
to proceed with again. Taking therefore any one of those 
lines, as suppose the first, and ranging it vertically, take the 
means as before, and they will approach nearer to the value 
of the series, thus : 
+ 


wR. hear caste 
“ee ‘ e . ( -O fi ; 
895 ft AP T5605 1  28o NG Migeigedl ok. q 
4195 m= *1950 789062 + 472656}, | 194336 
dd Bs j ox|t 9062,"  ,iwaeal t (027344 ogra. |'4920GGR 
» 453195 [+ 1°103125| "1 605 | 417969) spoo4g) VO9T99 ay 
Fe eae he tA QABL OS |. 3-592461|* dedi . g 
— 144375 + 8°669922) 


+ 59-023498) + 77292969 f 


Here the same approximation in the lines and colamns, t 

wards the value of the series, is observable again, only ima 
higher degree; also the terms in the columns and oblique 
descending lines, are again alternately too great and too 
little, but now within narrower limits, and the signs of the 
terms are more of them positive; also the terms in each a 
lique ascending line, are still either all above or all below the 
value of the series, and that alternately one line after another, 
as before. But the descending lines will again be the fittest 
‘to use, because the terms in.each are alternately above and 
below the value sought. Taking therefore again the first ol 
these oblique descending lines, and treating it as before, we 


TRACT 8. INFINITE SERIES. 901 


obtain sets of terms approaching still nearer to the value, 


thus: 
25 
343715 
25 


361528 


296875 
296875 | 22687 | o9g0%9 | 


297791 


ankeets | eee 
305664 296509 998821 


194336 | 277892 | gigi | 501152 
: 492066 z ) 7 
Here the approach to an equality, among all the lines and 
columns, is still more visible, and the deviations restricted 
within narrower limits, the terms in the oblique ascending 
lines still on one side of the value, and gradually increasing 
while the columns and the oblique descending lines, for the 
most part, have their terms alternately too great and too 
little, as is evident from their alternately becoming greater 
and Jess than each other: and from an inspection of the 
whole, it is easy to pronounce that the first three figures of 
the number sought, will be 298. Taking therefore the last 
four terms of the first descending line, and proceeding as 


before, we haye 


| 298300 


9296875 | 
15 | gong74 

299073 | 227974 | ooga0s 

997791 acid ata 298222 


298306 | 298038 
‘And, finally, taking the lowest ascending line, because it has 
‘most the appearance of being alternately too great and too 
little, proceed with it as before, thus: 


298306 
298048 
298240 
298222 


298177 
298144 
298231 


298161 


g9gis7 | “98174 


where the numbers in the lines and columns gradually ap-' 
proach nearer together, till the last mean is true to the nearest 
unit in the Jast figure, giving us ‘298174 for the value of the 
| proposed hy pergeometrical series 1 — 3 + 12 —60 + 860— 
2520 + 20160 — &e. 
~ And in like manner are we to proceed with any other series 
‘whose terms have alternate signs. 


Royal Military Academy, 
Woolwich, May, 1780. 


t 
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POSTSCRIPT. 


Since the foregoing method was discovered, and made 
known to several friends, two passages have been offered to” 
my consideration, which I shall here mention, in justice to. 
their authors, Sir I. Newton, and the late learned Mr. Euler. 

"The first of these is in Sir Isaac’s letter to Mr. Oldenburg, 
dated October 24, 1676, and may be seen in Collins’s Coms 
mercum Epistolicum, p. 177, the last paragraph near the 
bottom of the page, namely, Per seriem Leibnitii etiam, si 
uitimo loco dimidium termini adjiciatur, et alia guedam simi= 
hia artificia adhibeantur, potest computum product ad multas 
figuras. ‘The series here alluded to, is 1 242-445 — 1 f 
—&e, denoting the area of the circle whose diameter is 1; and. 
Sir Isaac here directs to add in half the last term, after hav-— 
ing collected all the foregoing, as the means of obtaining the | 
suma little exacter. And this, indeed, is equivalent to taking | 
one arithmetical mean between two successive sums, but it | 
does not reach the idea contained in my method. It appears 
also, both by the other words, e¢ alia quedam similia artificia 
adhibeantur, contained in the above extract, and by these, alias 
artes adhibuissem, a little higher up in the same pa. 177, that 
Sir Isaac Newton had several other contrivances for obtaining” 
the sums of slowly converging series; but what they were 
jt may perhaps be now impossible to determine. Pi 

The other is a passage in the Novi Comment. Petropol.. 

tom. v. p. 226, where Mr. Euler gives an instance of anol 
one set of arithmetical means between a series of quantitie " 
which are gradually too little and too great, to obtain a nearer” 
value of the sum of a series in question. But neither does” 
this reach the idea contained in our method. However, I 
have thought it but justice to the characters of these two. 
eminent men, to make this mention of their ideas, which have. 
some relation to my own, though unknown to me at the time 
of my discovery. | 
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TRACT IX. 


\ METHOD OF SUMMING THE SERIES @ + bx + cr? 4 dz? + 
ex+ + Xc, WHEN IT CONVERGES VERY SLOWLY, NAMELY, 
WHEN 2% IS NEARLY EQUAL TO 1, AND THE COEFFICIENTS 
a, 6, c, d, Xc, DECREASE VERY SLOWLY: THE SIGNS OF 
ALL THE TERMS BEING POSITIVE. 


ARTICLE l. 


WuHeN there is occasion to find the sum of such series as 
that above-mentioned, having the coefficients a, 6, c, d, &c, 
of the terms, decreasing very slowly, and the converging 
quantity x pretty large; the sum cannot be found by col- 
lecting the terms together, on account of the immense num- 
S 8 ? 
ber of them which it would be necessary to collect; neither 
can it be summed by means me the differential series, because 


the powers of the quantity > 5 will then diverge faster than 


the differential coefficients seh In such case then we 
must have recourse to some other method of transforming it 
into another series which shall converge faster. The follow- 
ing is a method by which the proposed series is changed into 
Ee cther, which converges so much the quicker as the original 
series is slower. 


/ 


, a’ . 
2. The method is thus. Assume to the given series 


a+ be + ca* + dx? + &e. Then shall 
lg 
~a+brtcr?+&ec 
RSID ARSC op Le ae RHI 
pig “2 Fated Cater ee 1 oat age ee 
&c. Consequently a’ divided by this series will be equal to 
the series proposed ; and this new series will be very easily 


| 


; which, by actual division, is=a—dr 
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summed, in comparison with the original one, because all the 
cocficients after the second term are evidently very small 5 
and indeed they are so much the smaller, and fitter for sums 
mation, by how much the coeflicients of the original series 
are nearer to equality; so that, when these a, 6, c,d, &c, are 
quite equa!, then the third, fourth, &c, coefficients of the new 
series become equal to nothing, and the sum accurately equal 


2 


} ge a : . . 
———~ = ———— = —_; which is also known to be true 
OT be a—av i~x’ : 1 


from other principles, 


8. Though the first two terms, a—6x, of the new series, 
he very great in comparison with each of the following terms, 
yet these latter may not always be small enough to be entirely 
rejected when much accuracy is required in the summation, 
And in such case it will be necessary to collect a great num- 
ber of them, to abtain their sum pretty near the truth; be- 
cause their rate of converging is but small, it being indeed. 
pretty much like to the rate of the original series, but only 
the terms, each to each, are much smaller, and that commonly | 
in a degree to the hundredth or thousandth part, ] 


4. The resemblance of this new series however, beginning | 
with the third term, to the original one, in the law of pros 
gression, intimates to us that it will be best to sum it in the 


yery same manner as the former, Hence then putting | 
yer) prs 
‘ = CC 4 
a a A 
f 2be b3 i 
b= d — ny a 

4 2bd +- c Zhe b+ q 
aes. — — | 

¢ e ; “4 =, 
&e, : | 
and consequently the proposed series a + br + c2® + &e, | 
a> a 


d—be-—ax—ba3—Cxrt&e a-—br— 2x (a +-b'x+c'7*&oy 
hy taking the sum of the series a’ +- U’'x + c'x* + &c, by the | 


| 


; of 
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very same theorem as before, the sum s of the original series 
will then be expressed thus, s = 
: 2 


a 7 ” 3 


fa b a oe 
: “OX . A 2b’e' '3 
; j’ J ; ) (lt se eae 3 &e ® 


where the series in the Jast denominator, having again the 
same properties with the former one, will have its first two 
‘erms very large in respect of the following terms. But these 
irst two terms, a’—0'z, are themselves very small in compa 
‘ison with the first two, @ — bx, of the former series; and 
therefore much more are the third, fourth, &c, terms of this 
ast denominator, very small in comparison with the same 
i—bx: for which reason they may now perhaps be small 
2nough to be neglected. 


5. But if these last terms be still thought too large to be 
omitted, then find the sum of them by the very same theorem : 
and thus proceed, by repeating the operation in the same 
manner, till the required degree of accuracy is obtained., 
Which it is evident, will happen after a small number of re- 
yetitions, because that, in each new denominator, the third, 
‘ourth, &c, terms, are commonly depressed, in the scale of 
numbers, two or three places lower than the first and second 
rerms are. And the general theorem, denoting the sum s 
when the process is continually repeated, will be this, 

: aa 


AAXLX 
a —bx— el a 
4B ale aa eae 
Yt WUE aa re 


i” 0x &e. 


t—bxr— 


E ; ne 
_ 6. But the general denominator p in the fraction 5? Which 
| | 
} 


's assumed for the value of s or a + bx + ca* + &c, may 
be otherwise found as below ; from which the general law of 


| 
} 
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the values of the coefficients will be rendered visible. Assume 
sora + br + c2xz* + &c, 


a a*: 
or =. ——  ————_:: then shall 
-D a—bx—a'x* —b' x3 —ex'—&e’ 


@=a+ br+ ca*t&e xX a— br—dx’ — V3 — & 
= @--abe + acx* + adx>? + aexr* + afxs + &e 
—ab —bb —be —bd —be 
—da —db —de —dd 
—va —bb —de 
—ca —cb 
— da. ) 
Hence, by equating the coefficients of the like terms to no- 
thing, we obtain the following general values: 


: bb 
a =c——, 
a 
ba’ +cb 
by sunk | oe a +c : 
a 
owe titetd 
y . be +cb'+-da' +eb 
ihe ester ese oH 
, bd’ +cc’ +d’ +- ea’ + fb 
€ = th ati 5) 
Sra: | 


Where the values of the coefficients are the same in oflect 
as before found, but here the law of their continuation 1s | 
manifest. | 

7. To exemplify now the use of this method, let ‘it be 
proposed to sum the very slow series 7 + 42% + $23 + &e, 


1 
when x = +23, = ‘9, denoting the hyP: log. of a yin 


this case, of 10. ; 
Now it will be proper, in the first place, to collect a few 
of the first terms together, and then apply the theorem to 
the remaining terms, which, by being nearer to an equality | 
than the terms are near the beginning of the series, will be | 


—————— 
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fitter to receive the application of the theorem. Thus to 
collect the first 12 terms : 


Powers of x. The first 12 terms, found by dividing x, x2, x3, 


No. 

1/°9 -t a Nee &c, by the numbers 1, 2, 3, &c, 
BP Sly 4) =) cme] 9405 

Bl FZ res iavun, «| "B48 
-41°6561 = « af »°164025 
5|°59049 - = «| °118098 
6)°531441 - -| :0885735 
7|°4782969 - ~-| *06832812857 
8|°43046721 - -] °05380840125 
91°3387420489 -| °04304672] 
10 | *3486784401  -| °03486784401 


11/°31381059609 -| °02852823601 
12 | °28242953648 1 "02353579471 


13 | °2541865828329 | 2°17081162555 the sum of 12 terms, 


Then we have to find the sum of the rest of the terms after 
these first 12, ,camely of 23x (ao +7 0 +507 4+408 + $C)> 
in which + = °9, and 23 = :2541865828329 ; alsoa = 4, 
Be em 5, & os and ithe ‘first EWPNchtiott of our rule, 
gives, for the value eee + ye + 0? +. &e, ors, 


(42-)?=-005917159763 &e 
012637363— x2 x 000340136 +- 90027959T# +? 00023359222 + &c d 
the AOE gives | 
00591715976 : 
“ ‘0003 can lenmls BiG 
"012637363 — o00088678 — a? x + 000004086 4 000005060e ke? 
the third gives 


"00591715976 . 

*000340 1362.2” " 
(000004.08 77.2” 

-000001333 — — x* x ::000000089 + &e 


°012637363 — 
"000088678 — 


‘the fourth gives 
00591715976 
00034013672? 
00000408 77.7? 
“00000008 9%." 
‘0000000344 


) 
012637363 — 

"000088678 — 

i 000001333 — 
i 
| 


& 
” 
- 


408 OF SLOW SERIES WITH TRACT 9, 


Or, when the terms in the numerators are squared, it is 
é "00591715976 és 
| 0000000937 10985 
‘019697363 — -000000000013526212 
"000088678 — —————.00000000000006416 
"000001939 — -—~ 0000000344. 
Or, by omitting a proper number of ciphers, it is 
"0591715976 
"0093710985 
013526212 
1333 = 
| 2344 — 2 
Anunknown quantity 2 is here placed after the last denomi- 
nator, to represent the small quantity to be subtracted from 
the said denominator $44. Now, ‘rejecting the small quan- 
tity z, and beginning at the last fraction to calculate, their 
yalues will be as here ranged in the first annexed column. 


°12637863 — 
"38673 — 


Fractions. 1. Ra.) > 2.. Ra, 3. Ratio. 4. Ratio. 
1218931 | jog | #0! | 2°39 
11799 | gg | 1°68 | 1°68 x ake 2°39 x 632 | 


é 632 | -———_——_ 
“ 2 
431 44 11:43 | 1:18 2°03 


placing 2 below them for the next unknown fraction. Divide 
then every fraction by the next below it, placing the quotients 
or ratios in the next column. Then take the quotients or 
2°39 x 632 by 
1°68 x 187? which, 
from the nature of the series of the first terms of every co- 
lumn, must be less than the next preceding one 2°39: con- 
1°68 x 187 


yatios of these ; and so on till the last ratio ———— 


sequently z must be less than —,or less than 5. But, 
from the nature of the series in the vertical row, or column 


; 187 : 
of first ratios, —- must be less than 63; and consequently 


| 


2 must be greater than 487, or greater than 3, Since then 


, q 
‘. 
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zis less than 5 and greater than 3, it is probable iba the 
mean value 4 is near the truth: and accordingly taking 4 for 
Bp or rather 4°3, as z appears to be nearer 5 than 8, and 
| vaking the Rancotal ratios, as placed along the last line of the 
-able, their values are found to accord very well with the 
next preceding numbers, both in the columns and oblique 
‘OWs. 

Hence, using ‘043 for z inthe dennnignatse 344—% of the 
ast Shosnh of the general expression, and computing from 
he bottom, upwards through the whole, the quotients, or 
values of the fractions, in the inverted order, will be 
| 213 
| 12079 

1223397 
*518414000 
wf which the last must be nearly the value of the series 
‘p+ apt + oe? + Kc, when x =°9. 

Then this value *518414 of the series, being multiplied by 
"3 or '2541865828329, gives *1317738 for the sum of all the 
arms of the original series after the first 12 terms; to which 
herefore the sum of the first 12 terms, or 2°17081162, being 
dded, we have 2°30258542 for the sum of the original series 
4 ix? 4+ ix3 + 144-4 &e. Which value is true within 
bout 3 in the 8th place of figures, the more accurate value 
eing 2°30258509 &c, or the hyp. log. of 10. 

N.B. By prop. 8 Stirling’s Summat. ; and by cor. 4, p. 65 
‘impson’s Dissert. the series a + bx + cz? + dz} + &c, 
‘ansforms to 


: my 
5x fe— PG) + PG) G ag +0 imal 
nd thus the series x + et 4+ 423 + ‘a beasties 
ie 4 
is * We (— +H(—)- ——) + eel, which e 


nay be Baise. _ our method. 


a 
C2 gw lilwe yong -a10 3 
. ° 
 , 
| 3 . % 
« TRACT X. 


aa a "Oa 
THE INVESTIGATION OF CERTAIN EASY AND GENERA] 
» RULES, FOR EXTRACTING ANY ROOT OF A_ GIVE} 
NUMBER. . 


we ay? 


1. THE roots of given numbers are commonly to be found 
with much ease and expedition, by means of logarithms, whei 
the indices of such roots are simple numbers, and the root 

are not required to a great number of figures. And the squar 
or cubic roots of numbers, to a good practical degree of ac 
curacy, may be obtained, by inspection, by means of m 
tables of squares and cubes, published by order of the Com 
missioners of Longitude, in the year 1781. But when their 
dices of such roots are complex or irrational numbers; ¢ 
when the roots are required to be found to a great man 
places of figures; it is necessary to make use of certain ay 
proxiimating rules, by means of the ordinary arithmetic 
computations. Such rules as are here alluded to, have onl 
been discovered since the great.improvements in the moder 
algebra: and the persons who have best succeeded in th 
enquiries after such rules, have been successively Sir Isaa 
Newton, Mr. Raphson, M. de Lagney, and Dr. Halley; wh 
have shown, that the investigation of such theorems is als 

seful in discovering rules for approximating to the roots ¢ 

1 sorts of ooh boule algebraical equations, to which | 
former rules, for the roots am all simple equations, bear a cor 
siderable afhinity. It is presumed that the following shor 
tract contains some advantages over any other method tha 
has hitherto been given, both, as to the ease and universalit 
of the conclusions, and the general way in which the invest 
gations : are made: ‘Le wae a theorem is aan a ich 


act 10. = nurse FOR EXTRACTING’ ROOTS. | , Qit 


‘ery accurate, and so simple and easy to use and to keep in 
aind, that nothing more so can be desired or hoped for; and 
irther, that instead of searching out rules severally for each 
ot, one after another, our investigation is at once for any 
definite possible root, by whatever quantity the index is 


xpressed, whether fractional, or irrational, or simple, or 
Ompound, 
Bae 


2. In every theorem, or rule, here investigated, % 
| denotes the given number, whose root is sought, 

| the index of that root, , * 

‘its nearest rational root, or a” the nearest rational power 


the remaining part of the root sought, which may be 


| to n, whether greater or less, % 
' 
| 


either positive or negative, namely, positive when w is 
greater than a”, otherwise negative. Hence then, the 
given number 


ce . L 
‘Nis = (@+ x)”, and the required root n* =a + x. 


3. Now, for the first rule, expand the quantity (a+ 7)" by 
ie binomial theorem, so shall we have 


, n— 1 : ' 
N= (@Qtey=atnartn. Tae Pine eg + &e, , 
- . ve 

Subtract a’ from both sides, so shall, 


. n—!1 
Re Nana rit n. pe *a* + &e. 


oe 
Divide by, na’~*, so shall 
—a’ N—q’ m—1l x* n—-1 n—2 x3 & 
Sar OY ——=- X @x=xr+ — .—4—— .— .— oH 
— i. na * 3 a + y} 3 ae 


ere, on account of the smallness of the quantity x in respect 
a, all the terms of this series, after the first term, will be 
ry small, and may therefore be neglected without much 


n 


ha ane es a 
r; which gives ——~a for a near value of r, being only a 
. Na 


tall matter too great. And consequently 


# 
N+(n—l1)a’ , a . 
ual =e ais nearly = n” the root sought, And 


$ may be accounted the first theorem. 
| ae 


; » 
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4, Again, let the equation N = a” +n @7* e+ &e, be 
multiplied by 2 — 1, and a’ added to each side, so shall we 
have | i 
(n—1) N+ a" = na" 4 (n—'1).na’—*x + &e, for a divisors, 
Also multiply the sides of the same equation by a and subtree 
a"+* from each, so shall we have Sa 


| matt oy 
(W—a")a=nar4tn. tay? 4 &c, for a dividénd: 


Divide now this dividend by the divisor, so shall # | 


N—a’ n=1 277 n-i n-2? # i xem ! 
a ee 9 = ww SS ae o— + e 
(n—1)n+a"" Ghat 2*\; a 2 a | 


Which will be nearly equal to x, for the same reason as be- 

fore; and this expression is about as much too little as the 

former expression was too great. Consequently, by adding 
iB 

a, we have a +- xorn” nearly = ante for a second 

theorem, and which is nearly as mueh in defect as the formed 

Was In excess. “4 


5. Now because the two foregoing theorems differ from 
the truth by nearly equal small quantities, if we add ron | 
ther the two numerators and the two denominators of the) 
foregoing two fractional expressions, namely 
por ane Ug a.and pet Say he sums will be the numeta-) 

na (2—1).N+a 

tor and denominator of a new fraction, which will be much 
nearer than either of the former. The fraction so found is! 
n+1.N4+n—-—1.2" 
m—1.N+n+1.a° i 
or a +x, the root sought ; for, by division, it is found tobe. 
SoM oF 3 | 

equal to a + x —— ae. re 4. &c, where the term is, 
¢ 'Z 

wanting which contains the square of », and the following 
terms are very small. And this is the third theorem. 7 


. to 
a; which will be very nearly equal to N”> 


? 
6. A fourth theorem might be found by taking the 
metical mean between the first and second, which weu 


. eof 
a 7 


pRACK 10.. + POR Peeeriend | ae 


N+n-1.a" nN 
Pad wt” 
amé value, though not so ie. as the third theorem ; for 
i arithmetical mean is found equal to 

m—1 n=-2 #3 


"RET ks ad ak 


~) x me § which will be nearly of the 


7. But thaggbird theorem may be investigated in a more 


sdichis! siikivat this fornia 
eneral way; thus: Assume a quantity of this form GN qip a” 


‘ith coefficients p and g to be determined from the process ; 
ae other letters y, 2,7, représenting the same things as be- 
ore g then divide® the numerator by the denominator, and 
jake tlie quotient equal to 2 + 2, so shall the comparison of 
1e coefficients determine the relation'between p and g re- 
uired, Thus, 


al 


¥+ ga°= (pt g)a'+ pra’ r+pn.— ay t* ee, 


Pr arate eo + &c. 


wher (p+ g)a"+qna"—* 
‘en ge the former of these by the ee we have «— 


g-+-¢g peg n-1l gn gm ye" 
prg™ *p+q"\ 2 "p+G a 
hen, by equating the corresponding terms, we obtain these 


sree equations 
; 


— Fat 


@= 4, : 
| demas 
) ——2 wl, 
| P+ 
' det dae 
Y p+ 

bs a which we find tee Bs eee mn te: gi:n+1lin—t. 

a Pp+4q n 


i that, by substituting » + 1 and m — 1, or any quanti- 
ie to them, for p and q, we shall have © . 
N+2- 


abe NA+] .4 


-—4 for the value of the assumed quantity 


¥ 
| | an 
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Put which is supposed nearly equal toa + 2, the re- 
gN +pa" b Pp - 3 : 

quired root of the quantity wn. dur Wig 


NM+1.N4+nN—-1l.ag® —  F. 
— axcwN 
M—1.N+4+ 241.2 
which is general for roots, whatever be the value of 7, and 
whether a" be greater or less than N, includes all the rational 
formulas of De Lagney and Halley, which were separately 
investigated by them; and yet this general formula is per. 
fectly simple and easy to apply, and easier kept in mind thar 
any one of the said*particular formulas. For, in words al 
length, it is simply this: to n-+.1 times n add n— 1 times a’ 
and to n—1 times n add n + 1 timesa’, then the formegsun 
multiplied by a,and divided by the latter suny, will give. th 


s. Now this third theorem 


root NO nearly ; or, as the latter sum is to the formersum 
so is a, the assumed root, to the required root, near 
Where it is to be observed that a” may be taken eithe 
ereater or less than n, but that the nearer it is to it, th 
better. e 4 

9. By substituting for 7, in the general theorem, several 
the numbers 2, 3, 4, 5, &c, we shall obtain the followin: 
particular theorems, as adapted to the 2d, 3d, 4th, 5th, &« 
roots, namely, for the a 


vA 3n + 2? 2 & 
2d or ieee root, N 4 3a” a eo) a me eS : : 
: AN + 203 Qn + x * 
3d or cube root, Bre gt OF ea ae ie. 
5N + 3a x 
4th root - = - 3n 4 ba” ms SA cemeS NT 
6N + 4a° 38N + 2a5 I 
5th root = = o 4 Ga>”? or on + 3a" = N° 
Im + 5a° x * 
6th root = «= - BN -+ la® - - =}$N F 
at SN -+ 6a’ 4N +- 3a’ x 
. “Sth ri - «+ « Ga A Sete or Buit 4a’. = nN’ ‘4 


&e, «a 
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10. ‘To exemplify now our formula, let it be first required 
© extract the square root of 365. Heren = 365,n = 2, 
the nearest square is 361, whose root is 19. e & 
Hence 3n + a«&® = 3 x 365 + 361 = 1456, 
and N Foals 865 48 x 361 = AS; a 


19x 182 - 

en : am 3D me 2 
h as 1448 : 1456 g: 19: — 37 — = los = 19 10497 &e 
| Again, to approach still nearer, substitute this last found 
/ 19 x 182 -* | 
et a fora, the values of the other letters, remain- 
19° x 1827 34537 
og as before, we have a’ ee TR PET then 
Py’, $F Wg 9458" 141891089 
ee oe. OOP ora ae naaren at 
PhOee ty o32 me a65 4. 2X AE AT881087 

a satolinan 1817 — 33761.” 


1a we x ia cA ae aae 3458 X 47831059 

en dk SORT ET Te 
= the root of 365 very exact, which being brought into, de- ‘y 
‘mals, would be true to about 20 id ¥ figures, 


11. For a second example, let it be proposed to double 
he cube, orto find the cube root of the number 2. 
Here y = 2, n =3, the nearest root a= 1, also a? = 1, 
Hence 2n + GB =4+4+1 = 5, 
and N+ 28 =24+2=4; 


thenas4:5::1:7 = 1:25 = the first approximation, 
a 


5 125 
Again, take a = - and aconsequently a mB 
125. $81 
Hence 2n + 2 = 4 cb Way %, 
, 378 
air epee 


wi 5 127 _ 635 

4 4% 126 504 

or the cube roat of 2, which is true in the last figures, 
A | 


hen 378: 381, or as 126:127: — =): 2599215, 
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And by taking oo for the value of 4, and repeating the 


process, a great many more figures may be found. 


12, For a third example let it be required to find the 5th 
root of 2. ‘ 
' Here n = 2,” = 5, the eatestivotbe 1. * 
Hence 3n + 205 = 6 + 2 = 8, | 
and gn + 38 = 44+ 537; 
8 


then as 7: 8::1: i for the first approximation. 
| e 


; fie 
Again, taking a = a? we have 


: 


65536 166378 
16807 16807 ” 
98304 165532 
16807 ~ 16807 ’ 
“See 8 8 83189 4 83189 332756 
he 32: a res noe 
then 165532: 166978 :: —- : 7 x soncg=7 X 41983 — 289661 


=1-148698 &c, for the 5th root of 2, true in the last figure, 


; 


3N -+ 2a = 6 + 


Qn + 30 = 4 + 


13. To find the 7th root of 1264, 
Here n= 1262, n= 7, the nearest root a= 2, sl a? = 128, 


44.4 ; 
“Hence 4n + 3a7 = 5044 + 384 = 8884 a ee ‘ 
, 4453 ‘) 
and 3N Ce eee tote = Bete sa } 
888 | 
then 4453 : 4444 ::2: 4455 = 1995957, root very exact by. 


one operation, being true to the nearest unit in ‘the last 


figure. 


14. To find the 365th root of 1°05, or the amount of i 
pound for 1 wis at 5 per cent. per annum, compound in- 
Drakias 4 
’ Heren = 1:05, n = 365, a = 1 the nearest root. 

Hence 366N -- 364a = 748°3, | 
ad and 364N + 366a = 748°2; ‘. 


& 


* 
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7483 : 
then as 748°2 : 748°3 2: 1: Sadat loser = 100013366, 


the root sought, very exact at one operation. 


15. Required to find the value of the quantity (54 3 or (#2 3, 
Now this Bey be done two ways; either by finding the 3 
power or 3 root of 33 at once; or else by finding the 3d or 
cubic root of 2, fia then squaring the result. 


By the first way :—Here it is easy to see that. a is nearly 


= 3, because 3? =,/27=5 + some small fraction. Hence, 
to find nearly the square root of 27, or “27, the nearest 
power to which is 25 = a’ in this case : 
Hence 3n + a? = 3x 27 + 25 = 106, 
and N+ 3a* = 27.+38 x 25 = 102; 
5X53 265 


then 102 : 106, or 51:53 :: 5: + =a = 4/27 nearly. 
° 
Then having x = a a= ny a=3, and Qf a nearly ; 
Cee ee. gee hated. weno. CA ae 
it will be nN + 4a Be abe er a ae oe” 
: sas iN rn Es. Ae EEA 
: ok he ad a Se ect. a eh, ae 
19245 
hence 6371: 6415 :: 3:5 = Ser = 3°020719; for the 


value of the quantity sought nearly, by this way. 


Again, by the other method, in finding first the value of 


Ls . . . 
(2)*, or the cube root of 43. Itis evident that 2 is the. 


nearest integer root, being the cube root of 8 = a’. 
Hence 2n + @=4#3+ 8=7, 
and N + 2’ = 274+ 16=%; 


} 148 7 , 4 
then 85: 74:: 2:55, r= nearly. Then taking zi for a, 


8 

91 343 1015 
aT G4 7 642 
21 zi sn 1022 
* @” 64 


‘ 
we have 2n + @ = 


* 


and N + 2a? 3 
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4 7 145 4 
hence 1022: 1015, or 146 : 145: 1k Saeed nearly 


2 
Consequently the square of this, or (23)* will be = 
T M45? 1030225 
ae * 46 341056 = Ortrots = 
sought more nearly, being true in the last figure. 


3 020690, the quantity 


TRACT XI. 


A NEW METHOD OF FINDING, IN FINITE AND GENERAL 
TERMS, NEAR VALUES OF THE ROOTS OF EQUATIONS OF 
THIS FORM, wv” — px’~* + gx"~* — & = 03 NAMELY, 
HAVING THE TERMS ALTERNATELY PLUS AND MINUS. 


1. Tue following is one method more, to be added to the 
many we are already possessed of, for determining the roots 
of the higher equations. By means of it we readily find a 
root, which is sometimes accurate ; and when not so, it is at 
least near the truth, and that by an easy finite formula, which 


—_—s 


ys general for all equations of the above form, and of the same 
dimension, provided that root be a real one. This is of use 
for depressing the equation down to Jower dimeasions, and 


thence for finding all the roots, one after another, when the — 


formula gives the root sufficiently exact ; and when not, it 
serves as a ready means of obtaining a near value of a root, 
by whieh to commence an approximation still nearer, by the 


previously known methods of Newton, or Halley, or others,” 
This method is further useful in elucidating the nature of — 


equations, and certain properties of numbers ; as will appear 


in some of the following articles. We have Biready easy me- 


thods for finding the Toots ofysimple and quadratic equations, — 


ae 


+ 
6 \ 
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I shall therefore begin with the cubic, equation, and treat of 
each order of equations separately, in Speen gradually 
to the higher dimensions. 


2. Let then the cubic equation x3 ~ px? + gv —r=0 be 
proposed. Assume the root « =a, either accurately or ap- 
proximately, as it may happen, so that 7 — a= 0, accu- 
rately or nearly. Raise this 2 — a= 0 to the third power, 
the same dimension with the proposed equation, 

* so Shall 23 — 34277 +. 3a —@ =0; 
but the proposed equationis.23— pa*+ gx —r =0; 
therefore the one of these is equal to the other. But the 
first term (23) of each is the same; and hence, if we assume 
the second terms equal between themselves, it will follow 
that the sum of the two remaining terms will also be equal, 
and give a simple equation by which the value of x is deter- 
mined. Thus, 3ax* being = px’, or a = 4p, and 
$ar — a = gr — 7, we hence have 
t= ae = Sse Ee. ae ST ye ~ by substituting 

Sa°—q 3x(SpP—9 p— 3g 

+p, the value.of a, instead of it. 


3. Now this value of x here found, will be the middle roct 
of the proposed cubic equation. For because a is assumed 
nearly or accurately equal to v, and also equal to tp, there- 
fore x is = +p nearly or accurately, that is, + of the sum of 
the three roots, to which the coefficient p, of the second term 
of the equation, is always equal ; and thus, being a medium 
among the three roots, it will be either nearly or accurately 
equal to the middle root of the proposed equation, when that’ 
root is a real one. 


4, Now this value of x will always be the middle root ac- 


curately, whenever the three roots are in arithmetical pro- 


gression; other Wise, only approximately. Yor when the three 
roots are in aritihetidal progression, 4p or + of their sum, 
it is well known, is equal to the middle term or root. Inthe’ 
other cases, ther¢fore, the above-found value of x is only 


near the middle, root. 
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5. When the roots are in arithmetical progression, because 
the middle term or root is then =1p, and also =5 oe 
ash otal or 2p°>=9pg—27 “=9 (pg — 37) 
Sain 39° Pp =pPY ieee AG 2 
an equation expressing the general relation of p, g, and 7; 
where p is the sum of any three terms in arithmetical pro- 
gression, g the sum of their three rectangles, and 7 the pro- 
duct of all the three. For, in any equation, the coefficient 
p of the second term, is the sum of the roots; the coefficient 
g of the third term, is the sum of the rectangles of the roots ; 
and the coefficient 7 of the fourth term, is the sum of the 
solids of the roots, which in the case of the cubic equation is 
only one :—Thus, if the roots, or arithmetical terms, be 1,2, 3. 
Herepreil4+42+4+3=>6,¢9>1h2+4+1x*342x:3 
w2+4+3846> Hy, r= 1 x. 2-x 8 = 6; then 293 = 
x 6 = 432,and 9 x (pg — 3r) = 9 x 48 = 432 also, 


I 
therefore +p =5 


73 

6. To illustrate now the rule x = = x ete by some 
examples ; let us in the first place take the equation .3 — 6.2? 
-+liv—6=0. Here p=6, g=11, and r=6 ; consequently 
heudel g@ rain Lah SSC Ae ti leca eh. ey 2 
TD Spt) 89) 95.9. 6 OK Mnateaadd gicl 
This being substituted for x in the given equation, makes all 
the terms to vanish, and therefore it is an exact root, and the 
roots will be in arithmetical progression, Dividing there- 
fore the given equation by * — 2 = 0, the quotient i 
4— 4% 4+ 3 = 0, the roots of which quadratic equation 
are 3 and 1, which are the other two roots of the proposed 


equation 1? — 62” + Ihy — 6 = 0. gn 


ee 


7. If the equation be x? — 3927 + 4797 — 188] i 0; 
} 
we shall have p = 39, 9 = 479, and r= 188%; thene=— yy 


pe—2Qir xi 393—97 x 1881 133—1881 316. 79 
——_—— ae aa aaa =33 =7> 1Z. . 
p— 39 9*%39— 3x 479 18—3x479 7 
Then, substituting” 112 for x in the reap equation, the | - 


,' @ 


+ 


ia 
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hegative terms are found to exceed the positive terms by 5, 
thus showing that 11# is very near, but something above, the 
middle root, and that therefore the roots are not in arith- 
metical progression. It is therefore probable that 11 may be 
the true value of the root, and on trial it is found to succeed, 
Then dividing 23 ~ 397? + 479% — 1881 by « — 11, the 
quotient is 2? — 28x + 171 = 0, the roots of which quadra- 
tic equation are 9 and 19, the two other roots of the pro- 
posed equation. 


8. If the equation be 13 — 627 + 94: ~ 2s 0; 

we shall have p = 6, i a et and re 2; s, theniz !: 
1 p—2ir 1 —27x2 PDs: GMOu 
— Be sh - cnn — = 2 


x ———-. 
Pe hag! SNA HGS 8 Oe apt 3 
This value of x being substituted for it in the proposed equa+ 
tion, causes all the terms to vanish, as it ought, thus showin 


that 2 is the middle root, and that the roots are in arithm 


4 
. 


cal progression. Accordingly, dividing the given qu y 
x? — 6x* + 9x — 2 by x —2, the quotient is 2* — 4r741=0, 
a quadratic equation, whose roots are 2+,/2 and 2— 72, 
the two other roots of the equation proposed. 


9. If the equation be v3 — 52° + 5r —-1=0; 
we shall have p = 5,g = 5, andr = 1; then xr = 
1 §*—27x 1 1 125—27 I ae 
— % ——— —— XK OO = Ij 
o Se 5%.5 59 25—15 9 10. 43 
From which one might guess the root ought tobe 1, and 


which being tried, is found to succeed. But without such 
trial, we might make use of this value 1,4, or 14, nearly, 


and approximate with it in the common way. ) 
Having found the middle root to be 1, divide the given 


Quantity 2° — 52° + 5r— 1 by x — 1, and the quotient is 


rv’ —4x2+1=0, the roots of which are 2 + 4/2, and 


9— 2, the two other roots, as in the last article. 


10. If the equation be x3 = 7x? + 18x ~— 18 = 0; 


we shall have p = 7,9 = 18, andr= 18; thenz = 


mae 27x18 * FT 3439-486 143 


0 XK Fe = Ss or Snearly. 
O* Fo 3x18 9% 49-54 — 45 +5 rly 


2 
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Then trying 3 for x, it is found to succeed. And dividing 
v—70*4+18x2—18 by x—3, the quotient is 7*— 42 + 6 =0, 
a nade equation whose roots are 2 4-,/ —Zand 2— VW —2, 
the two other roots of the proposed equate which are both 
unpossible or imaginary. 

11. If the equation be x? — 627 + 144 —12 = 0; 
we shall have p = 6,9 = 14, andr = 12; then er = 

} 3_97x 12 8: 

OX Bey EE = S2 Which being 
substituted for x, it is found to answer, the sum of the terms 
coming out = 0. T hefefore the roots are in arithmetical 
progression. And, accordingly, by dividing x3 — 6x* + 14x 
— 12°by + — 2, the quotient is 2*—4v + 6 = 0, the roots 
of which quadratic equation are 24-,/—-2 and 2— ./ —2, 
4lic two other roots of the proposed equation, and the com- 
n difference of the three roots is ,/ —2. 
But if the equation be v3 — 82° 4+ 227 —24 = 0; 
we shall have Dom Bs Gite 22 and = 4: then ir = 

Wks BROT B46 Olen 612— 643 1.136 68s, 

Oh Se 3X OR ohn: ChimGba MMe ten de ante, 
Which being substituted for xv in the proposed equation, the 
sum of the terms differs very widely from the truth, thereby 
showing that the middle root of the equation is an imaginary 
one, as it is indecd, the three roots being 4, and 244/—2 
and 2—,/ —&. 

13. In Art. 2 the value of z was determined by assuming 
the second terms of the two equations, equal to each other. 
Buta like near value might be determined by assuming either 
the two third terms, or 4H two fourth terms equal. 

P— 3a¢" + 307 —a =.0, 5 
v— prt gv—rad, * 
if we assume the third terms 3a*z and gv equal, or a=\/29, 
the sums of the second and fourth terms will be equal, namely, 
Sax* + @ = pa* +7; and hence we find 

Gr (/i9)3}—r 

Bf mere a Vm 

Pp ~~ 94 p—3/4q’ 
by substituting ,/1g the value of a instead of it. 4 


Thus the equations being i 
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And if we assume the fourth terms equal, namely a = r, 
or a = 3r, then the sums of the second and third terms will 
be equal, namely, 347 — 3a? = px — q; and hence wv = 

3 
Nhe  Hontcladl by substituting r* instead of a. And 
p — 3r5 
either of these two formulas will give nearly the same value 
of the root as the first formula, at least when the roots do not 
differ very greatly from one another. 

But if they differ very much among themselves, the first 
formula will not be so accurate as t 0, Othefsybecause 
that in them the roots were more 


for the second formula is draw 


deed the last theorem is commonly the nearest of all. So 
that when we suspect the roots to be very wide of each 
other, it may be best to employ either the second or third 
formula. 

Thus, in the equation x3 — 2327 + 627 — 40 = 0, whose 
three roots are.1, 2,and20. Here p = 23, g= 62,r = 40; 
and by the 


1th 1. 23°—27x 40.1, 19167-1080 7 
* 6 ee 9 * 232 — 3x62 9% 529—186_ = 3: nearly, 
7 
(7)? —40 94—40 
d h. t= — _—_-——_———— f Ge a I 
208 V 95-3 / + 23—12°87 vv 34 24 nearly, 
2 
62—3x40F 62—35°] 12 
$d th. 2 = ———_+—- = rie 


pie a. 26-102 Sa 15 nearly. 

Where the two latter are much nearer the middle root (2) 
than the first. And the mean between these two 18 228, 
which is very near t@ that root. And this is commonly the 
case; the one being nearly as much too great as the other is 


‘too little. * 


224 _ NEW METHOD FOR | TRACT 11, 


14, To proceed now, in like manner, to the biquadratic 

equation, which is of this general form 
wt— px? + ge’ — re + 5= 0. 

Assume the root .« = @, or x——a = 0, and raise this equa. 
tion 2 — uw = 0 to the fourth power, or the same height with 
the proposed equation, which will give | 
vi—4ar3 + 6arx* — 4a2x + at = 0; but the proposed equa. 
tion is 2+ — px? + g1x*—rexr +s = 0; therefore these twa 
are equal to each other. Now if we assume the second tere 
equal, namely 4¢ = p, or a = 4p, then the sums of the three 
remaining terms wilf’glgo be equal, namely, 

6atx* — 4037 + at = gx* — rv +s; andhence | 

(6a* —q) 2* — (4a — 7) vx = 5 — a4, or : 

(3p? — 9) 2? — Gp — 1) @ = s—zigpt by substitad 

‘ing 4p instead of a: then, resolving this quadratic equation, 
xe find its roots to be thus 

pi l6r + / L(y’ —16r)?— (3p — 4g) x (pt — 2568)] 


Ti Bi x an ag) 
or if we put A = 3p? — = 4g, 
ip fee pel 169" 


c= p* ~_- 256s, 

the two roots will be x Piha Sar | 
SA 

15. It is evident that the same property is to be understoo 
here, as for the cubic equation in Art. 3, namely, that the 
two roots above found, are the middle roots of the four whict 
belong to the biquadratic equation, when those roots are rea, 
ones; for otherwise the formule are of no use. But how. 
ever those roots will not be accurate, when the sum of the 
two middle roots, of the proposed equation, is equal to the 
sum of the greatest and least rocts, og when the four root: 
are in arithmetical progression ; because that, in this case, 
4, the assumed value of a, is neither of the middle root: 
exactly, but only a mean between them. 

2 z ‘ 
16. To exemplify this formula 2a O py let the 
proposed equation be vt—127344927—718r+40=0. The 


rhe 
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= ip— 4g=12*xj— 4x49= 216— 196=> . 20, 
B= pp— 16r=123 — 16x78= 1728 1248= 480) 


C= pt—256s=12* —256 x 40=20736 =-10240= 10496. 

| B+W(B*—ac) 480-+ 7 (480?—20 x 10496) 

Bf EE leaf Se Ge thas SP aa We OT i eB fa e al R 
SA 8 x 2() 

16E r 40 


Sr SSA y nearly, or 4£ and 12 nearly, or nearly 4 


and 2, whose sum is 6, And trying 4 and 2, they are both 
found to answer, and therefore they are the two middle 
roots. 

Then (cv — 4) x (vw —2) = 2*— 6x + 8, by which divid- 
ing the given equation «+ — 1223 4 492° —78r + 40 = 0, 
the quotient is 2*— 62 + 5 = 0, the roots of which quadra- 
‘tic equation are 5 and 1, and which therefore are the greatest 
and least roots of the equation proposed. . 

17. If the equation be 2*~ 12.734 4727—72r4+36=0; then: 

=ip— 4¢=12xi— 4x47= 216— 188= 28, 
B= p>— l6r=123 — 16x72= 1728—1152= 576, 
o= pt*—256s=124 —256 x 36=20736 — 921611520. 

Bt /(Bi~ Ac) _ 576+ / (576° —28 x 11520) 
Hence x = ——— = 
SA 8 x 28 
18+ 3 

7 
swer on trial; and therefore 3 and 2 are the two middle roots. 

Then (2-3) x (v-2) = x*—5zr + 6 =0, by which divid- 
ng the given quantity 2*— 1223 + 472*—T27 4+ 36 =0, the 
Juotient is 2*— 7x +6 = 0, the roots of which qtadratic 

2quation are 6 and 1, which therefore are the greatest and 


= $ and 21, or 3 and 2 nearly ; both of which an- 


of 
re 


east roots of the equation proposed. | ”* 
18. If the equation be + — Tz? + 1525 bat + 3= 0; the 
eG — 4¢=>TXi— 4x15=>= 73i:— ae 134, 


— 16r = 7? — 16x Il1l= 343 —1765= 167 
I= pt—256s=7* —256x 3=2401 +768 =1638, 
Bt./(B*—Ac) 167+ V(16T — 134 x x 1633) _ 

Sam. rs 8x 134 
= 24 and 4% nearly, or nearly 2 and 1; both which 


Qa 


\ 
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226 
aré found, on trial, to answer; and therefore 2 and ¥ are the 
two middle roots ete 
Then (x — 2) x (29 —1L =v’ — 324 ys 2, by which divid- 
ing the Sig equation «+ — 723 4+ 15a*—1llv +3 =0, the 
quotient is 27 — 4 + £ = 0, the roots of which quadratic 
equation are 2 + ./2 and 2— .,/2, and which therefore are 
the greatest and least roots of the ropercl equation. 
19. But if the equa. be +*—973+4 302° — 4627 + 24=0; then 


his 


aA=3p— 4¢4=97x3— 4x30= 1211— 120= li; 
B= — or 9" — 16x46= 729 — 136=-7, 
C= pt+256s=9* —256 x 24=6561 —6144=417, 
ns B+4/(B*—Ac) —7T+ ./ (49-6254) 
Hence 2. = —— SOS 

8A 8x 14 
—7T+VW —57624 


12 » an imaginary quantity, showing that the 


two middle roots are imaginary, and therefore the formula is 
of no use in this case, the four roots being 1,2+/ —2, 
2—V7 +2, and 4. . 

90. And thus in other examples the two middle roots will 
be found when they are rational, or a near value when irra. 
tional, which in this case will serve for the foundation of. é 
nearer approximation, to be made in the usual way. r 

We might also find another, formula for the biquadratig 
equation, by assuming the last terms as equal to each other; 
for then the sum of the 2d, 3d, and 4th terms of each would 
be equal, and would form davcttie’ quadratic equation, whose 
roots would be nearly the two middle roots of the ipa 
proposed. 

21, Or a root of the biquadratic equation may easily by 
asind, by assuming it equal to the product of two squares 
as (v—a) x (w@—b) = #*—2 (a+ b)x3 +[2ab + (a + b)*]2*= 
Yab (a4 + 6)x+ah*=0. For, comparing the terms of thi 
with the terms of the equation proposed, in this manner, 
namely, making the second terms equal, then the third term 
equal, and lastly the sums of the fourth and fifth terms equal 

ese equations will'determine a near yalue of # by a simp 
equation, For those equations are £ 
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P=2(a+ 4), orip=at 4, | 
q = 2ab + (a + 5)? = 2ab + 4p", or 24h = ¢ = 3p", ’ 


TL —S8 = 2ab(a + b)x— ah? = 1p (q—+ pr +(q— i’). 
Then the values of ab and a + 4, found from the first and 
second of these equations, and substituted in the third, 
a Py _  648—(4qg—p*)*, 

r—p(iq—4p*)— 64r—Sp(4q—p*) 
for one of the roots of the biquadratic equation «+ — piri 
qzu*—re+s= 0. " 


giver = , ageneral formula 


22. ‘To exemplify now this formula, let us take the same 
equation as in Art. 17, namely, 2*— 1223 + 4727 — 72x + 
36 = 0, the roots of which were there found to be 1, 2;%3, 
and 6. Then, by the last formula we shall have x = 

64s—(4q—p*)* 64x 36—(4x 47— 12")? _ 64x 36 —44 x 44 
64r — 8p(4q— Pp Pp) 64 X72—96(4x 47=127) 64x 1996 x 44 
= 33, or nearly 1, which is the least root. 

23. Again, in the equation 1+ — 72°74 152—112°4+3=0, 
‘whose roots are 1, 2, 2+,4/2, and 2— 72, we have v = 

64x 3—(60—49)* _ 64x 3—11x 11 192—121 — 
64x 11—56(60— Bi 64x 11—56x 11 ~~ 704— Vete. ’ 
Nearly, whichis near y a mean between the two least roots 1 
and 2—— /2 or 3 nearly. 


24. But if the equation be vi—97r34 30.77 — 46.7 +24 =), 
which has impossible roots, the four roots being 1, 2+./ —2, 
2—/— 2, and 4; we shall have rv = 

64x 24—(120-81)* 64x 24—39 39 1536— 1521" 

64 x 46 —72(120—81) — 64x 46—72 x 39 ~ 2944 — 2808 
ys = 4 nearly, which is of no use in this case. of i imaginary 


roots. 4 
25. This formula will also sometimes fail when the roots are ~ 


all real. As if the equation be v*—1223 4 492° —78x + 40=0, 
ithe roots of which are 1,2, 4, and 5. For here x = 
G4x 40—(196—144)* 64x 40—52x 52 16x 10~13x13 
64 x 78 — 96(196 — 144) "64x 78-96 x 52~ 16X 194-424x 13 
eo 109) rPvitisny sig aps 

aay» which is of no use, being infinite, & 


a2 


cs : 


t 
9, 
& 
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26. For equations of higher dimensions, as the sth, the 6thy 
the 7th, &c, we might, in imitation of this Jast method, com- 
bine other forms of quantities together. T hus, for the 5th’ 
power, we might compare it either with (7 — a) x (x —5), 
or with (x —a)? x (x — 6), or with (v — a)’ x (7 — b) x. 
(2 —c), or with (v—a)* x (a —b)* xX (w—e). And so for 
the other powers. | 


a 


” me 


* 

we TRACT XTi Pt | 
OF THE BINOMIAL THEOREM. WITH A DEMONSTRATION 
OF THE TRUTH OF IT IN TH® GENERAL CASE OF FRAC- 


TIONAL EXPONENTS. » | i 


1. Ir is well known that this celebrated theorem is called 
binomial, because it contains a proposition of a quantity con- 
sisting of ¢wo terms, as a radix, to be expanded in a series of 
equal value. It is also called emphatically the Newtonian 
theorem, or Newton’s binomial theorem, because he has com- 
monly been reputed the author of it, as he was indeed for th 
ease of fractional exponents, which is the most general of 
all, and includes all the other particular cases, of powers, or 
divisions, &c. | 


9. The binomial, as proposed in its general form, was, by 


Newton, thus expressed.» + Pa” ; where P is the first term 
of the binomial, a the quotient of the second term divide | 
by the first, and consequently Pa is the second term itself 
or Pa may represent all the terms of a multinomial, after thé 
firstaterm, and consequently a the quotient of all those terms, 
except the first term, divided by that first term, and may be 
either positive or negative ; also = represents the expo 


of the binomial, and may denote any quantity, integral ) 
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fractional, positive or negative, rational orsurd. When the 
>xponent is integral, the denominator ” is equal to 1, and 
she quantity then in this form (p + pa)”, denotes a binomial 
(0 be raised to some power ; the series for which was fully 
letermined before Newton’s time, as will be shown in the 
course of the 19th Tract of this volume. ‘When the ex- 
oonent is fractional, m and m may be any quantities what- 
‘ver, m denoting the index of some power to which the 
inomial is to be raised, and m the index of the root to be 
‘xtracted of that power: and to this case it was first extended 
ind applied by Newton. When the exponent is negative, 
he reciprocal of the same quantity is meant ; as 


=. 
P+PQ) ~~ is equal to m 
4 (Pp + Pa)x 


4 


« 


3. Now when the radical binomial is expanded in an equi- 
‘alent series, it is asserted that it will be in this general 
al 


m ld mn ’ 
orm, namely (p + pa)” or P* x (1 +ea)7= 
m 


m—n m m—n m—2n 
J 


-—_ m2 7m 2 
el $i Tie hah he cen Ri 


n 
_m “SP m—n m—2n m—3n ° . 

PPPs X 1+ AG + 57 BQ + “7, ca +77. Da) +. ke. 
there the law of the progression is visible, and the quanti- 
es P, mM, 7, Q, include their signs + or —, the terms of the 
eries being all positive when a is positive, and alternately 
ositive and negative when a is negative, independent how- 
ver of the effect of the coefficients made up of m and n: 
jlso a, B, Cc, D, &c, in the latter form, denote each preceding 
lerm. This latter form is the easier in practice, when we 
‘ant to collect the sum of the terms of a series; but the 
ormer is the fitter for showing the law of the progression 
f the terms. 


4, The truth of this series was not demonstrated by New- 
ym, but only inferred by way of induction. Sinee his time 


_ several attempts have been made to demonstrate it, 
various success, and in various ways; of which however 
_ 


% * 


@ 
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those are justly preferred, which proceed by pure algebra, 
and without the help of fluxions. And such has been es- 
teemed the difficulty of proving the general case, independ 
ent of the doctrine of fluxions, that many eminent mathe- 
maticians to this day account the demonstration not fully 
accomplished, and still a thing greatly to be desired. Such. 
a demonstration I think is here reflected! But before deliver- 
ing it, it may not be 1 improper to premise somewhat of the 
Micory of this theorem, its rise, progress, extension, and de- 
monstrations. | 
5. Till very lately the prevailing opinion has been, that 
the aime was not only invented by Newton, but first of 
all by him; that is, in that state of perfection in which the 
terms of ae series, for any assigned power w hatever, can] be 
found independently of the terms of the preceding pow a 3 
namely, the second term from the first, the third term from 
the second, the fourth term from the third, and» so on, by a 
ceneral ae Upon this point I have aleadoee given an opi- 
nion in the history to my logarithms, above cited, and I shall 
here enlarge somewhat Pireher on the same head. 
- That Newton invented it himself, I make no doubt. But 
that he was not the first inventor, is at least as certain. It 
“was described by Briggs, in his Trigonometria Britannica, 
long before Newton was born; not rdnud for fractional ex- 
ponents, for that was the application of Newton, but for any 
“integral power whatever, and that by the See law of the 
terms as laid down by Newton, indepetident of the terms of 
the powers preceding that which is required. For-as to the 
generation of the coefficients of the terms of one power from 
those of the preceding powers, successively one after another, 
it was remarked by Vieta, Oughtred, and many others, and 
was not unknown to much more early writers on arithmeti¢ 
and algebra, as will be manifest by a slight inspection of theif 
works, as well as the gradual advance the property al 
both in extent and perspicuity , under the hands of the sues 
cessive masters in arithmetic, every one adding somewhi : 
more towards the perfection of it. ee 


a-« 
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6. Now the knowledge of this property of the coefiicients 
of the terms in the powers of a binomial, is at least as old as 
he practice of the extraction of roots; for this property was 
20th the foundation and the principle, as well as the means 
of those extractions. And as the writers on arithmetic be- 
‘ame acquainted with the nature of the coefficients in powers 
till higher, just so much higher did they extend the extrac- 
liom of roots, still making use of this property. At first it 
eems they were only acquainted with the nature of the square, 
vhich consists of these three terms, 1, 2, 1; and accord- 
ngly they extracted the square roots of numbers by means 
vf them ; but went no further. The nature of the cube next 
resented itself, which consists of these four terms, 1, 3, 3,1; 
ind by means of these they extracted the cubic roots of num- 
ers, in the same manner as we do at present. And this was 
he extent of their extractions in the time of Lucas de Burgo, 
in Italian, who, from 1470 to 1500, wrote several tracts on 
withmetic, containing the sum of what was then known of 
his science, which chiefly consisted in the doctrine of the - 
sroportions of numbers, the nature of figurate numbers,* 
md the extraction of roots, as far as the cubic root inclu- 
ively, | 

i 

_ 7. It was not long however before the nature of the co- 
ficients of all the higher powers became known, and tables 
ormed for constructing them indefinitely, For in the year’ 
544 came out, at Norimberg, an excellent treatise of arith. 
netic and‘algebra, by Michael Stifelius, a German divine, 
nd an honest, but a weak, disciple of Luther. In this work, 
4rithmetica Integra, of Stifelius, are contained several curious 
hings, some of which have been ascribed to a much later 
late. He here treats, pretty fully and ably, of progressional 
md figurate numbers, and in particular of the following table 
or constructing both them and the coefficients of the terms 
f all powers of a binomial, which has been so often used 
ince his time for these and other purposes, and which more 
han a century after was, by Pascal, otherwise called the 


j ** 
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arithmetical triangle, but who only mentioned some addi- | 
tional properties of the table. 


28 | 56 | 70 

386 | 84 | 126 | 196 

10 | 45 120 | 210 | 252. 

11 | 55 | 165 | 330 | 462 | 462 | 
12 | 66 | 220] 495 | 792 | 924 | 
1S 178) ol Cab VIS Leo Pale ee LO 
14 | 91 364 | 1001 {| 2002 | 3003 | 3432 

15 | 105 | 455 | 1365 | 3003 | 5005 | 6435 | 6435 
16 | 120 | 560 | 1820 | 4368 | 8008 11440 | 12870 
17 | 136 | 680 | 2380 |, 6188 | 12376 | 19448 | 243107 


Stifelius here observes that the horizontal lines of this table 
furnish the coefficients of the terms of the correspondent: 
powers of a binomial; and teaches how to use them in ex- 
tracting the roots of all powers whatever. And after him the 
same table was used for the same purpose, by Cardan, and 
Stevin, and the other writers on arithmetic. I suspect how-, 
ever, that the nature of this table was known much earlier 
than the time of Stifelius, at least so far as regards the pro- 
gressions of figurate numbers, a doctrine amply treated of 
by Nichbaiachus, who lived, according to some, before Eu- 
elid, but not till long after him according to others. His. 
work on arithmetic was published at Paris in 1538; and it is! 
supposed was chiefly copied into the treatise on the same 
subject by Boethius: but I have never, seen cither of these. 
two works. Though indeed Cardan seems to ascribe the in~ 
vention of the table to Stifelius; but I suppose that is only, 
to be understood of its seseicain to the extraction of roots, 

See Cardan’s Opus Novum de Proportionibus, where he quotes 
it, and extracts the table and its use from Stifelius’s been 
Cardan also, at p. 185, et seg. of the same work, makes use 


d 


| 
39 
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ofa like table to find the number of variations of things, or 
conjugations as he calls*them. 

8. ‘The contemplation of this table has probably been at- 
tended with the invention and extension of some of our most 
curious discoveries in mathematics, both in regard to the 
powers of a.binomial, with the consequent extraction of 
roots, the doctrine of angular sections by -Vieta, and the dif- 
ferential method by Briggs and others. For, one or two of 
the powers or sections being once known, the table would be 
of excellent use in discovering and constructing the rest. 
And accordingly we find this table used on many occasions 
by Stifelius, Cardan, Stevin, Vieta, Briggs, Oughtred, Mer- 
cator, Pascal, &c, &e. 

9. On this occasion I cannot help mentioning the ample 
manner in which I see Stifelius, at fol. 35, et seg. of the same 
book, treats of the nature and use of logarithms, though not 
under the same name, but under the idea of a series of arith- 
meticals, adapted toa series of geometricals. He there ex- 
plains all their uses; such as, that the addition of them, an- 
swers to.the multiplication of their geometricals; subtraction 
to division ; multiplication of exponents, to involution; and 
dividing of exponents, to evolution. And he exemplifies the 
use of them in cases of the Rule-of-Tbree, and in finding 
mean proportionals between given terms, and such like, ex- 
actly as is done in Jogarithms. So that he seems to have 
been in the full possession of the idea of logarithms, and 
wanted only the necessity of troublesome calculations to in- 
duce him to make a table of such numbers. 

10. But though the nature and construction of this table, 
namely of figurate numbers, was thus early known, and em- 
ployed in the raising of powers, and extracting of roots; yet. 
it was only by raising the numbers one from another by con- 
tinual additions, and then taking them from the table for use 
when wanted ; till Briggs first pointed out the way of raising 
any horizontal line in the foregoing table by itself, without 
any of the preceding lines; and thus teaching to raise the 
terms of any power of a binomial, independent of any other 


ua 


+ 
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powers; and so gave the substance of the binomial series in 
words, wanting, only the notation in symbols; as it is shown 
at large in the 19th Tract, in this volume, 


11. Whatever was known however of this matter, related 
only to. pure or integral powers, no one before Newton hay- 
ing thought of extracting roots by infinite series. He hap- 
ny weccrant that, by considering powers and roots in a 
continued series, roots being as powers having fractional ex- 
ponents, the same binomial series would equally serve for 
them all, whether the index should be fractional or integral, 
or the series be finite or infinite, 


12. The truth of this method however was long known 
only by trial in particular cases, and by induction from ana~ 
logy. Nor does it appear that even Newton himself ever 
attempted any direct proof of it. But various demonstrations 
of this theorem have been since given by the more modern 
mathematicians, of which some are by means of the doctrine 
of flusions, and others, more legally, from the pure principles 
of aleebra only. Some of which I shall here give a short ac~ 
count of, | 


13. One of the first demonstraters of this theorem, was 
Mr. James Bernoulli. His demonstration is, among several 
other curious things, contained in this little work called Ars 
Conjectandt, which has been improperly, omitted in the col- 
lection of his works published by his nephew Nicholas Ber= 
noulli. This is a strict demonstration of the binomial theorem’ 
in the case of integral and affirmative powers, and is to this 
effect. Supposing the theorem to be true in any one power, 
as for instance, in the cube, it must be true in the next higher, 
power; which he’ demonstrates. But it is true in the cube, 
in the fourth, fifth, sixth, and seventh powers, as will easily 
appear by trial, that is by actually raising those powers by 
continual multiplications. Therefore it is true in all higher 
powers, All this he shows in a regular and legitimate man- 
ner, from the principles of nuulti gliastions and without the 
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help of fluxions. But he could not extend his proof to the 
other cases of the binomial theorem, in which the powers.are 
fractional. And this demonstration has been copied by Mr. 
John Stewart, in his commentary on Newton’s quadrature of 
curves. To which he has added, from the principles of 


fluxions, a demonstration of the other case, for roots or frac- 
tional exponents. 

14, In No. 230 of the Philosophical Transactions for the 
year 1697, issgiven a theorem, by Mr. De Moivre, in imita- 
tion of the binomial theorem, which is extended to any num-~ 
ver of terms, and thence called the multinomial theorem ; 
which is a general expression in a series, for raising any 
nultinomial quantity to any power. His demonstration of 
the truth of this theorem, is independent of the truth of the 
binomial theorem, and contains in it a demonstration of the 
dinomial theorem as a subordinate proposition, or particular 
zase of the other more general theorem. And this demon- 
stration may be considered as a legitimate one, for pure 
2owers, founded on the principles of multiplication, that is, 
on the doctrine of combinations and permutations. And it 
oroves that the law of the continuation of the terms, must be 
he same in the terms not computed, or not set down, aé in 
those that are written down. 


15. The ingenious Mr. Landen has given an investigation 
of the binomial theorem, in his Discewrse concerning the Re- 
adual Analysis, printed in 1758, and in the Residual Analysis 
tself, printed in 1764, The investigation is deduced from 


his lemma, namely, if m and n be any integers, and qin 


then is 
m m 
Le — yn 24 l+qtPtP- - (777) 
ad poem palit m Ym 3m Maan 


he pe aks :. 
aa ACE Sin a paeoer uti 

Vuich theorem is made the principal basis of his Residual 

Analysis. | . , 


Pd ' 
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The investigation is thus: the binomial proposed being 


m 
(1 + 2)*, assume it equal to the following series 1 + are} 
bx? + cx &c, with indeterminate coefficients. Then for the 
same reason 


as (1 + a iss l+ar + bx? +2e23 &c, 
will (1 +-y)" be = 1 +.ay + bY + cy &c. 
Then, by subtraction, 


(L+r)7 —(i+y)* = a(x-y)+ 6 (2*-y) + (2 -¥) &e. 
And, dividing both sides by x—y, and by the lemma, we 


: 
| 


have ieanongni cele, x 
ry Lithamestar ghia ih IS et 
b+ eet St - - - (m) 
itya. 1 Sp = 
r+ beyry chy saltainee mi AI 


=at+b(r+ty)te(rt+ryty)+d(4ry+ry +y) &e. 
Then, as this equation must hold true whatever be the value 
of y, take y = x, and it will become 


x x (1 Asie ie = at 2br + 3cxr* + 4c273 Ke: 
Consequently, multiplying by 1 + x, we have 


™. « (1 + 2)", or its equal by the assumption, . 
tt 


* ” m 
viz. ~ 4+ —ax + —b2* 4 “cr &c, 


=a+ “aye t mote + rn &e. 


Then, by comparing the homologous terms, the value of the 
‘coefficients a, 6, c, &c, are deduced for as many terms as are 
compared. 

A large account is also given of this investigation by the 
learned Dr. Hales, in his Analysts Equationum, ‘ied pubs 
lished at Dublin. lk 

Mr. Landen then contrasts this investigation with that by 


7 
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the method of fluxions, which is as follows. Assume as 
defore ; | : 


(L+2)") =1+ar + bax* + cx? + -drx* &e. 
Take the fluxion of each side, and we have 


m smi * ; 
— X (Ll 2)* x & = ax Qbrx + Sor*x Kc. 


n 


Divide by x, or take it = 1, so shall 
whe 
m 


“x (1+ zy a+ 2br + 3cxr® + 4dzx? &e. 


Chen multiply by 1 + x, and so on as above in the other 
vay. 


16. Besides the above, and an investigation by the cele- 
ated M. Euler, which are the principal demonstrations and 
nvestigations that have been givenofthis important theorem, I 
lave been shown an ingenious attempt of Mr. Baron Maseres, 
o demonstrate this theorem in the case of roots or fractional 
xponents, by the help of De Moivre’s multinomial theorem. 
jut, not being quite satisfied with his own demonstration, as 
ot expressing the law of continuation of the terms which 
re not actually set down, he was pleased to urge me to at- 
smpt a more complete and satisfactory demonstration of the 
eneral case of roots, or fractional exponents. And he fur- 
aer proposed it in this form, namely, that if a be the coeffi- 
ient of one of the terms of the series which is equal to 


~S . *. 
t+ 2x)’, and p the coefficient of the next preceding term, 
ad pr the coefficient of the next following term; then, if a 
7: 


— > x P, it is required to prove that r will be = rel 
'va. This he observed would be quite perfect and satis- 
ctory, as it would include all the terms of tie series, as well 
jose that are omitted, as those that are actually set down. 
‘nd I was, in my demonstration, to suppose, if I pleased, 
ne truth of the binomial and multinomial theorems for in- 
‘gral powers, as truths that had been previously and per- 


‘etly proved. 
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In consequence I sent him soon after the substance of the 
following demonstration ; with which he was quite satistied, 
and tach I now Potent to explain at large. 


17. Now the binomial integral is (1 + 2)” = : 
a b c d | 
aA— | 
14” mna—1l oo nn—-In-2  nn—l n—2n aah en 
_ —o —_—~e—- > —— 0 
TE Waar at ES OT age TNA. P 
iI n—2 n—3 ; 
ac? + ra + crt ae 


where a, 6, c, &c, denote the whole coefficients of the 2d, 

3d, 4th, &c, terms, over which they are placed; and 1 in. 
sotiolt the jaws is this, namely, if Pp, @, R, be the coeflicients 
of any three terms in succession, and.if 


=P be = a, then is $a = = R; as is evident; and which, 


it is granted, has been proved. 


18. And the binomial fractional is (1 + xy = FH 
a’: b | Cc , d he 


eae! : 
1 poe = —7* + -- 


= e at 

Ni in 2n n Qn ig ae 2n. 3n 4n i 

As i hen” ID eal be wort ae 

&e, orl + o9+ ax* $b en ot eee 


on“ 4n 
in which the naa is this, ota if Pp, a, R bethe coeflicients 
of three terms in succession ; and if 


Which is the proper ty to he 


| 


<P be = a, then is <— 


Heel. 


mT; & 
: 
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19, Again, the multinomial integral (1-+-av-++3B2*+c23&c)*, 
a 


Se ee 


n nm n—1l n—-2 n—-3 
a —~ AW mn ‘98 
(2) ay + eas gaa fe 
n n—l nm n—-1l n—-? 
west, A722? Se) | OR Re 2 
ir l 2 ry ] 2 l ae 
nn—l 
(6) b ae (7) + FRC IE ioseit 
1 
nmn—-l n—2? nm n—! 
=F e 3 3 _— e———_ 
bl | BR ae te 1 2 B 
nm n—tl n 
Sat: AB — 
( l I + hid 
n 
| Tare 
» 


mn—-il n-2 n—38 n—4 eke 
are co eh ee 
nm n—l n—-2 n—3 


ss Ge k 3 1 


(e) 2. 


&e. 


Ir, if we put @, b,c, d, &c, for the coefficients of the 2d, 3d, 
th, 5th, &c, teyms, or powers of x, the last series, by sub- 
titution, will be changed into this form, 

\ os 


é f i 
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(l + Ar +Ber?+er4+ &\"= - - ee ee 7 
et Ke NA 

(a) + 7 

ong +(n—1)aa 

() 1 3ne-+ (2n— Se 
” 4np + (32 — 1)ca+(2n—2)Rb+(n—3)aAc_ | 

(d) at ste en ee ree 3) * 
(ic ee ee 

&e. 


20. Now, to find the series in Art. 18, assume the proposed 

binomial equal to a series with indeterminate coefficients, as. 
(1+ 2)" = 1 fart Bet bert prt + &e. | 

Then raise each side to the 7 power, so shall 
L+term(i + Av + Br? 4+ cx? + &c)". 

But it is granted that the multinomial raised to any integra | 

power is prov ed, and known to be, as in the last Art. viz, 
ltea(l + ar + Br + or? + &c= 


a b c 
te —_A-—-- oo 
MA  2nB+(n--1)aa — 3nc4+(2n—1)Ba+(n—2)ab_, 
DS Gh LeeLee CT 
* &e 


It follows then, that if this Jast series be equal to 1.+ x, by 
equating the homologous coefficients, all the terms after the 
second must vanish, or all the coefficients b,c, d, Se, after 
the second term, must be each = 0. Writing therefore, 

this series, O for each of the letters 6, c, dj &c, it will bell 
of this more simple form, viz, 1 + + = 


peels Wi Cane eotniat ch ih eee | 
NA 2nB4+-(n—1) Aa Spek. )Ba 
Loe oh gt Snel 1)26 > bie 


* 
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Put now each of the coefficients, after the second term, = 0, 
and we shall have these equations ; 
2nB + (ln— 1) Aa=0 
3nc + (2n —1) Ba = 0 
4nd + (3n—1)ca = 0 
5nE + (4n — 1) Da = 0 
&e. 
The resolution of which equations gives the following values 


of the assumed indeterminate coefficients, seer 


1—2n 1—3n —44n 


Bd, D = Da; &e ; 


l1—n 
B= —Aa,C = 
Qn 


which coefficients are pe tas to the law ar a namely, 


when or is = a, then is oa =R. Cen, 


ifn 


2. Also, by equating the second coefficients, namely, 


1 Sad habe : 
1=a=na4, we find a =—. This being written for a in 
the above values of B, c, p, &e, will give the proper series 


, i 
for the binomial in question, namely, (1 + 2)” 


= 1 tear’ + Bu? + cz? + &e, 
1 1—n s Resa} 3 
= _ ———_ ae ¢ 
baa * an ae + P + &c, 
| } 1 I 5, 1 1-2 1—2n 3 7 


| Of the Form of the Assumed Serves. 

| ‘ 

22. In the demonstrations or investigations of the truth of 
‘he binomial theorem, the butt or object hassalways been the 
‘aw of the coefficients of the terms: the form of the serlesyas 
‘o the powers of x, having never been disputed, but taken for 
‘ranted, either as incapable of receiving a demonstration, or 
1s too evident to need one. - But since the demonstration of 
he law of the coefficients has been accomplished, in which 
he main, if not the only, difficulty was supposed to consist, 
‘ye have extended our researches still further, and have even 
loubted or queried the very form of the terms themselves, 
VOL, I. R 


+ binomial itself; and in which the first term must evidentl: 


» 
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namely, 1 + Av + B2* + cx? + prt 4 &c, increasing by 
the regular integral series of the powers of x, as assumed tc 
denote the quantity (1 + x)", or the » root of 1 + 2» And 
in consequence of these scruples, I have been required, by @ 
learned friend, to vindicate the propriety of that assumption, 
Which I think is effectually done as follows. | | 


23. To prove then, that any root of the binomial 1 -+ 4 
can be represented by a series of this form I + .v + a + 4 
+ «* &c, where-the coefficients are omitted, our attention 
being now employed only on the powers of x; let the serie 
fepresenting the value of (1 + ay belt atBt+e+ De 
&e; where A, B, c, &c, now represent the whole of the 2d 
3d, 4th, &c, terms, both their coefficients and the powers 0 

‘x, whatever they may be, only increasing from the legs to th 
greatér, because: they increase in the terms 1 + # of the give 


‘be 1, the same as in the given binomial. 


, 
Raise now (1 + +)”, and its equivalent series 1 + 4 + | 

+ ¢4&c, both to the x power, by the multinomial theoren 
and we shall have, as before, | 


3: 2 n 1. ml, a. nl n-2 , 
pat Bb ee EEE aiken he ge ad + & 
n n n—I 
Ty Ca eae 
| n 
‘Phen’ equate the corresponding terms, and we have the fig 


. m4 ‘ . nt 1 
Again, the second term of the series —a, must be equ 
4 


to the second term v of the binomial. For none of the oth 
terms of the scries are equipollent, or contain the same po 
of w, with the term =A. Not any of the terms at, 3, 
&e; for they are double, triple, quadruple, &c, in power | 
a. Nor yet any of the terms containing B, c, D, &c;/h 


* 
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cause, by the supposition, they contain all different and in- 
: ; n 
creasing powers. It follows therefore, that —-a makes up 


the whole value of the seeond term x of the given binomial. 
Consequently the second term A of the assumed series, con- 
tains only the first power of 2; and the whole value of that 
term Ais = —2. 

But all the other equipollent terms of the expanded series 
must be equal to nothing, which is the general value of the 
terms, after the second, of the given quantity 1 + 2 or 
}I+er+0+0+0+ &c. Our business is therefore to 
find the several orders of equipollent terms of the expanded 
series. And these it is asserted will be as they are arranged 


, . : . ety’ % . . et ; 
above, in which B is equipollent with a’, c with a’, D with a‘, 


and so on. 
Now that B is equipollent with a”, is thus proved. The 


‘ 2 nm n— 
value of the third termis 0. But 5 ke: 


third term. And it is only a part of that term: otherwise 
am n—tl 


yen 
A* is a part of the 


would be = 0, which it is evident cannot happen in 


every value of 2, as it ought; for indeed it happens only 
when is = 1. Some other quantity then must be equipel- 


! 5 aR? =<.) ety ey F 1) 

lent with ae og ae? and must be joined with it, to make up 
o 

ithe whole third term equal to 0. Now that supplemental 


quantity can be no other than “2 : for all the other follow- 


, ; § 
ing terms are evidently plupollent than B. It follows there- 
fore, that B is equipollent with a’, and contains the second 


n n—!l1 nN. 
power of x; or that rt A’ 4+ +-B=0, and consequently 
fl a 0 4 en are ioe 
ie ==0, or B= —— a? = —— Ar = —- — x", 
2 . g A Qn n' 2n* 


Again, the fourth term must be = 0. But the quantities 


nm n—-il n—-2 n n—ti ) 
ee. 5 A —-——AB are equipollent 
> 3 + ees qui; , and make 


ap part of that fourth term, ‘They are equipollent, or a? 
equipollent with AB, because a* and B are equipollent. And 
R 2 


~ 
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they do not constitute the whole of that ‘Bea for if they 


nm n—1l n—2 n n— 
did, then ara wa ” 7 as be =0 inall 


values of 2, or “— a" + B = 0: but it has been just shown 
Z - 


above, that a" +3=0; it would therefore follow that 


—2 n—1 | 
would be = “pa circumstance which can only hape 


pen when x = — 1, instead of taking place for every value 
of m. Some other quantity must therefore be joined with 
these to make up the whole of the fourth term, And this 


supplemental quantity can be no other than =, because 


all the other following quantities are evidently plupollent 
than a3 or az. It follows therefore, that c is equipollent 
with a3, and therefore contains the 3d power of x. And the 
whole value of c is 
STS NN 1—2n 1—2n I1l1—n1—2n Mi 
BPS yt do ee Mh Bit Dad? Se lene 
And the process is the same for all the other following 
terms. Thus then we have proved the Jaw of the whole 
series, both with respect to the coefficients of its terms, a 
to the powers of the letter z. 
Since the above account was first written, almost 30 years 
ago, other demonstrations have been given by several inge« 
nious and learned writers; which may be seen in some of the 
later volumes of the Philos, Trans. and elsewhere. 


i 
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TRACT NII. , 


9N THE COMMON SECTIONS OF THE SPHERE AND CONE. 

WITH THE DEMONSTRATION OF SOME OTHER NEW PRO- 

PERTIES OF THE SPHERE, WHICH ARE SIMILAR TO CERTAIN 

KNOWN PROPERTIES OF THE CIRCLE. 

. 

Tue study of the mathematical sciences is useful and pro- 
itable, not only on account of the benefit derivable from them 
9 the affairs of mankind in general ; but are most eminently 
2, for the pleasure and delight which the human mind feels 
: the discovery and contemplation of the endless number of 
‘uths, that are continually presenting themselves to our view. 
‘hese meditations are of a sublimity far above all others, 
hether they be purely intellectual, or whether they respect 
1¢ nature and properties of material objects; they methodize, 
rengthen, and extend the reasoning faculties in the most 
ninent degree, and so fit the mind the better for under= 
nding and improving every other science; but, above all, 
1ey furnish us with the purest and most permanent delight, 
om the contemplation of truths peculiarly certain and im- 
utable, and from the beautiful analogy which reigns through 
I the objects of similar inquiry. In the mathematical sciences, 
e discovery, often accidental, of a plain and simple pro- 
ty, is but the harbinger of a thousand others of the most 
blime and beautiful nature, to which we are gradually led, 
Jighted, from the more simple, to the more compound and 
neral, till the mind becomes quite enraptured at the ful] 
aze of light bursting upon it from all directions, 

Of these very pleasing subjects, the striking analogy that 
evails among the properties of geometrical figures, or 
‘ured extension, is not one of the least. Here we often 


id that a plain and obvious property of one of the simplest 
| 
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figures, leads us to, and forms only a particular case of, a 
property in some other figure, less simple ; afterwards this 
again turns out to be no more than a particular case of an- 
other still more general ; and so on, till at last we often trace | 
the tendency to end in a general property of all figures | 
whatever. i : 

‘The few properties which make a part of this paper, con-} 
stitute a small specimen of the analogy, and even identity, 
of some of the more remarkable properties of the circle, with 
those of the sphere. To which are added some properties 
of the lines of section, and of contact, between the spher 
and cone. Both which may be further-extended as occasions) 
may offer: like as all of these properties have occurred from 
the circumstance, mentioned near the end of the paper, 0 
considering the inner surface of a hollow spherical vessel 
as viewed by an eye, or as illuminated by rays, from a givers 
point. | 


PROROSITION 1. 


All the tangents are equal, which are drawn, from a given 
point without a sphere, to the surface of the sphere, quite 
around. * 


Demons.—For, let pt be any tangent e 
from the given point p; and draw Pc to 
the centrec, and jointc. Also let cTa 
be a great circle of the sphere in the Ay 
plane of the triangle Tec. Then, cp 
and cT, as well as the angle T, whichis 
right (Eucl. iii. 18), being constant, in 
every position of the tangent, or of the 
point of contact T; the square of pT will be every whe @ 
equal to the difference of the squares of the constant liné 
cp, cT, and therefore constant; and consequently the line @ 
tangent pT itself of a constant length, in every position, quit 
round the surface of the sphere. | 
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PROP. we 


If a tangent be drawn to a sphere, and a radius be drawn. 
rom the centre to the point of contact, it will be perpendi- 
ular to the tangent; and a perpendicular to the tangent will 
yass through the centre. 
~ Demons.—For, let pr be the tangent, Tc the radius, and 
oTA a great circle of the sphere, in the plane of the triangle 
ali as in the foregoing proposition. Then, pT touching 
he circle in the point T, the radius Tc is bee tarh to. 
he tangent pT, by Eucl. iii. 18, 19. ! 


PROP. 3. 


If any line or chord be drawn in a sphere, its extremes 
erminating in the circumference; then a perpendicular drawn 
o it, from the centre, will bisect it: and if the line drawn 
rom the centre, bisect it, it is perpendicular to it. 

Demons.—For, a plane may pass through the given line 
ind the centre of the sphere; and the section of that plane — 
vith the sphere, will be a great circle (Theodos. i. 1), of 
vhich the given line willbe a chord, Therefore (Eucl. iii. 3) 
he perpendicular bisects the chord, and the bisecting line is 
erpendicular. 

Corol.—A line drawn from the centre of the spher e, to the 
sentre of any lesser circle, or circular section, is perpendi- 
sular to the plane of that circle. For, by the proposition, it 
's perpendicular to all the diameters of that circle. 


PROP. 4. 


If from a given point, a right line be drawn in any position - 
hrough a sphere, cutting its surface always in two points; 
he A contained tear the whole line and the external 
»art, that is the rectangle ¢ontained by the two distances be- 
ween the given point, and the,two points where the line 
eets the surface of the sphere, will always be of the same 
constant magnitude, namely, equal to the square of the tan- 
rent drawn from the same given point. 
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Demons.—Let F be the given point, and 

AB the two points in which the line paB 
meets the surface of the sphere; through “= A ) 
PAB and the centre let a plane cut the | 
sphere in the great circle TAB, to which | . 
draw the tangent pt. Then the rectangle 5 

PA . PB is equal to the square of pr (Eucl. 

iii. 36); but pr, and consequently its 
square, is constant by Prop. 1; therefore the rectangle PA 7 
PB, which is always equal to Arie square, is every where of — 
the same constant magnitude. 


~ 
—~~ 


PROP. 5. 


If anytwo lines intersect each other withinasphere, and be 
terminated at the surface on both sides; the rectangle of the 
parts of the one line, will be equal to the rectangle of the | 
parts of the other. And, universaily, the rectangles of the 
two parts of all lines passing through the point of intersec- 
tion, are all of the same magnitude. 

Demons-—Through any one of the 
lines, as AB, conceive a_plane to be 
drawn through the centre c of the 
sphere, cutting the sphere in the great 
circle aBp; and draw its diameter 
pcpPF through the points of intersection | 
p of all the lines. Then the rectangle ap. PB is equal to the | 
rectangle pp. pt (Eucl. in. 35). | 

Again, through any other of the intersecting lines Gu, and © 
the centre, conceive another plane to pass, cutting the sphere a 
in another great circle pcrH. Then, because the points c 7 
and p are in this latter plane, the line cp, and consequently | 
the whole diameter pepr, is in the same plane; and therefore — 
it is a diameter of the circle DGFH, of which GpH is a chord. 
Therefore, again, the rectangle GP. PH is equal to the rect- i 
angle pp . pF (Eucl. iii. 35). i 

Consequently all the rectangles ap . PB, GP. PH, &c; are — 
equal, being each equal to the constant rectangle pp. pr. 


a — 
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Corol.—The great circles passing through all the lines ot 
chords which intersect in the point P, will all intersect in the 
common diameter DPF. 


PROP, 6. 


If a sphere be placed within a cone, soas to touch it in two 
points; then shall’the outside of the sphere, and the inside 
of the cone, mutually touch quite around, and the line of 
contact will be a circle. 

Demons.—Let v be the vertex of the Vv 
cone, c the centre of the sphere, T one of 
the two points of contact, and Ty a side 
of the cone. Draw cr, cy. Then tvc 
is a triangle right-angled at TP (Prop. 2). 
In like manner, ¢ being another point of 
contact, and cf being drawn, the triangle 
ive will be right-angled at ¢. These two 
triangles than, yeTves Five, having the two sides er, Tv, equal 
to the two cf, ¢v (Prop. 1), and ais included angle r equal 
to the included angle ¢, will be equal in all respects (Itucl. 
i. 4), and consequently have the angle ryc equal to the angle 
fvc, 

Again, let fall the perpendiculars rp, Pp. Then the two 
triangles Typ, ¢vP, having the two angles rvp and Tpv equal 
to the two ¢vp and ¢pv, and the side Tv equal to the side iv 
(Prop. 1), will be equal in all respects (Iucl. 1. 26); conse- 
guently TP is equal to 7p, and vp equaltove. Hence pr, Pé 
are radii of a little circle of the sphere, whose plane is per- 
pendicular to the line cy, and its circumference every where 
equidistant from the point ¢ or v. This circle is therefore a 
circular section both of the sphere and of the cone, and is 
therefore the line of their mutual contact. Also cv is the axis 
of the Cone. 

Cerol. 1.—The axis of a cone, when produced, passes 
through the centre of the inscribed sphere. 

Corol. 2.—Hence also, every cone circumscribing a sphere, 
so that their surfaces touch quite around, is a right conc; 
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nor can any sealene. or oblique cone touch a sphere in that 
manner. 


4 


PROP. 7. 


The two common sections of the surfaces of a sphere and 
a right cone, are the circumferences of circles, if the axis of 
the cone pass through the centre of the sphere. 

Demons.—Let v be the vertex of the 
cone, c the centre of the sphere, and s 
one point of the less or nearer section ; 
draw the lines cs, cy. Then, in the tri- 
angle esv, the two sides cs, cv, and the 
included angles cv, are constant, for all 
positions of the side vs and therefore 
the side vs is of a constant length for all 
positions, and is consequently the side of a right cone hav- 
ing a circular base ; therefore the locus of all the points g, 
is the circumference of a circle perpendicular to the axis cv, 
that is, the common section of the surfaces of the sphere and 
cone, is that circumference. 

In the same manner it is proved that, if a be any point in 
the farther or greater section, and ca be drawn; then va is 
constant for all positions, and therefore, as before, is the side 
of a cone cut off by a cireular section whose plane is perpen- 
dicular to the axis. 

And these circles, being both perpendicular to the axis, 
are parallel to each other. Or, they are parallel because 
they are both circular sections of the cone. 

Corol. 1.—Hence sa = sa, because va = va, and ys = vs. 

Corol. 2.—All the intercepted equal parts sa, sa, &c, are 
equally distant fromthe centre. For, ail the sides of the tri- 
angle sca are constant, and therefore the perpendicular ep is 
constant also. And thus all the equal right lines or chords 
in a sphere, are equally distant from the centre. 

Corol. 3.—The sections are not circles, and therefore not 
mm planes, if the axis pass not through the centre. For then 
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some of the points of section are farther from the vertex than 
others. 


PROP. 8. 


Of the two common sections of a sphere and an oblique 
cone, if the one be a circle, the other will be a circle also. 


Demons.—Let saas and asva be sec- 
tions of the sphere and cone, made by a 
common plane passing through the axes 
of the cone and the sphere; also ss, aa. 
the diameters of the two sections. Now, 
by the supposition, one of these, as aa, 
is the diameter of acircle. But the angle 
vss = the angle vaa (Eucl. 1. 13, and ii. 
22), therefore ss cuts the cone in sub-contrary position to 
Ad; and consequently, if a plane pass through ss, and per- 
pendicular to the plane aya, its section with the oblique cone 
will be a. circle, whose diameter -is the line ss (Apol. i. 5). 
But the section of tue same plane and the sphere, is also a 
circle whose diameter is the same line ss (Theod. i. 1). Con- 
sequently the circumference of the same circle, whose diame- 
ter is ss, is in the surface both of the cone and sphere; and 
therefore that circle is the common section of the cone and 
sphere. ‘ 


In like manner, if the one section be a circle whose dia- 
meter is sa, the other section will be a’circle whose diameter 
is SA. 


Corol. 1.—Hence, if the one section be not a circle, neither 
of them is a circle; and consequently they are not in planes; 
for the section of a sphere by a plane, is a.circle. 


Corol. 2.—When the sections of a sphere and oblique cone 
are circles, the axis of the cone does not pass through the 
centre of the sphere, (except when one of the sections is a 
great circle, or passes through the centre). For, the axis passes 
through the centre of the base, but not perpendicularly ; 
whereas ‘a line. drawn from the centre of the sphere to the 
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centre of the base, is aiid di to the base, by cor. to 
prop. 3. 

Corol. 3.—Hence, if the inside of a bow], which is a hemi- 
sphere, or any segment of the sphere, be viewed by an eye 
hot situated in the axis produced, which is perpendicular to 
fhe section or brim ; the lower, or extreme pait of the inter- 
nal surface which is visible, will be bounded by a circle of 
the sphere ; and the part of the surface seen by the eye, will 
be included between the said circle, and border or brim, 
which it intersects in two points. For the eye is in the place 
of the vertex of the cone; and the rays from the eye to the 
brim of the bowl, and thence continued from the nearer part 
of the brim, to the opposite internal surface, form the sides 
of the cone; which, by the proposition, will form a circular 
are an the said Heer surface ; because the brim, which is 
the one section, is a circle. 

And hence, the place of the eye being given, the quantity 
of internal surface that can be seen, may HE easily determined. 
For the distance and height of he eye, with respect to the 
brim, will give the greatest distance of the section below the 
brim, together with its magnitude and inclination to the plane 
of the briny; which being known, common mensuration fur- 
nishes us with. the measure of the surface included between 
them. -Thus, if ap be the dia- 
meter in the vertical plane pass- i eae? 
ing through the eye at £, also Pe See bs 
AFB the section of the bowl by Me ca aetna SS 
the same plane, and aiB the 
supplement of that arc. Draw ee 
EAF, EIB, cutting this vertical 
circle in F and 1; and joinir. ‘Then shall rr be the diame- 
ter of the section or extremity of the visible surface, and BF 
its greatest distance below the brim, an arc which measures 
an angle double the angle at a. 

Corol. 4.— Hence also, and from Proposition 4, it follows, 
that if through every point in the circumference of a circle, 
‘ines be drawn to a given point & out of the plane of the 
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circle, so that the rectangle contained under the parts be- 
tween the point £ and the circle, and between the same point 
£ and some other point F, may always be of a certain given 
magnitude ; then the locus of all the points F will also be a 
cisicte! cutting the former circle in the two points where the 
lines drawn from the given point 8, to the several points in 
the circumference of the first circle, change from the convex 
to the concave side of the circumference. And the constant 
quantity, to which the rectangle of the parts is always equal, 
is equal to the square of the line drawn from the given point 
E to either of the said two points of intersection.—And_ thus 
the loci of the extremes of all such lines, are circles. 


PROP. 9. 
‘ 


Prob.—To place a given sphere, and a given oblique cone, 
in such positions, that their mutual sections shall be circles. 
Let v be the vertex, vp the least side, 
and vp the greatest side of the cone. In 
the plane of the triangle vgp it is evident 
will be found the centre of the sphere. 
Parallel to sp draw aa the diameter of a 
circular section of the cone, so that it be 
not greater than the diameter of the 
sphere. Bisect aa with the perpendicu- 
lar Ec; with the centre a and radius of | 
the sphere, cut Ec in c, which will be the centre of the 
sphere ; from which therefore describe a great circle of it, 
cutting the sides of the cone in the points s, s, a, a: so shall 


ss and aa be the diameters of circular sections which are com- 


mon to both the sphere and cone. , 
July 29, 1785. 


TRACT XIV. 


oN THE GEOMETRICAL DIVISION OF CIRCLES AND ELLIPSES 
INTO ANY NUMBER OF PARTS, AND IN ANY PROPOSED 
RATIOS. 


» 


. ARTICLE I. 


In the year 1774 was published a pamphlet in 8vo, with 
this title, 4 Dissertation on the Geometrical Analysis of the 
Antients. With a Collection of Theorems and Problems, with- 
out Solutions, for the Exercise of Young Students. "This 
pamphlet was anonymous; it was however well known to 
myself, and to several other persons, that the author of it 
was the late Mr. John Lawson, B. D. rector of Swanscombe 
in Kent, an ingenious and learned geometrician, and, what 
is still more estimable, a most worthy and good man; one in 
whose heart was found no guile, and whose pure integrity, 
joined to the most amiable simplicity of manners, and sweet- 
ness of temper, gained him the affection and respect of all” 
who had the happiness to be acquainted with him. His 
collection of problems in that pamphlet concluded with this 
singular one, ‘* To divide a circle into any number of parts, 
which shall be as well equal in area as in circumference.— 
N. B. This may seem a paradox, however vt may be effected m 
a manner strictly geometrical.” "The solution of this seem- 
ing paradox he reserved to himself, as far as I know ; but I 
fell upon the dis¢overy of it soon after; and my solution was 
published in an account which I gave ofthe pamphlet in the 
Critical Review for 1775, vol. xl, and which the author after- 
wards informed me was on the same principle as his own. 
This account is in page 21 of that yolume, and in the follow- 
ing words: 
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2. * We have no doubt.but that our mathematical readers 
will agree with us in allowing the truth of the author’s re- 
mark concerning the seeming paradox of this problem; be- 
cause there is no geometrical method of dividing the circum- 
ference of a circle into any proposed number of parts taken 
at pleasure, and it does not readily appear that there can be 
any other way of resolving the problem, than by drawing 
radii to the points of equal division in the circumference, 
However another method there is, and that strictly geome- 
trical, which is as follows, 

** Divide the diameter ax of the 
given circle into as many equal parts = * 
as the circle itself is to be divided 
into, at the points c, p, E,&c. Then A B 
on the lines ac, aD, AE, &c, as dia- 
meters, as also on BE, BD, BC, &c, 
describe semicircles, as in the annexed 


figure: and they will divide the whole circle in the manner 
as required, 


- 


‘* For, the several diameters being in arithmetical progres- 
sion, of which the common difference is equal to the least of 
them, and the diameters of circles being as their circum- 
ferences, these will also bein arithmetical progression. But, 
in such a progression, the sum of the extremes is equal to the 
sum of each pair of terms equally distant from them; there- 
fore the sum of the circumferences on Ac and cB, is equal to 
the sum of those on AD and bB, and of those on Az and EB, 
&c, and each sum equal to the semi-circumference of the 
given circle on the diameter as. Therefore all the parts 
have equal perimeters; and each is equal to the whole cir- 
cumference of the proposed circle. Which satisfies one of 
the conditions in the problem. 

‘¢ Again, the same diameters being as the numbers J, 2, 3, 
4, &c, and the areas of circles being as the squares of their 
diameters, the semicircles will be as the square numbers 
1,4, 9, 16, &c, and consequently the differences between all 
the adjacent semicireles are as the terms of the arithmetical 


e- 
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progression 1,3, 5,7, &c ; and here again the sums 'of the ex- 

tremes, and of every two equidistant means, make up the seve- 

ral equal parts of the circle. Which is the other condition.” 

3. But this subject admits of a more geometrical form, and 
is capable of being rendered very general and extensive, and 
is moreover very fruitful in curious consequences. For first, 
in whatever ratio the whole diameter is divided, whether into 
equal or unequal parts, and whatever be the number of parts, 
the perimeters of the spaces will al- 
ways be equal. For since the circum- 
ferences of circles are in the same 
ratio as their diameters, and because 
AB and AD + pBand ac + cBareall 
equal, therefore the semi-circumfer- 
ences c and 6 + danda + e are all 
equal, and constant, by the same, 
whatever be the ratio of the parts aD, Dc, cB, of the diame~« 
ter. We shall presently find too that the spaces Tv, Rs, and 
pa, will be universally as the same parts AD, DC, cB, of the 
diameter. : 

4. The semicircles having been described as before men- 
tioned, erect cE perpendicular to aB, and join BE. Then 
will the circle on the diameter BE, be equal to the space Pa. 
For, join AE. 

Now the space Pp = semicircle on aB—semicircle on Ac; 

but the semicir. on AB = semicir. on AE 4+ semicir. on BE, 
and the semicir. on Ac = semicir. on AE — semicir. on CE, 
theref. semic. AB—semic. AC=semic. BE + semicir. CE, 4 
that is, the space P 1s =semic. BE + semicir. CE; 

to each of these add the space a, or the semicircle on Be, 
then P+ a@Q=semic. BE -+ semic. CE +. semic. BC, 

that isP + @ = double the semic. BE, or = the whole circle 
on BE. 

5. In like manner, the two spaces pa and rs together, or 
the whole space pars, is equal to the circle on the diameter 
BF. And therefore the spacers alone, is equal to the differ. 
ence, or the circle on BF minus the circle on BE. 


9 
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6. But, circles being as the squares of their diameters, BE’, 
BF’, and these again being.as the parts or lines Bc, BD, 
therefore the spaces PQ, PQRS, RS, TV, 
are respectively as the lines Bc, BD, CD, AD. 
And if Bc be equal to cp, then will ra be equal to rs; as in 
the first or simplest case. 

7. Hence, to find a circle equal to the space rs, where the 
points p and c are taken at random: From either end of the 
diameter, as a, take AG equal to pc, erect GH perpendicular 
to AB, and join Au; then the circle on Aun will be.equal to 
the space rs.» For, the space pa: the space Rs :: BC : CD or 
AG, that is as BE”: AH* the squares of the diameters, or as the 
circle on BE to the circle on AH; but the circle on BE is equal 
to the space pa, and therefore the circle on AH is equal to the 
space Rs. 

8. Hence, to divide a circle in this manner, into any pro- 
posed number of parts, that shall be in any ratios to one an- 
other: Divide the diameter into as many parts, at the points 
D, c, &c, and in the same ratios as those proposed ; then on 
the several distances of these points, from the two ends a and 
8, as diameters, describe the alternate semicircles on the dif- 
ferent sides of the whole diameter aB: and they will divide 


the whole circle in the manner proposed. That is, the spaces 


TV, RS, PQ, will be as the lines AD, Dc, cB. 

9. But these properties are not confined to the circle alone. 
They are found also in the ellipse, as the genus of which the 
circle is only a species. For if the annexed figure be an 
ellipse described on the axis AB, . 
the area of which is, in like 
manner, divided by similar semi- 
ellipses, described on aD, Ac, 
BC, BD, as axes, all the semi- 
perimeters f, ae, bd, c, will be 
equal to one another, for the 
Same reason as before in Art. 3, 
namely, because the peripheries 


‘of ellipses are as their diameters. And the same property 
/ 


VOL, I. 5 


255 DIVISION OF CIRCLES AND ELLIPSES. TRAC? 14. 


would still hold good, if aB were any other diameter of the 
ellipse, instead of the axis ; describing on the parts of it semi- 
ellipses which shall be simile to chose into whieh the diame- 
ter AB divides the given ellipse. 

10. And further, if a circle be described about the ellipse, 
on the diameter aB, and lines be drawn similar to those in the - 
second figure; then, by a process the very same as in Art. 4, 
et seq. sabstitinting only semiellipse for semicircle, it is found: 
that the space 

Pa is equal to the similar ellipse on the diameter BE, 

PaRs is equalsto the similar ellipse on the diameter BF, 

RS is equal to the similar ellipse on the diameter an, 

or to the difference of the ellipses on BF and BE; | 

also the elliptic spaces - <= - PQ, PQRS, RS, TV, 

are respectively as the lines - BC, BD, DC, AD, 
the same ratio as the cireular spaces. And hence an ellipse 
is divided into any number of parts, in any assigned ratios, 
in the same manner as the circle is divided, namely, dividing 
the axis, or any diameter in the same manner, and on the parts 
of it describing similar semiellipses. 


Awe 
 semeiemeneiiaiatl 


TRACT XV. 


AN APPROXIMATE GEOMETRICAL DIVISION OF THE CIRCLE. 


Tue solution, here improved, of the following problem, I 
first gave in my ] Miscellanea Mathematica, publishetla in the 
year 17%, pa. 311. Phe problem is as follows. 

To find whether there 1s any such fixed 
point £, in the radius Bp produced, bi- 
seeting the semicircle ABC, so that any 
line ERG being drawn from it, this line 
shall alway cut the perpendicular radius 
Ap and the quadrantal arc ax, propor- 
* tionally in the two points F and G; viz. so 
that pr shall be to BG in a constant ratio, 
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 Solution.—Put the radius ap or DB = 7, DE = ar, the are 
BG = z,GH = y, and pr = v. Now, if to v be a constan® 


ratio, then < to v will also be constant ; and the contrary. 
At , D 
But, by similar triangles, EH = ar 4+ ./(P=y*):GH=y vi 


ar , HP rg 
ED =ar: DF = EE. + 18 = v; the fluxion of which is 
ar + J/(r—y ) 
ary haeahie tti 2 2 DH ; also 
x feit 2 O')> DUIS? = — = ‘ 
é ix—. then &: ary. 
& = y xX = =x. Hence then #20 22°: arm 
7 (77 —y’) aon? w 
a 4 arw r+aw DAO EL 
eer eM) aT x so which is evidentlya variable 
w(ar+w) (ar +- w) 


ratio. Therefore there is no such fixed point £, as that inen- 
tioned in the problem. ; 


Corollary 1.—Hence then it appears, that the common 
method of finding the side of a polygon inscribed in a circle, 
by drawing a line from a certain fixed point £, through F and. 
G, making ar to ac as 2 is tothe number of sides of the poly- 
gon, is not generally true. 


Corol. 2.—But such a point £ may be found, as shall tender 
that construction at least nearly tfue, in the following mane 
ner. Suppose the line ere to reyolve about £, from B to a: 

-at B, the arc BG and the line pr arise in the ratio of BE to 
DE; and at A they are in the ratio of BA to AD or DB; there- 
fore make these two ratios equal to each other, and it will 
determine the point 5, so as that the ratios in all the inter- 
mediate points, or situations, will be nearly equal: thus then, 
BE :DE:: BA: AD::p: 2, making p = 3°1416; or BD: DB 
[1p —2:2; hence pe = ig xX BD = 1°152. BD => zBD 
very nearly. If, therefore, pre be taken to pa.as7 to 4; then 
apy line drawn from kg, to cut the diameter ac, and the semi- 
circumference aBgc, it will very nearly cut them proportion 
ally. Therefore, if a polygon is to be inscribed, or if the 
whole circumference is to be divided into any number of 

equal parts; first divide the diameter into the same number 
gs 2 


: 7 
rt 
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of parts, and through the 2d point of division draw EFG, so 
will Ac be one of the equal parts very nearly. 

Corol. 3.—The number 1°752 being equal to 4/3 nearly, 
for “3 = 1°732; therefore, if pE*be taken to Da as 4/3 to - 
1, the point © will be found answering the same purpose as 
before, but not quite so near as the former. And here, be-_ 
cause DA: DE:: 1: 4/3, therefore DE is the perpendicular 
of an equilateral triangle described on ac. Hence then, if’ 
with the centres A, c, and radius Ac, two arcs be described, 
they will intersect in the point E, nearly the same as before. 
And this is the method in common practice; but it is not so 
near the truth as the construction in the 2d Corollary. 

Corol. 4.—Hence also a right line is found equal to the arc 
of a circle nearly: for BG is = LDF noe, And this is the 
same as the ratio of 11 to 7, which Archimedes gave for the 
ratio of the semicircumference to the diameter, or 22 to 7 the 
ratio of the whole circumference to the diameter. But the 
proportion is here rendered general for any arc of the circle, 
as well as for the whole circumference. 


* rity ‘ 3 
. TRACT XVI. 
ON PLANE TRIGONOMETRY WITHOUT TABLES. 


THE cases of trigonometry aré usually calculated by meang 
of tables of sines, tangents or secants, either of their natural 
numbers, of their logarithms. But the calculations may also 
be made without any such tables, to a tolerable degree of ac- 
curacy, by means of the theorems and rules contained in the 
following propositions and corollaries, 


PROPOSITION. 


If 2a denote a side of any triangle, a the number of degrees 
eontained in its opposite angle, and 7 the radius of the circle™ 


a 


: 
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circumscribing the triangle: Then the value of a is equal to ~ 


a as 3as $.5a7 3.5.7a° 
eth # a aar 24.5r5! 24.6.1 * 2.4,6.8.97° 
For, since 2a is the chord of the arc on which the angle, 
whose measure is A, insists ; a will be the sine of half that arc, 
or the sine of the angle to the radius 7, since an angle in the 
circumference of a circle is measured by half the arc on which 


it stands; now it is well known that the said half are z is 


equal to 
a 3a> 3.5a7 es 
“ + 2.37% 53 2.4. 574 + 2.4.6.77° &e; and, 3°14159r denoting 


half the circumference of the same circle, or the arc of 180 
degrees, it will be 


180z 5T:2957795z 
Be LA1Gr : 180% ae oa 4 gy ee stiles 
3°14159r r 

a 3a’ 3.5a7 


= 572957195 x (— Pooling ahaa i &c,) the 


2.39% i) 'BA.67° + 2.4.6.797 
degrees in the nals or half arc. 


4 
Corollary 1.—By reverting the above series, we obtain 
Tey As AS A’ 


Ps WER ols os ashe 23.4 &e ; 
uttine 2 = 57°2957795 = aN 
set bee a 
PS 5 AY Solel ape Beas” 


Corollary 2.—If 2a be the hypothenuse of a right-angled | 


triangle, @ will be = r; and then the general series will be- 
come nm xX (@ + 
1 3 3.5 90 _ 90x 314159 &e_ 


ill &c) = 90, or — 

6.7 ) n 130 
lea aah wd Sg aac i 2.5.7 |. ® 
: 2 ae 9.3 24,5 | 9.4.6.1 4 2.4.6.8.9 °° 


Cerol. 3.-—Since the chord of 60 degrees is = the radius, or 
the sine of 30 degrees = ane radins, putting w for rin the 

1 3 3.5 
2.3.2 1 2.4.5.95* 2 4.671.gF 
gic = 30; and hence the sum of the infinite series 


general series, will give x ' af en 


SY 


a 
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] 1 , 3 # ? 305 
— $- —— 4 — —— 4+. —  — &e 
2" + 2.3.93.° 2.4.5425 15 2456.71.27 ? 


30 30x 3°14159 &cy 3°14159 &c 
i <= — SS ————— == 


n 180 6 . 
4th of the circumference of the circle whose diameter is 1. 


Corol. 4.—It might easily be shown, from the principles of. 
common geometry, that the sine of 60 degrees is to the radius, | 
as 44/3 is to 1; substituting then 4773 for a@ in the ceneral | 
Bo. Seolae 
9.3.28} 9.4.5.98 + 24.6.127) 
&c). = 60; and hence the sum of the infinite series 

Al 2 3-3" B.D2ae P 
Ot 2.5.5 * gaat 4.61.91 6 Vee | 
60 60x3t14159&c 314159 &e PR. { 
rea iu aon fw NT a and is therefore to 
the infinite series'in the 3d corollary, as 2 is to 4/3. | 


1 
series, we shall have 2/3 x Op ewe 


Corol. 5.—If 6, c be the halves of the other two sides of 
the triangle, and B, c the degrees contained in their opposite 


b 3 355 | 
angles; since B = 7” x en + ner Heras &c), and c = 


| 


a x (— 7 ae eI and the 3 angles af any triangle are equal 


29 .3rF 
to 180 degrees; we shall have 180 -~>a+t+n+ec=n x} 


atb+te @ Pre | 
a) &c), or the sum of the infinite serie 


_ 


r 2.373 | 
atb c OLh +65 3. B46 Leo 85 Vat Gt ae 
Te +33 3 7s ea.5*. tO eat 
; 180 180 x 3°14159 &c ee 
&e, will be = PER iP pCR ER TE hs 3.14159 &e'= th 


circumference of a circle whose diameter is 1; a, 6, ¢, bein ‘ 
the halves of the three sides of any triangle, aa r the radius 
of its circumscribing circie. 5 


ua — ce 
b 
half the difference of the segments of the base (6) made by ¢ 


 Corol. slash: by theor. 3,d:a+--¢::a-c: 


=e ee 
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perpendicular Seen from its opposite angle, and 6 +- 
da—ce aa+bb— 


; ne = the segmentadjoining to the side 2a, we 
2h? — bb— 
shall have 4/ (4a’ — Nea go cc) )F-- QS (a Bh—ee)) 
for the value of the said perpendicular to the base; and hence 
a/ (4a*b* — (aa + bb —cc)) Qabe 
B’ b VY 408 —(aa-bb — bb ct)*) 


" the radius of the fs net circle. 

Having now found the value of 7, we can caleulate all the 
cases of trigonometry without any tables, and without re- . 
ducing oblique triangles to right-angled ones; for, baving 
any three parts (except the three angles) given, we €an find 
the’rest from these five equations following : 


2abe 

i tiny (4a°b? — (aa + bb —ce)*) 

a az 3a5 3.5a? 3.5. Ta? 
2.4=UX(+ 553+ Qmsrst 24.6.177 + 2.4.6.8.979 ees) 

b b3 305 3.567 3.5.79 
3.B="x(—tosatoges tage | 2.4.6.8.979 &) 

c Yd 3c5 3.5¢7. 3.5.1c9 
4.c="x (“+5355 o4.575 | 24.6.177 | 2.4.6.8,979 


5.A+B pent: 

And, for the more convenience, we may add the three fol- 
Jowing, which are derived from the 2d, 3d, and 4th, by rever- 
sion of series. 

A A} AS A? 


O, Oe TX (— Sree ly icacg od Bo 
“ ( n 2.3n3 + 9.3.4.5? 2.3.4°5.6.79n? ee ) 


. B B? B> R? 
(ob tb Fear 2348.60 &* 
R Cc e 1 c Lae bn 
.c=rx(— - - ft Fr 
x { nN 9.373 ~~ 2.9.4.575 > 2.3.425,6.7207- ~ ) 
Where 72 = 57°2957795 &c. : 5° 
EXAMPLE. 


| Suppose we take here the following example, i in which are 
given the two sides 2b = 345, 2c = 232, and the anole Op» 
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posite to 2¢ = 37° 20’ = 374 degrees = c. Then since 

c 374 X 3°14159 &e 232 
at Rv a Sets = °651589587, we haye c = 
2 180 

= 116 =r x (651589587 — °04610744 4- 00097879 — 


*000009894 + *000000058 <) = © X (652568435 — 


116 
046117334) =°60645117. Hence r= TCOE4ENL ake. Kecen ee 


, 6 845 x 6064511 
and Pat Binenre gare ries "9018346. a 
Again, B = 57:2957795 x 1:12402 (the sum of the series 

in the 3d equation) = 64°4016 degrees = 64° 24. 
And a = 180 — 372~—64°4016 = 180 — 101°735 = 78°:265 
= 78° 16’ nearly. 


718°265 
=1°36$982, and 7 o> 


57:2957795 
191:27677, from the 5th equation we have @ = 191:27677 x 
(1°365982 ~— *4247992 + °0396379 — *0017607 + 0000288 
_ °0000005) = 191°27677 x °9790883 = 187°27684. 

And hence 2a = 374°55368 =the third side of the triangle. 


A ‘ 
Lastly, ie being = 


Corol, '7.—As the series by which an angle is found, often 
converges very slowly, I have inserted the following approxi- 
mation of it; viz, ; 

ad a 
A=NX ($V (2— 2./(1 — =) )— oa) nearly; where the 


letters denote the same quantities as in the iar series. For 
a Tas 
since P=,/(2— 2 1-= is = — Le ee 
V/ (¢ /( =) ) i Sto DA 1ope &o? 
a 3a5 ve 


and j - 
rs ane fe 
Mn r 1 2.378 O04 4.55). 


we'shall haye, by taking the former of ver from se latter, 
A” as 13a5 

—— p= — 4 --— ke. j 
oe oe Wee s But, from the first series, 

a a as 1a5 

2 Br 2473 + 38475 
ter from the former, it gives 


ao 


Cc; 


&c ; hence, by subtracting the late 
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— ip po Ss le a &e; and 
nN Tor nt Br 480r5 , 
. a ad a 
=n x (4pe-—- —= 4,/(2—2 oe) ) —-+—) nearly, 
A (jP — F=nx ($/(2-24/(1-—) ) 7 y 
Corol. 7.—And in, si * P 4 Sade 
- 7,—And again, since 75; x (Pp -g-—i¢g= 730! 
, a p : A 4p — 
| &ce; where gis= —} by subtracting this from ere Liss 
1 S 
—o° &c, and reducing, there will be obtained a = — 
480! c, and reducing, there wi e obtained A = 105 * 


n 
(144P— 399 —49°)= > x (1444/2 =2V(1—9")) — 399 — 39%, 
ian 
which will commonly give the angle exact to within a minute 
of the truth. Where note, that the constant quantity ne is 


= *54567409. And from the whole may be drawn the fol- 
Jowing general problem. 


° PROBLEM. 


& 
To perform all the Cases of Trigonometry without any Tables. 


Having any three parts of a triangle given, except the three 
angles, the other three parts may be found, by some of the 
following six general theorems. 


lLAa= nx (4y/ (2-2 (— =) )- ~~) nearly. Or 


n a a @ 

A=T05* (144,/ (2 _ 2/ (1 Sica) ) ae 
a a 3a5 3.5a7 3.5.7a° 

2.4=2x (—+o5 +77 ast o4.6ir7* 2.4.6.8.979 &) 


) more nearly. 


A a3 Ae Al 
rae Pisieg seein 2 eee ee ee ee OO &c. 
ae = 7 x of 2.3n3 ni 2.3.4.5n5 2.3.4.5.6.707 ) 


A A? A’ A’ 
n 9.3.73 2.3.4.5n5 92.3.4.5.6.7n7 


&e. 
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2abe 


= J (ee — (a+ 6° ?)) 


2abe 
Sif Jlatobe)x (ato c)x (a—b- Fe)x(—a+0-Fe))" 
: . c r 
sh AR ed, = Bab) lm (= 5 2.3n?  2.3.4.5n° | antes? MI 
Where a, 6, c, are the halves of the three sides of the tri- 
angle, and a the number of degrees in the angle opposite cuit 
side 2a, and ¢ the degrees in the angle opposite the side 2c ; 7 


also 7 is the radius of the circumscribed circle ;_ 


180 oe! n 
ore —- 74 7o —— € 
and 2 = aagicg °? 57°2957795, or Vecheea 54567409 


EXAMPLE. 


Thus, if the three sides be given, as for example a = 13, 
b= 14,¢ = 15. Then is r= 163, and'the angles by these 


theorems come out as follow ; viz. ‘ 
Angles by the Theor. The true Angles, 
53° 7 - ~ anglea ~- - 53°. 7'4 
59 28 - - dnglep - - 59 292 ® 
67 19° - @ anglec +,» 67 994 
179 54 sum of all 180 00 


eS 


TRACT XVII, 


ON MACHIN’S QUADRATURE OF THE CIRCLE. 


Since the chief advantage of this method consists in taking 
small arcs, whose tangents shall be numbers easy to manage, 
Mr. Machin very properly considered, that as the tangent of 
45° is 1; and that the tangent of any arc being given, the 
‘tangent of double that are can easily be found; if there be 
aeiinied some small simple number for the tangent of an are, 
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and then the tangent of the double are be continually taken, 
till a tangent be feund nearly equal to 1, the tangent of 45°, 
by taking the tangent answering to the small difference be- 
tween 45° and this multiple, there would be obtained two very 
small tangents, viz. the tangent first assumed, and the tangent 
of the difference between 45° and the multiple are; and that 
therefore the lengths of the arcs corresponding to these two 
tangents being calculated, and the are belonging to the tan- 
gent first assumed being as often doubled as the multiple de- 
notes, the ré8ult increased or diminished by the other arc, 
would be the are of 45°, according as the multiple are should 
be below or above it. 

Having thus thought of his method, ‘sg a few trials he was 
lucky enough to find a number, and perhaps the only one, 
proper for this purpose, viz, knowing that the tangent of 4 
of 45° is nearly = 2, he assumed 4 as the tangent of an-arc : 
thén since, if ¢ be ie tangent of an arc, the tangent of the 


t : 
double are will be =~ the radius being 1; the tangent of 


an are double to that of which + is the tangent, will be 


2 

; = ~ = 42 = +, and the tangent of the double of this last 
zs 

; eo 120 ‘ch ; . 

is 1-28 = Too Te which, being very near equal to 1, shows 


that the arc which is equal to 4 times the first, is very near 
45°, Then, since the tangent of the difference between 45° 


and an are whose tangent is T, is — , we shall have the tan- 
gent of the difference between 45° and the arc whose tangent 
120 371, 120-119 1 ai pt, 

5 dual to roy = 1204119 ~ 239" 

Now by calculating, from the general series, the arcs whose 
tangents are 4.and ;45, which may be quickly done, by rea- 
son of the smallness and the simplicity of the numbers, and 
taking the latter arc from 4 times the former, the remainder: 
will be the arc of 45°. And this is Mr. Machin’s ingenious 
quadrature of the circle, 


But it was by means of Dr. Halley’s method that Mr. 


is 
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Machin found the circumference of a circle, whose diameter 
is 1, to be 
3°14159265335,8979323846, 2643383279,502884197 1 6939937510, 
5820074944,5923078 164,0628620899,8628034825,3421170079 +-, 

true to above 100 places of figures. 

Or, by substituting the Sage numbers in Machin’s series, 

16. 4 1 ,16 4: 1 ‘eaten vedess 

we get the series aeeirterys NET) Tago Sai 2395 
equal to the semicircumference whose radius is 1, or the 
whole circumference whose diameter is 1. Being the series 
published by Mr. Jones, and which he acknowledges he re- 
ceived from Mr. Machin. : 

But because the arc whose tangent is +, is = 2 times the 
- are whose tangent is 4, minus the arc to tangent =4,; (for 


Prisco RU is doe} f twice tl tot t 3 1 
eon Gi angent of twice the arc to tangent +45, anc 


I 
ae ee = tang. of diff. between the arcs whose tan- 


gents are 2° and +); therefore 8 times arc to tangent ~4 — 4 
times arc to tang. +}, — arc to tang. 4,5 = arc of 45°, or 
whose tang. is 1. Which is much easier than Machin’s way. 
And various other methods may easily be discovered from the 


same principles. 


TRACT XVIII, 


A NEW AND GENERAL METHOD OF FINDING SIMPLE AND 
QUICKLY-CONVERGING SERIES; BY WHICH THE PROPOR- 
TION OF THE DIAMETER OF A CIRCLE TO ITS CIRCUMFER- 
ENCE MAY EASILY BE COMPUTED TO A GREAT MANY PLACES 
OF FIGURES. 


- 

In examining the methods of Mr. Machin and others, for 
computing the proportion of the diameter of a circle to its 
circumference, I discovered the method explained in this 
paper. Ths method is very general, and discovers many 
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series that are fit for the abovementioned purpose. The ad- 
vantage of this method is chiefly owing to the simplicity of 
the series by which an arc is found from its tangent. For, if 
é denote the tangent of an arc a, the radius being 1, then it 
is well known, that the arc a is denoted by the infinite series, 
— FP +205 — 3t7 + 219 — &c; where the form is,as simple 
as can be desired. And it is evident that nothing further is 
required, than to contrive matters so, as that the value of the 
quantity ¢, in this series, may be both a small and a very 
sumple number. Small, that the series may be made to con- 
verge sufficiently fast ; and simple, that the several powers 
of ¢ may be raised by easy multiplications, or easy divisions. 
Since the first discovery of the above series, many authors 
have used it, and that after different methods, for determin- 
ing the length of the circumference to a great number of 
figures. Among these were, Dr. Halley, Mr. Abra. Sharp, 
Mr. Machin, and others, of our own country ; and M. de 
Lagney, M. Euler, &c, abroad. Dr. Halley used the are of 
30°, or 1th of the circumference, the tangent of which being 
=,/4+4, by substituting ,/2 for ¢ in the above series, and mul- 
tiplying by 6, the semicrcumference is = 
6/ixl— =;+ zn - ~ =n — &c); which series is, 
to be sure, very simple; but its rate of converging is not 
very great, on which account a great inany terms must be 
used to compute the circumference to many places of figures. 
By this very series however, the industrious Mr. Sharp com- 
puted the circumference to 72 places of figures; Mr. Machin 
extended it to 100; and M. de Lagney, still by the same series, 
continued it to 128 places of figures. But though this series, 
from the 12th part of the circumference, does not converge 
very quickly, it is perhaps the best aliquot part of the cir- 
cumference which can be employed for this purpose; for 
when smaller ares, which are exact aliquot parts, are used, 
their tangents, though smaller, are so much more complex, 
as to render them, on the whole, more operose in the appli- 
cation: this will easily appear, by inspecting some instances 
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that have been given in the introductions to logarithmic 
tables. One of these methods is from the arc of 18°, the 
tangent of which is “¥(1—2%+); another is from the arc of 
22°, the tangent of which is ,/2—1; and a third is from the 
arc of 15°, the tangent of which is2— 3. All of which are 
evidently too complex to afford an easy application to the 
general series. 

In order to a still further improvement of the method by 
the above general series, Mr. Machin, by avery singular and 
excellent contrivance, has greatly reduced the labour natur- 
ally attending it. I have given an analysis of his method, or 
a conjecture concerning the manner in which it is probable 
Mr. Machin discovered it, in my Treatise on Mensuration ; 
which, I believe, is the only book in which that method has 
been investigated, as it is repeated in the foregoing Tract. 
For. though the series discovered by that method were pub- 
lished by Mr. Jones, in his ‘* Synopsis Palmariorum Ma- 
theseos,” which was printed in the year 1706, he has given 
them merely by themselves, without the least hint of the 
manner in which they were obtained. The result shows, that 
the proportion of the diameter to the circumference, is equal 
to that of 1 to quadruple the sum of the two series, 


4 1 by hal AK 
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1] 1 1 ] 1 
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The slower of which series converges almost thrice as fast as 
Dr. Halley’s, raised from the tangent of 30°. The latter of 
these two series converges still a great deal quicker; but 
then the large prime number 239, by the reciprocals of the 
powers of which the series converges, occasions such long 
and tedious divisions, as to counter-balance its quickness of 
convergency ; so that the former series is summed with ra- 
ther more ease than the latter, to the sametnumber of places _ 
of figures. Mr. Jones, in his: «© Synopsis,”*mentions other 
series besides this, which he had received from Mr. Machin — 
for the same purpose, and drawn from the same principle. 
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| But we may conclude this to be the best of them all, as he 
did not publish any other besides it. 

M. Euler too, in his ¢¢ Introductio in Analysin Infinitorum,” 
by a contrivance sémething like Mr. Machin’s, discovers, that 
4 and 4 are the tangents of two arcs, the sum of which is just 
45°; and that therefore the diameter is to the circumference, 
as 1 to quadruple the sum of the two ney series, 

1 1 l 1 

rn! es eh ey ae 57u &e) and 
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Both which series converge much faster than Dr. Halley’s, 
and are yet at the same time made to converge by the powers 
of numbers producing only short divisions; that is, divisions 
performed in one line, or without writing down any “pa 
besides the quotients. 

‘I come now to explain my own method, which indeed bears 
‘some little resemblance to the methods of Machin and Euler; 
but then it is more general, and discovers, as particular cases 
of it; both the series of those gentlemen, and many others, 
some of which are fitter for this purpose than theirs are, 

This method then consists in finding out sueh small ares, 
as have for tangents some small and simple vulgar fractions, 
the radius beitig denoted by 1j and such also that some mula 
tiple of those ares shall differ from an arc of 45°, the tangent 
of which is equal to the radius, by other small arcs, which also 
shall have tangents denoted by other such small and simple 
vulgar fractions. For it is evident, that if such a small are 

ean be found, some multiple of which has such a proposed 
difference, from an arc of 45°, then the lengths of these two 
small ares will be easily computed from the general series, 
because of the smallness and simplicity of their tangents ; 
after which, if the proper multiple of the first are be in- 
creased or diminished by the other arc, the result will be the 
length of an are of 45°, or ith of the circumference. And the 
manner in which I discover such arcs is thus : 

Let T, ¢, denote any two tangents, of which ¥ is the 
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rreater, and ¢ the less: then it is known, that the tangent of 


. . . ° T ; 
the difference of the corresponding arcs 1s equal to Ltt 


Hence, if ¢, the tangent of the smaller arc, be successively 
denoted by each of be simple fractions 4, 45 45 4, &c, the 
general expression for the tangent of the difference between 
che arcs will become haihecksine| ye 
2r—1 3T-1:.47T—Pr 5T—1 

Q2er? 347? 447? 547’ 

pounded by any given number, then these expr essions will 
give the tangent of the difference of the arcs in known num- 
be Sy bhenetng to the values of ¢, severally assumed respect- 
ively. And if, in the first place, 7 be equal to 1, the tangent 
of 45°, the foregoing expressions will give the tangent of an 
arc, which is equal to the difference between that of 45° and 
the first arc ; or that of which the tangent is one of the num- 
bers 4, 4,4, 4, &c. Then, if the tangent of this difference, 
just now found, be taken for T, the same expressions will give 
the tangent of an arc, which 1 is ae) to the difference between. 
the arc of 45° and the double of the first arc. Again, if for 
T we take the tangent of this last found difference, then the 
foregoing expressions will give the tangent of an arc, equal 
to tlie difference between that of 45° and the triple of the first 
arc. And again taking this last found tangent for T, the same 
theorem will produce the tangent of an are equal to the dif- 
ference between that of 45° and the “quadr uple of the first 
are; and so on, always taking for T the tangent last found, 
the same expressions will give the tangent of the difference 


&e; so that if 7 be ex- 


between the arc of 45° and the next greater multiple of the. 


first arc; or that of which the tangent was at first assumed 
equal to one of the small numbers 4, 4, 4, 4, &c. This ope- 


ration, being continued till some of the expressions give such 


a fit, small, and simple fraction as is required, is then at an 


end, for we have then found two such small tangents as 


| 


: ; | 
were required, viz, the tangent last found, and the tangent 


first assumed. ‘ 


liere follow the several. operations adapted to the several — 


= « 
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values of t. The letters a, 6, c, d, &c, denote the several 
successive tangents. 


1, Take ¢ = +, then the theorem a gives a=t, b= ~4, 
Therefore the arc of 45°, or 4th of ae Sean Moe: | is either 
equal to the sum of the two ares of which + and + are the 
tangents, or to the difference between the arc of which the 
tangent is 4, and the double of the are of which the tangent 
is +; that is, putting a = the arc of 45°, then 


1 l 1 1 1 
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The former of these values of a is the same with that before 
mentioned, as given by M. Euler; but the latter is much 
oetter, as the powers of 1; converge much faster than those 
of +. 


Corol.—From double the former of these values of a, sub- 
tracting the latter, the remainder is, | 


2 1 1 
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which is a much better theorem than either of the former. 


. If ¢ be taken = 4, then the expression an gives. 
= =4,b=1. Here the value of a = + gives the same ex- 
pression for the value of a as the first in “the foregoing case, 
and the value of 6 = + gives the value of a‘the very same as 
in the corollary to the case above. 


4 
8. Taking ¢ = 4, the expression = “— gives a = %, bes 
wr, = 5,4 = — 2. Where it is eviddiaphat the value 
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of c=, is the fittest number afforded by this case; and 
hence it appears, that the arc of 45° is equal to the sum of the 
arc of which the tangent is ,,, and the triple of the arc of 


which the tangent is 3. 


3 1 1 I 
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Which is the best theorem that we have yet found, because 
the number 99 resolves into the two easy factors 9 and 11. 


° —1 . 
4, Let now ¢ be taken = 4; then the expression =— gives 
2 " 9 I ; RACE RE: 
a= =,b = 75, ¢ = 7542 = — gp. Where it ts evident 


that the last number, or the value of d, is the fittest of those 
produced in this case; and from which it appears, that the 
arc of 45° is equal to the difference between the arc of which 
the tangent is ,4,, and quadruple the arc of which the tan- 
gentisz. Or that 


4 1 it ] 
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Which is the very theorem that was invented by Mr. Machin, 
as we have before mentioned. 


’, — 


Pah - § : 6rT—1 . 
5. Take now ¢ = 4; then the expression “Epa gives 


23 ie 241 A475 , 
47? c= 305? ioe 1921? eée= 11767" Of which 


numbers it is evident that none are fit for our purpose, 


5 
a= 7,b= 


6. Again, take ¢ = 5, and the expression aS an give 


* T+T 
3 17 11 9 69 259 
a@=7,b6=5,¢6¢5 G4 = ae = Hos = — Foes 


Neither are any of these numbers fit for our purpose. 


; m 4 OTe Eh 
7. In like manner take ¢ = 1, so shall He en igive 


" 41 297 1697 7847 14047 
a=7>7,b6= 792 © = 679? d = 579g) © Fao t = 388079" 
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8. And if ¢ be taken = 4, the expression ~— will give 
4 31 115 799 2467 
b= &e. 


o: eae 49° © = 9969 4 = agg9> © = joa? 


- ee 10T—1_—, : 
9. a if we Bak ¢ = 4!,, the expression —— will give 


; 10+fr 
Be pat 671 BAL 41049 
fo ve or = © = 269? * = Ias619 © = 390517 X°- 


. lige 
10, Further, if we take ¢ = y,, the expression ~ 


49 234° 18 2159 O45 & 
— 15? “ Fi99? © = a7a7p &C- 


Eyivs 
> gives 


: : 12T—1 
il. Lastly, if we ie, ¢ = ,, the expression ea gives 


11 113 419 4111 
a= j,,9= ie? © = = d = 3779 ¢ = Tiga &e. 


13? 
Here it is evident, that none of these latter cases afford 
any numbers that are fit for this purpose. And to try any 
other fractions less than 4, for the value of ¢, does not seem 
likely to answer any good purpose, especially as the divisors 
after 12 become too large to be managed in the easy way of 
short division in one line. 

By the foregoing means it appears then, that we have dis- 
covered five different forms of the value of a, or 1th of the 
semicircumference, all of which are very proper for readily 
computing its length; viz, three forms in the first case and 
its corollary, one in the $d case, and one in the 4th case. 
Of these, the first and last are the same as those invented by 
Euler and Machin respectively, and the other three are quite 
new, as far as I know. 

But another remarkable excellence attending the first three 
of the before mentioned series, is, that they are capable of 
being changed into others which not only converge still 
faster, but in which the converging quantity shall be 54, or 
some multiple or sub-multiple of it, and so the powers of it 
raised with the utmost ease, The series, ot theorems, here 
meant are these three; _ of 

T2 
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Now if each of these be transformed, by means of the dif- 
ferential series, in cor. 3 p. 64 of the Jate Mr. Simpson’s 
Mathematical Dissertations, they will become of these very 
commodious forms, viz, 
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$.50°° 5. 50° 7. 
Where a,'€, y5 rp denote always the preceding terms in 
each series. 

Now it is evident that all these latter series are much easier 
than the former ones, to which they respectively correspond ; 
for, because of the powers of 10 here concerned, we have 
little more to do than to divide by the series of odd numbers 
23,:5,°T; 9;'&e. 

Of all thie three forms, the 2d is ‘the fittest for comput. 
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ing the required proportion ; because, of the two series of 
which it consists, the several terms of the one are found from 
the like terms of the other, by dividing these latter by 10, 
and its several successive powers, 100, 1000, &c ; that is, the 
terms of the one consist of the same figures as the terms of 
the other, only removed a certain number of places farther 
towards the right hand, in the decuple scale of numbers ; 
and the number of places by which they must be removed, 
is the same as the distance of each term from the first term 
of the series, viz, in the 2d term the figures must be moved 
one place lower, in the 3d term two, in the 4th term three, 
&c 3 so that the latter series will consist of but about half the. 
number of the terms of the former. Thus then this method 
may be said to effect the business by one series only, in 
whieh there is little more to do, than to divide by the several 
numbers 1, 3, 5, 7, &c; for as to the multiplications by the 
numbers in the numerators of the terms, after they become 
large, they are easily performed by barely multiplying by 
the number 2, and subtracting one number from another: for 
since every numerator is less by 2 than the double of its de- 
nominator, if d denote any denominator, exclusive always 


of the powers of 10, then the coefficient of that term is 
Q2d—2 

d 
tiplied ; to do which therefore, multiply it by 2, that is 
double it, and divide that double by the divisor ¢, and subs 
fract the quotient from the said donble. 


2 ; 
or 2— +, by which the preceding term is to be mul- 
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TRACT XIX. 


HISTORY OF TRIGONOMETRICAL TABLES, &e. 


NecessiTy, the fruitful mother of most useful inventions ; 
gave birth to the various numeral tables employed in trigo- 
nometry, astronomy, navigation, &c. Astronomy has been 
cultivated from the earliest ages. The progress of that 
science, requiring numerous arithmetical computations ‘of the 
sides and angles of triangles, both plain and spherical, gave 
rise to trigonometry ; for those frequent calculations sug- 
gested the necessity of performing them by the property of 
similar triangles ; and for the ready application of this pro- 
perty, it was necessary that certain lines described in and 
about circles, to a determinate radius, should be computed, 
and disposed in tables. Navigation, and the continually im- 
proving accuracy of astronomy, have also occasioned as con- 
tinual an increase in the accuracy and extent of those tables. 
And this, it is evident, must ever be the case, the improve- 
ment of trigonometry uniformly following the improvement 
of those other useful sciences, for the sake of which it is more 
especially cultivated. 

The ancients performed their trigonometry by means of the 
chords of arcs, which, with the chords of their supplemental 
arcs, and the constant diameter, formed all species of right- 
angled triangles: Beginning with the radius, and the are 
whose chord is equal to the radius, they divided them both 
into 60 equal parts, and estimated all other arcs and chords 
by those parts, namely all arcs by 60ths of that arc, and all 
chords by 60ths of its chord or of the radius. At least this 
method is as old as the writings of Ptolemy, who used the 
sexagenary arithmetic for this division of chords and arcs, 
and for astronomical purposes.—And this, by-the-bye, may 
be the reason why the whole circumference is divided 
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into 360, or 6 times 60, equal parts or degrees, the whole 
leircumference being equal to 6 times the first arc, whose 
chord is equal to the radius: unless perhaps we are rather to 
seek for the division of the circle in the number of days in 
the year; for thus, the ancient year consisting of 360 days, 
the sun or earth in each day described the 360th part of the 
orbit; and thence might arise the method of dividing every 
circle into 360 parts; and, radius being equal to the chord 
of 60 of those parts, the sexagesimal diene both of the ra- 
dius and of the parts, might thence follow. Trigonometry 
however must have been cultivated long before the time of 
Ptolemy; and indeed Theon, in his commentary on Ptolemy’s 
Almagest, l,i, ch. 9, mentions a work of the philosopher Hip- 
parchus, written about a century and a half before Christ, 
consisting of 12 books on the chords of circular arcs; which 
‘must have been a treatise on trigonometry. And Menelaus 
also, in the first century of Christ, wrote 6 books concerning 
subtenses or chords of arcs. He used the word nadir, of an 
arc, which he defined to be the right line subtending the 
double of the arc; so that his nadir of an arc was the double 
of our sine of the same arc, or the chord of the double arc ; 
and therefore whatever he proves of the former, may be 
applied to the latter, substituting the double sine for the 
nadir. 
The radius has since been decimally divided; but the sexa- 
_gesimal divisions of the are have continued in use to this day. 
‘Indeed our countrymen Briggs and Gellibrand, having a 
general dislike to all leeniatindl divisions, made an attempt 
at some reformation of this custom, by dividing the degrees 
of the ares, in their tables, into centesms or bundredth parts, 
instead of minutes or 60th parts. The same was also re- 
commended by Vieta and others; and a decimal division of 
the whole quadrant might perhaps soon have followed, had 
jt not been for the tables of Vlacq, which came out a little 
after, to every 10 seconds, or 6th parts of minutes,—But the 
complete reformation would be, to express all ares by their 
real lengths, namely in equal parts of the radius decimally 
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divided : according to which method I have nearly completed 
a table of sines and tangents. 

It is not to be doubted that many of the ancients wrote on 
the subject of trigonometry, being a necessary part of astro- 
nomy; though few of their labours on that branch have come 
to our knowledge, and still fewer of the writings themselves 
have been handed down to us. . } 

We are in possession of the three books of Menelaus, on 
spherical trigonometry ; but the six books are lost which he 
wrote upon chords, being probably a treatise on the construc- 
tion of trigonometrical tables. 

The trigonometry of Menelaus was much improved by 
Ptolemy (Claudius Ptolemeus) the celebrated philosopher 
and mathematician. He was born at Pelusium; taught as- 
tronomy at Alexandria in Egypt; and died in the year of 
Christ 147, being the 78th year of his age. In the first book 
of his Almagest, Ptolemy delivers a table of arcs and chords, 
with the method of construction. This table contains 3 co- 
Jumns; in the Ist are the arcs to every half degree or 30 
minutes; in the 2d are their chords, expressed in degrees, 
minutes and seconds; of which degrees the radius contains 
60; and in the 3d column are the differences of the chords 
answering to 1 minute of the arcs, or the 30th part of the 
differences between the chords in the 2d column. In the 
construction of this table, among other theorems, Ptolemy 
shows, for the first time that we know of, this property of 
any quadrilateral inscribed in a circle, namely, that the rect- 
angle under the two diagonals, is equal to the sum of the twa 

rectangles under the opposite sides. 

This method of computation, by the chords, continued in 
use till about the middle centuries after Christ ; when it was’ 
changed for that of the sines, which were about that time in. 
troduced into trigonometry by the Arabians, who in other 
respects much improved this science, which they had received 
from the Greeks, introducing, among other things, the three 
or four theorems, or axioms, lila we make use of at prey 
sent, as the foundation of our modern trigonometry, 
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The other great improvements, that have been made in this 
branch, are duc to the Europeans, ‘These improvements they 
have gradually introduced since they received this science 
from the Arabians. And though these latter people had long 
used the Indian or decimal scale of arithmetic, it does not 
appear that they varied from the Greek or sexagesimal divi- 
sion of the radius, by which the chords and sines had been 
expressed. 

This alteration, it is said, was first made by George Pur- 

bach, who was so called from his being a native of a place of 
that name, between Austria and Bavaria. He was born in 
1423, and studied mathematics and astronomy at the univer- 
sity of Vienna, where he was afterwards professor of those 
‘sciences, though but for a short time, the learned world 
quickly suffering a great loss by his immature death, which 
‘happened in 1462, at the age of 39 years only.. Purbach, 
‘besides enriching trigonometry and astronomy with several 
‘new tables, theorems, and observations, conceived the radius 
‘to be divided into 600,000 equal parts, and computed the 
sines of the ares, for every 10 minutes, in such equal parts of 
the radius, by the decimal notation. 

This project of Purbach was completed by his disciple, 
companion, and successor, John Muller, or Regiomontanus, 
being so called from the place of his nativity, the little town 
_of Mons Regius, or Koningsberg, in Franconia, where he was 
born in the year 1436. Regiomontanus not only extended 
‘the sines to every minute, the radius being 600,000, as de- 
. signed by Purbach, but afterwards disliking that scheme as 
evidently imperfect, he computed them also to the radius 

1,000,000, for every minute of the quadrant. He also intro- 
duced the tangents into trigonometry, the canon of which he 
called fecundus, because of the many and great advantages 
arising from them. Besides these, he enriched trigonometry 
with many theorems and precepts. ‘Through the benefit of 
all these improvements, except for the use of logarithms, the 
trigonometry of Regiomontanus is but little inferior to that of 
our own time, His treatise, on both plane and spherical tri- 
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gonometry, is in 5 books; it was written about the year 1464, 
and was printed in folio at Nuremberg, in 1533. And inthe 
5th book are also various problems concerning rectilinear 
triangles, some of which are resolved by means of algebra— 
a proof that this science was not wholly unknown in Europe 
before the treatise of Lucas de Burgo. Regiomontanus died 
in 1476, at the age of 40 years only; being then at Rome, 
whither he had been invited by the Pope, to assist in the re- 
formation of the calendar, and where it was suspected he 
was poisoned by the sons of George Trebizonde, in revenge 
for the death of their father, which was said to have been 
caused by the grief he felt on account of the criticisms made 
by Regiomontanus on his translation of Ptolemy’s Almagest. 

Soon after this, several other mathematicians contributed to 
the improvement of trigonometry, by extending and enlarg- 
ing the tables, though few of their works have been printed ; 
and particularly John Werner of Nuremberg, who was born 
mM 1468, and died in 1528, and who it seems wrote five books 
on triangles, 

About the year 1500, Nicholas Copernicus, the celebrated 
modern restorer of the true solar system, wrote a brief treatise _ 
on trigonometry, both plane and spherical, with the descrip. 
tion and construction of the canon of chords, or their halves, 
nearly in the manner of Ptolemy; to which is subjoined a 
canon of sines, with their differences, for every 10 minutes of 
the quadrant, to the radius 100,000. This tract is inserted 
in the first book of bis ‘* Revolutiones Orbium Ceelestium,” 
first printed in folio at Nuremberg, 1543. It is remarkable 
that he does not call these lines sznes, but semisses subtensarum, 
namely of the double ares—Copernicus was born at Thorn 
in 1473, and died in 1543. 

In 1553 was published the ‘* Canon Feecundus,” or table of 
tangents, of Erasmus Reinhold, professor of mathematics in 
the academy of Wurtemburg. He was born at Salfieldt in 
Upper Saxony, in the year 1511, and died in 1553. 

To Francis Mauroiyc, abbot of Messina in Sicily, we owe 
the introduction of the ** ‘Tabula Benefica,” or canon of sea 


TRACT 19. TRIGONOMETRICAL TABLES, &c, 235 


eants, which came out about the same time, or a little before. 
But Lansberg erroneously ascribes this to Rheticus. And 
the tangents and secants are both ascribed to Reinhold, by 
Briggs, in his ** Mathematica ab antiquis minus cognita,”’ 
(p. 30, Appendix to Ward’s Lives of the Professors of Gre- 
sham College.) 

Francis Vieta was born in 1540 at Fontenai, or Fontenai- 
je-Comte, in Lower Poitou, a province of France. He was 
master of requests at Paris, where he died in 1603, being the 
63d year of his age. Among other branches of learning in 
which he excelled, he was one of the most respectable ma- 
thematicians of the 16th century, or indeed of any age. His 
writings abound with marks of great originality, and the finest 
genius, as well as intense application. Among them are se- 
veral pieces relating to trigonometry, which may be found 
in the collection of his works published at Leyden in 1646, 
by Francis Schooten, besides another large and separate vo- 
jume in folio, published in the author’s lifetime at» Paris in 
4579, containing trigonometrical tables, with their construc- 
tion and use; very elegantly printed, by the king’s mathe- 
matical printer, with beautiful types and rules; the differences 
of the sines, tangents and secants, and some other parts, 
being printed with red ink, for the better distinction ; but it 
is inaccurately executed, as he himself testifies in page 323 
of his other works above mentioned. The first part of this 
curious volume is entitled ‘¢ Canon Mathematicus, seu ad 
‘Triangula, cum Appendicibus,” and it contains a great va- 
riety of tables useful in trigonometry. The first of these is 
what he more peculiarly calls ‘¢ Canon Mathematicus, seu ad 
Triangula,” which contains all the sines, tangents, and secants 
for every minute of the quadrant, to the radius 100,000, with 
all their differences; and towards the end of the quadrant the 
tangents and secants are extended to 8 or 9 places of figures. 
They are arranged like our tables at present, increasing on 
the left-hand side to 45 degrees, and then returning upwards 
by the right hand side to 90 degrees ; so that each number 
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and its complement stand on the same line. But here the 

canon of what we now call tangents is denominated feecundus, 

and that of the secants feecundissimus. For the general idea 

prevailing in the form of these tables, is, not that the lines 
represented by the numbers are those which are drawn in and 

about a circle, as sines, tangents, and secants, but the three 

sides of right-angled triangles ; this being the way in which 

those lines had always been considered, and which still con- 

tinued for some time longer. Hence it is that he considers 

the canon as a series of plane right-angled triangles, one side 

being constantly 100,000 ; or rather as three series of such 

triangles, for he makes a distinct series for each of the three. 
varieties, namely, according as the hypotenuse, or the base, 

or the perpendicular, is represented by the constant number 

100,000, which is similar to the radius. Making each side 

constantly 100,000, the other two sides are computed to every 

magnitude of the acute angle at the base, from 1 minute up 

to 90 degrees, or the whole quadrant. Each of the three 

series therefore consists of two parts, representing the two 

variable sides of the triangle. When the hypotenuse is made 

the constant number 100,000, the two variable sides of the 

triangle are the perpendicular and base, or our sine and co- 

sine; when.the base is 100,000, the perpendicular and hypo-_ 
tenuse are the variable parts, forming the canon faecundus et 
Jecundssimus, or our tangent and secant; and when the 

perpendicular is made the constant 100,000, the series con- 
tains the variable base and hypotenuse, or also canon foecundus 
et feecundisstmus, or our cotangent and cosecant. Of course, 

therefore, the table consists Ms 6 columns, 2 for each of the 

three series, besides the two columns on the right and left 

for minutes, from 0 to 60 in each degree, 

The second of these tables is similar to the first, but all in 
rational numbers, consisting, like 2, of three series of two 
columns each; the radius, or constant side of the triangle, 
in each series, being 100,000, as before; and the other two 
sides acc seratelay expressed in integers and rational vulgaz 


» 
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fractions. So that we have here the canon of accurate sines, 
tangents, and secants, or a series of about 4300 rational right- 
angled triangles. But then the several corresponding arcs of 
the quadrant, or angles of those triangles, are not expressed. 
Instead of them, are inserted, in the first column next the 
margin, a series of numbers decreasing from the beginning 
to the end of the quadrant, which are called numeri primt 
baseos. It is from these numbers that Vieta constructs the 
sides of the three series of right-angled triangles, one side in 
each series being the constant number 100,000, as before, 
The theorems by which these series of rational triangles are 
computed from the numert primi baseos, or marginal num- 
bers, are inserted all in one page at the end of this second 
table, and in the modern notation they may be briefly ex- 
pressed thus: Let p denote the primary or marginal number 
on any line, and r the constant radius or number 100,000 ; 
then if r denote the hypotenuse of the right-angled triangle, 
the perpendicular and base, or the sine and cosine will be 
respectively, 


‘af 4p} 
Spt +i jai!) 
When r denotes the base of the right-angled triangle, the 
perpendicular and hypotenuse, or the tangent and secant, 


~ ie Sieuas BF. 


Oy 
and 7 — an? (which last we may reduce to 


aa = andr +s Tao (Ww shich last we may reduce to +; a *r); ; 
and shits r fi the perpendicular of the right-angled 
triangle, the base and hypotenuse, or the cotangent and co- 


secant, are then expressed by 


tor — = (or or), and tpr + — > (or ee “ih 

So that Vieta’s general values will be as a) have here col- 
jected them together in the following expressions, imme- 
diately under the words sine, cosine, kc; and just below 
Vieta’s forms I have here placed the others, to which they 
reduce and are equivalent, which are more contracted, 
though not so well adapted to the expeditious computation 
as Vieta’s forms. 


286 HISTORY OF TRACT 19, 


Sine Cosine Tangent Secant Cotangent Cosecant 
pr Qr pr : 2Qr T I 
es Se tS jyes od a eae ody A ete, Hee 4 i eS |e r — ie 
etl |"—ypegil yeni |7 tHe PT — leh? © of 
24 ] Ly2_] Jo24 1 
: —r ee sf oy A 
3 4P ved p p 


All these expressions, it is evident, are rational ; and by as= 
suming p of different values, from the first theorems Vieta 
computed the corresponding sides of the triangles, and so 
expressed them all in integers and rational fractions. , 

To the foregoing principal tables are subjoined several 
other smaller tables, or short specimens of large ones: as, a 
table of the sines, tangents and secants, for every single de- 
gree of the quadrant, with the corresponding lengths of the 
arcs, the radius being 100,000,000; another table of the sinesy 
tangents, and secants, for each degree also, expressed in sexa- 
eesimal parts of the adie as fac as the third order of part:; 
aiso two other tables for the multiplication and reduction of 
sexagesimal quantities. : 

The second part of this volume is entitled ¢ Uniceaeiuie 
Inspectionum ad Canonem Mathematicum Liber singularis.”” 
It contains the construction of the tables, a compendious 
treatise on plane and spherical trigonometry, with the appli- 
eation of them to a great variety of curious subjects in geo» 
metry and mensuration, treated in a very learned manner} 
as also many curious observations concerning the quadrature 
of the circle, the duplication of the cube, &c. Computations 
are here given of the ratio of the diameter of a circle to the 
circumference, and of the length of the sine of 1 minute, both 
to many places of figures; by which he found that the sine 
of 1 minute is between 2,908,881,959 and 2,908,882,056 ; 
also, the diameter of a circle being 1000 &c, that the peri- 
meter of the inscribed and ercumonhen pobagon of 393,216 
sides, will be as follows: * 

perimeter of the inscrib. polygon 314,159,265,35, 
perimeter of the circum. polygon 314,159,265,37, 

and that therefore the circumference of the circle lies be- 
tween those two numbers. y 
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Though no author’s name appeats to the volume we have 
been describing, there can be no doubt of its being the per- 
formance of Vieta; for, besides bearing evident marks of his 
masterly hand, it is mentioned by himself in several parts of 
his other works collected by Schooten, and in the preface to 
those works by Elzevir, the printer of them; as also in Mon- 
tucla’s ‘ Histoire des Mathematiques ;” 
notices I have ever seen or heard of concerning this book, the 
copies of which are so rare, that I never saw one besides that 
which is in my own possession. 

In the other works of Vieta, published at Leyden in 1646, 
by Schooten, as mentioned above, there are several other 
pieces of trigonometry; some of which, on account of their 
originality and importance, are very deserving of particular 
‘notice in this place. And first, the very excellent theorems, 
here first of all given by our author, relating to angular sec- 
tions, the geometrical demonstrations of which are supplied 


professor of mathematics at Paris, but a native of Aberdeen, 
‘and cousin-german to Mr. David Anderson, of Finzaugh, 
whose daughter was the mother of the celebrated Mr, James 
Gregory, inventor of the Gregorian telescope. We find here, 


and differences of arcs; and for the chords of ares that are in 
) arithmetical progression, namely, that the Ist or least chord 
is to the 2d, as any one alter the Ist is to the sum of the two 
next less and greater: for example, as the 2d to the sum of 
the 1st and 3d, and as the 3d to the sum of the 2d and ath, 
-and as the 4th to the sum of the 3dand 5th, &c; so that the 
4st and 2d being given, all the rest are found from them by 
one subtraction, and one proportion for each, in which the 
‘lst and 2d terms are constantiy the same. Next are given 
theorems for the chords of any multiples of a given are or 
angle, as also the chords of their supplements to a semicircle, 
which are similar to the sines and cosines of the multiples of 
given angles ; and the conclusions from them are expressed 


high are the only. 


by that ingenious geometrician, Alexander Anderson, then’ 


theorems for the chords, and consequently sines, of the sums. 


- 
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4 
in this manner: Ist, that if c be the chord of the supplement 
of a given arc a, to the radius 1; then the chords of the sup- 
plements of the multiple arcs will be as in the annexed table: 
where the author observes, that 
the signs are alternately + and 
—; that the vertical columns of 


Ares Chords of the Sup, 


numeral coefficients to the terms la |c 
of the chords, are the several 2a | o—-2 
* i fuels 
orders of figurate numbers, which 3a | c’— 3¢ 
4q | c—4c742 


he calls triangular, pyramidal, 
triangulo-triangular, triangulo- 5a 
pyramidal, &c, generated in the | ©@ co— 6c* +96" — 2 
ordinary way by continual addi- | 7a c7 — TS +140 — Te 
tions; not indeed from unity, AS Ke. &e. 

IN THE GENERATION OF POWERS, | 

but beginning with the number 2; and that the powers ob- 
serve always the same progression: secondly, that if the 
chord of an are a be called 1, and d the chord of the double 
arc 2a, then the chords of the 
series of multiple arcs will be 
as in this table; where the au- 
thor remarks as before on the 
law of the powers, signs, and 


oc —5c3+ 5¢ 


I 
oa | d 


. ‘mips 
coefiicients, these being the ga | a’ —) 
‘i 
orders of figurate numbers, | 44 i> — 2d ; 
: . ? Pa 2 
raised from unity by continual 5a | d*—3d*>+ J 
ds’—434 3d 


additions, after the manner of | ©4 
the genesis of powers, which | /4 d°— 50+ Gd*o) 
generation in that way he 8a | d7— 6d> + 10d) — 4d) 
speaks of as a thing generally &e. 
known, but without giving any 

hint how the coefficients of the terms of any power may be 
found from one another only, and independent of those of 
any other power, as. it was afterwards, and first of all, I be- 
lieve, done by Henry Briggs, about the year 1600: and 
adly, that if c be the chord of any are a, to the radius 1, 
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‘then the series of the chords and supplemental chords of the 
‘multiple arcs will be thus ; where the values are alternately 


Chords and Chords.of Sup. 


la | Chord -=-+c 

2a | Sup.ch. = — c* + 2 

3a | Chord =—c+ 3c 

4a | Sup.ch. = +c* — 4c* +4 2 

sa | Chord =+c3 — 532 + 5e 

6a | Sup. ch. = — c® + 6c#— 9c? + 2 
qa'| Chord = — c?+ 7c — 14c? + Te 
&e. 


chords, and chords of the supplements of the arcs on the 
same line, and the law of the powers and coefficients as be- 
fore, but every alternate couplet of lines having their signs 
Glin ed. 3 

Another curious theorem is added to the above, for Gndaale 
the sum of all these chords drawn in a vardibitete: from one 
end of the diameter to every point in the circumference, 
those points dividing the circumference into any number of 
equal parts; namely, as the least chord is to the diameter, so 
is the sum of the said Jeast chord and diameter and greatest 
chord, to double the sum of all the chords, including the - 
diameter as one of them. 

As the above theorems are chiefly adapted for the chords 
of multiple angles, a few problems and remarks are then 
added (whether by Vieta or Anderson does not clearly ap- 
pear, but I think by the latter) concerning the application of 
them, to the section of angles into submultiples, and thence 
to the computation of the chords or sines, or a canon of tri- 
angles. The general precept for the angular sections is-this: 
select one of the above equations adapted to the proper num- 
ber of the section, in which will be concerned the powers of 
the unknown or required quantity, as high as the index of 
the section; and from this equation find that quantity by the 
known methods for the resolution of equations. Examples 

YOL. I. U 7 
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are given of three different sections, namely, for 3, 5, and _ 
7 equal parts, the forms of which are respectively thes 


$c me C3 -° . ° e ers — ¢ fi 


To. — 146% - o — ch mg 
where g is the chord of the given are or angle, and c the re= 
quired chord of the 3d, 5th, or 7th part of it. And it is” 
shown, geometrically, that the first of these equations has 2 
real positive roots, the second 3, and the last 4; alte, from 
the same aig the Bt Pe of these roots a1 pra 
out. 

The method then annexed for constructing the canon of 
sines, from the foregoing theorems is thus: By dividing the 
radius in extreme-and-mean ratio, is obtained the sine a 18 
degrees; this quinquisected, gives the sine of 3° 36% Again, 
by trisecting the are of 60°, shore: is obtained the sine of 20°; 
this again civeuren gives that of 6° 40’; and this bisected gives 
that a $°.20': Then, by the theorem “yi the difference of two 
arcs, there will be tas the sine of 16’, the difference be- 
tween 3° 36’ and 3°20’: Lastly, by four successive bisections, 
will at length be found the sines of 8’, 4’, 2’,and V’, This 
last being found, the sines of its multiples, aad again of the 
doulitision of these multiples, &c, throughout the "quadrant, 
are to be taken by the proper theorems whos laid down.— 
And the same subject is still further pursued and explained, 
in the tract containing the answer given by Vieta, to the 
problem proposed to the whole world By Adrianus Romanus, 
In the same S Neouee of Vieta’s works, from page 400 to 432, 
is given a complete tr eatise on practical trigonometry, con= 
taining rules for resolving all the cases of plane and spherical 
tr sataleds by the Canon Mathematicus, or table of sines, tan- 
gents and secants. 

The next authors whose labours in this way have been 
printed, are Rheticus, Otho, and Pitiscus: to all of whom we 
owe very great improvements in trigonometry.—George 
Joachim Rheticus, professor of mathematics in the univers 
sity of Wittemberg, and sometime pupil to Copernicus, died 


A 
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in 1576, in the 60th year of his age.’ He conceived, and 
executed, the great design of computing the triangular 
canon for every 10 seconds of the quadrant, to the radius 
1000000000000000, consisting of 1, followed by 15 ciphers. 
The series of sines which Rheticus computed to this radius, 
for every 10 seconds, and for every single second in the first 
and last degree of the quadrant, was published in folio at Franc- 
fort, 1613, by Pitiscus, who himself added a few of the first 
sines computed to the radius 10000000000000000000000. 
But the large work, or whole trigonometrical canon com- 
puted by Rheticus, was published in 1596 by Valentine Otho, 
mathematician to the Electoral Prince Palatine. ‘This vast 
work contains all the three series for. the whole canon of 
right-angled triangles (being similar to the sines, tangents 
and secants, by which names I shall call them), with all the 
differences of the numbers, to the radius 10000000000, 
Prefixed to these tables, are several books on their con- 
struction and use, in plane and spherical trigonometry, &c. 
Of these, the first three are by Rheticus himself; namely, 
book the Ist, containing the demonstrations of 9 lemmas, 
concerning the properties of certain lines drawn in and about 
circles: the 2d book contains 10 propositions, relating to the 
sines and cosines of arcs, together with those of their sums 
and differences, their halves and doubles, &c. The 3d book 
teaches, in 13 propositions, the construction of the canon to 
_ the radius 1000000000000000. By some of the common pro- 
perties of geometry, having determined the sines of a few 
principal arcs, as 30°, 36°, &c, in the first propositions by 
continual bisections, he finds the sines of various other arcs, 
down to 45 minutes. Then, in the 2d proposition, by the 
theorems for the sums and differences of ares, he finds all the 
sines and cosines, up to 90 degrees, in a series of arcs differ- 
“ing by 1°30'. And, in the 3d proposition, by the continual | 
addition of 45’, he obtains all the sines and cosines in the series 
whose common difference is 45’. Inthe 4th proposition, be- 
ginning with 45’, and continually bisecting, he finds the sines 
and cosines of the series of half arcs, till he arrives at the ate 
U2 
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of 14¥i 19, the sine of which is found to be 1, and its 
cosiné 999999999999999. In the 5th proposition are com- 
puted the sine aa cosine of 30”, or half a minute. In the 
6th and 7th propositions are computed the sines and cosines 
for every minute, from 1’ to 45°, as well as of many larger . 
arcs. The 8th proposition extends the computation for single 
minutes much farther. In propositions 9 and 10 are com- 
puted the tangents and secants for all arcs in the series whose 
¢ommon difference is 45’; and these are deduced from the 
sines of the same arcs by one proportion for each. In the 
remaining three propositions, 11, 12,13, are computed the 
tangents and secants for several small angles. And from all 
these primary sines, tangents,. and. secants, the whole canon 
is deduced and completed. 

The remaining books in this work are by the editor Otho; 
namely, a treatise, in one book, on right-angled plane tri- 
angles, the cases of which are resolved by the tables: then 
right-angled spherical trigonometry, in four books; next ob- 
lique spherical trigonometry, in five books; and Jastly several] 
other books, containing various spherical problems. 

Next after the above are placed the tables themselves, con- 
‘taining the sines, tangents, and secants, for every 10 seconds 
in the quadrant, with all the differences annexed to each, in 
2 smaller character. The numbers however are not called 
sines, tangents, and secants, but, like Vieta’s, before de- 
scribed, they are considered as representing the sides of 
right-angled triangles, and are titled accordingly. They are 
also, in like manner, divided into three series, namely, ac- 
cording as the radius, or constant side of the triangle, is made 
the hypotenuse, or the greater leg, or the less leg of the tri- 
angle. When the hypotenuse is made the constant radius 
10000000000, the two columns of this case, or series, are 
called the perpendicular and base, which. are our sine and 
cosine; when the greater leg is the constant radius, the two 
columns on this series are titled. hypotenuse and perpendicu- © 
lar, which are our secant and tangent; and when the less leg 
is constant, the two columns in this case are called hypotenuse, | 
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and base; which are our cosecant and cotangent. After this 
large canon, is printed another smaller table, which is said to. 
be the two columns of the third series, or cosecants and co- 
tangents, with their differences, but to 3 places of figures 
less, or to the radius 10000000. But I cannot discover the 
reason for adding this less table, even if it were correct, which 
is very far from being the case, the numbers being uniformly. 
erroneous, and different from the former through the greatest. 
part of the table. 

Towards the close of the 16th century, many persons 
wrote on ‘the subject of trigonometry, and the construction 
of the triangular canon. But, their writings being seldom 
printed till many years afterwards, it is not easy to assign 
their order in respect of time, I shall therefore mention but 
a few of the principal authors, and that without pretending 
to any great precision on the score of chronological prece- 
dence. 

In 1591 Philip Lansberg first published his ‘* Geometria - 
‘Triangulorum,” in four books, with the canon of sines, tan- 
gents, and secants; a brief, but very elegant work; the whole 
being clearly explained: and it is perhaps the first set of - 
tables titled with those words. ‘The sines, tangents, and 
secants of the arcs to 45 degrees, with those of their comple- 
ments, are each placed in adjacent columns, in a very com- 
modious manner, continued forwards and downwards to 45 
degrees, and then returning backwards and upwards to 90 
degrees: the radius is 10000000, and a specimen of the first 
page of the table is as follows : 


Sinus Tangens : Secans 


a ee 


0 
0 0} 10000000 0| infinitum. |{10000000{ infinitum. |} 60 
1 || 2909! 9999999 |) 2909 | 34377466738 ||/10000000] 34977468193|| 59 
9 || 5818] 9999998 | 5818 | 17188731915 ||10000002| 1718873482951! 58 
3 
4 
5 


(mee en en | | eee, 


8727] 9999996 || 8727] 11459152994 ||10000004] 11459157357] 54 


11636 | 9999993 | 11636 8594363048 ||10000007| 8594368866)) 56 
14544 | 9999989 | 14544/ 6875488693 |/10000011} 6875495966]| 55 


SEE CURES | BEE AS Pare a 
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Of this work, the first book treats of the magnitude and 
relations of aeys lines as are considered in and about the 
circle, as the chords, sines, tangents, and secants. In the 
second book is delivered the construction of the trigonome- 
trical canon, by means of the properties laid dows in the 
first book : After which follows the canon itself. And in the 
third and fourth books is shown the application of the table, 
in the resolution of plane and spherical triangles.—Lansberg, 
who was born in Zealand 1561, was many years a minister of 
the gospel, and died at Middleburg in 1632. 

The trigonometry of Bartholomew Pitiscus was first pub- 
lished at Francfort in the year 1599. This is a very com- 
plete work; containing, besides the triangular canon, with 
its construction and use in resolving triangles, the applica- 
tion of trigonometry to problems of surveying, altimetry, 
architecture, geography, dialling, and astronomy. The 
construction of the canon is very clearly described: And, in 
the third edition of the book, in the year 1612, he boasts to 
have added, in this part, Ratna cap rules rats finding the 
chords of the 3d, 5th, and other uneven parts of an arc, from 
the chord of that arc being given; saying, that it ey been. 
heretofore thought impossibie to give such rules: But, after 

all, those boasted methods are only the application of the 
deaee rule of False-Position to the then known rules for 
finding the chords of multiple arcs; namely, making the 
supposition of some number for the required chord of a sub- 
multiple of any given arc, then from this assumed number 
computing what will be the chord of its multiple are, which 
is to be compared with that of the given arc; then the same 
operation is performed with another supposition; and sa on A 
as in the double rule of position. The canon contains the 
sine, tangent, and secant, for every minute of the quadrant, 
in some parts to 7 places of figures, in others to 8; as also the 
differences for every 10 seconds. ‘The sines, tangents, and 
secants, are also given for every 10 seconds in the first and 
last degree of the quadrant, for every 2 seconds in the first 
and last 10 minutes, and for every single second in the first 
and last minute. In this table, the sines, tangents, and sex 


. 
“a 
| 
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cants, are continued downwards on the left-hand pages, as 
far as to 45 degrees, and then returned upwards on the right- 
hand pages, so that the complements are always on the same 
line in the opposite or facing pages. 

The mathematical works of Christopher Clavius (a Ger- 
man jesuit, who was born at Bamberg in 1537) in five large 
folio volumes, were printed at Moguntia, or Mentz, in 1612, 
the year in which the author died, at the age of 75. In the 
first volume we find a very ample and circumstantial treatise 
on trigonometry, with Regiomontanus’s canon of sines, for 
every minute, as also canons of tangents and secants, each in 
a separate table, to the radius 10000000, and in a form con- 
tinued forwards all the way up to 90 degrees. The expla- 
nation of the construction of the tables is very complete, and 
is chiefly extracted from Ptolemy, Purbach, and Regiomon- 
‘tanus. The sines have the differences set down for each 
‘second, that is, the quotients arising from the differences of 

‘the sines divided by 60. 

About the year 1600, Ludolph van Collen, or a Ceulen, a 
respectable Dutch mathematician, wrote his book “ de cir- 
culo et adscriptis,” in which he treats fully and ably of the 
properties of lines drawn in and about the circle, and especi- 
_ally of chords or subtenses, with the construction of the canon 

oof sines. The geometrical properties from which these lines 
-are computed, are the same as those used by former writers; 
‘but his mode of computing and expressing them is different 
from theirs; for they actually extracted all the roots, &c, at 
every step, or single operation, in decimal numbers; but he 
retained the radical expressions to the last, making them how- 
ever always as simple as possible: thus, for instance, he de- 
termines the sides of the po- : 
lygons of 4, 8, 16, 32, kc, Sides. Length of each side, 
sides, inscribed in the circle 4 |/2 
whose radius is 1, to be as 8 1./.2—1/2 
in the table here annexed: | 16 | /.2-4/.2+4/2 
where the point before any 82 [Jf .2—f 2Hy/.2— 2 
figure, as 7.2 signifies the | &c. &e. : 


é 


io 7 


Fy’ 
b | 
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root of all that follows it; so the last line is in our notation 


os 


_— 


the same as We ian /2—,/2. And as the perfect 
management of such surds was then not generally known, 
he added a very neat tract on that subject, to facilitate the 
computations. These, together with other dissertations on 
similar geometrical matters, were translated from the Dutch 
language, into Latin, by Willebrord Snell, and published at 
(Lugd. Batav.) Leyden in 1619. It was in this work that 
Ludolph determined the ratio of the diameter to the cireum- 
ference of the circle, to 36 figures, showing that, if the 
diameter be 1, the circumference will be . 
greater than 3°14159 26535 89793 23846 26433 83279 50288, 
but lessthan 3°14159 26535 89793 23846 26433 83279 50289, 
which ratio was, by his order, in imitation of Archimedes, 
engraven on his tomb-stone, as is witnessed by the said Snell, 
pa. 54, 55, ** Cyclometricus,” published at Leyden two years 
‘after, in which he treats the same subject in a similar manner, 
secomputing and verifying Ludolph’s numbers. And, in the 
same book, he also gives a variety of geometrical approxi- 
mations, or mechanical solutions, to determine very nearly 
the lengths of arcs, and the areas of sectors and segments of ! 
circles, , 

Besides the ** Cyclometricus,” and another geometrical 
work (Apollonius Battavus) published in 1608, the same 
Snell wrote also four others ‘‘ doctrine triangulorum ca- 
nonice,” in which is contained the canon of secants, and in 
which the construction of sines, tangents, and secants, toge- 
ther with the dimension or calculation of triangles, both plane 
and spherical, are briefly and clearly treated. After the au- 
thor’s death, this work was published in 8vo, at Leyden, 
1627, by Martinus Hortensius, who added to it a tract on 
surveying. and spherical problems. Willebrord Snell was 
born in 1591 at Royen, and died in 1626, being only 35 years 
of age. He was professor of mathematics in the university 
of Leyden, as was also his father Rodolph Snell. ! 

Also in 1627, Francis van Schooten published, at Amster, 


‘ 
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dam, in a small neat form, tables of sines, tangents, and se- 
cants, for every minute of the quadrant, to 7 places of figures, 
the radius being 10000000; together with their use in plane 
trigonometry. These tables havea great character for their 
accuracy, being declared by the author to be without one 
single error. This however must not be understood of the 
Jast figure of the numbers, which I find are very often errone- 
ous, sometimes in excess and sometimes in defect, by not 
being always set down to the nearest unit. Schooten died 
in 1659, while the second volume of his second edition of 
Descartes’ geometry was in the press. He was also author 
of several other valuable works in geometry, and other 
branches of the mathematics. 

The foregoing are the principal writers on the tables of 
sines, tangents, and secants, before the invention of loga- 
rithms, which happened about this time, namely, soon after 
the year 1600. Tables of the natural numbers were now all 
completed, and the methods of computing them nearly per- 
fected: And therefore, before entering on the discovery and 
construction of logarithms, I shall stop here awhile to givea 
summary of the manner in which the said natural sines, tan- 
gents, and secants, were actually computed, after having been 
gradually improved from Hipparchus, Menelaus, and Ptolemy, 
who used only the chords, down to the beginning of the 17th 
century, when sines, tangents, secants, and versed sines were 
in use, and when the method hitherto employed had received 
its utmost improvement. In this explanation, we may here 
first enumerate the theorems by which the calculations were 
made, and then describe the application of them to the com- 
putation itself. 

Theorem 1.—The square of the diameter of a circle, is 
equal to the sum of the squares of the chord of an arc, and 
of the chord of its supplement toa semicircle.—2, The rect- 
angle under the two diagonals of any quadrilateral inscribed 
in a circle, is equal to the sum of the two rectangles under 
the opposite sides.—3, The sum of the squares of the sine 
and cosine, hitherto called the sine of the complement, is equa! 
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to the square of the radius. —4. The difference between the 
sines of two arcs that are equally distant from 60 degrees, or 
& of the whole circumference, the one as much greater as the 
yeeth is less, is equa! to the sine of half the difevends of those 
ares, or of thie difference between either arc and the said arc 
of 60 degrees —5. The sum of the cosine and versed sine, is 
equal to the radius—6, The sum of the squares of the sine 
and versed sine, is equal to the square of the chord, or to the 
square of double the sine of half the arc.—7. The sine is a 
mean proportional between half the radius and the versed 
sine of double the arc.—s. A mean proportional between the 
versed sine and half the radius, is equal to the sine of half 
the arc.—9. As radius is to the sine, so is twice the cosine to 
the sine of twice the arc.—10. As the chord of an arc, is to 
the sum of the chords of the single and double arc, so is the 
difference of those chords, to the chord of thrice the arc.— 
ti. As the chord of an arc, is to the sum of the chords of 
twice and thrice the arc, so is the difference of those chords, 
to the chord of five times the arc.—12. And in general, as the 
chord of an arc, is to the sum of the chords of 2 times and 
n + 1 times the arc, so is the difference of those chords, to 
the chord of 2n +- 1 times the arc.—13. The sine of the-sum 
of two arcs, is equal to the sum of the products of the sine of 
each multiplied by ‘the cosine of the other, and divided by 
the radius.—14. The sine of the ditrenewes of two arcs, is 
equal to the difference of the said two products divided by 
radius.—15. The cosine of the sum of two arcs, is equal to 
the difference between the products of their sines and of their 
cosines, divided by radius.—16. The cosine of the difference 
of two arcs, is equal to the sum of the said products divided 
by radius—17. A small are is equal to its chord or sine, 
nearly.—18. As cosine is to sine, so is radius to tangent.— 
19, Radius is a mean proportional between the tangent and 
cotangent.—20. Radius is a mean proportional between the 
secant and cosine.—21. Radius is a mean proportional be- 
tween the sine and cosecant.—22. Half the difference be- 
tween the tangent and cotangent of an are, is equal to the 
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tangent of the difference between the arc and its complement. 
Or, the sum arising from the addition of double the tangent 
of an are with the tangent of half itscomplement, is equal to 
the tangent of the sum of that are and the said half comple- 
¢ent.—23. The square of the secant of an arc, is equal to 
the sum of the squares of the radius and tangent.—24. The 
secant of an arc, is equal to the sum of its tangent and the 
tangent of half its complement. Or, the secant of the differ- 
ence between an arc and its complement, is equal to the tan- 
gent of the said difference added to the tangent of the less 
_ arc.—25, The secant of an arc, is equal to the difference be- 
tween the tangent of that arc and the tangent of the are 
added to half its complement. Or, the secant of the differ- 
ence between an are and its complement, is equal to the dif- 
ference between the tangent of the said difference and the 
tangent of the greater arc. 

From some of these 25 theorems, extracted from the writers 
before mentioned, and a few propositions of Euclid’s ele- 
ments, they compiled the whole table of sines, tangents, and 
secants, nearly in the following manner. By the elements 
were computed the sides of a few of the regular figures in- 
scribed in a circle, which were the chords of such parts of the 
whole circumference as are expressed by the number of sides, 
and therefore the halves of those chords the sines of the halves 
of the arcs. So, if the radius be 10000000, the sides of the 
following figures will give the annexed chords and sines. 


EEE 
} - h f Ats si 
The figure. Ares sub-| Its chord | Half | ts sine or 


tended or side. are. 4 chord. 

Triangle 120° | 17320508 | 60° | 8660254 
Square 90 14142156 | 45 | 071068 
Pentagon 12 11755705 | 36 | 5877859 
Hexagon 60 10000000 | 30 | 5000000 

| Deeagon 36 6180340 | 18 | 3090170 
Quindecagon 24 4158234 12 2079117 


Of some, or all of these, the sines of the halves were con- 
tinually taken, by theorem the 6th, 7th, or 8th, and off their 
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complements by the 3d; then the sines of the halves of these, 
and of their compiements, by the same theorems; and so on, 
alternately, of the halves and complements, till they arrived 
at an arc which is nearly equal to its sine. Thus, beginning 


with the above arc of 12 degrees, and its sine, the halves were, 


obtained as follows: 


The halves.| Sines. The comp.| Sines, -|The halves.| Sines. 
of these. 33°” «1 5446390} 
6°? - | 1045285 48° (1431448, 16 30 [2840153 
3 523360 69 = «| 9335804 8 15 | 1434996 
1 30 | 261769 19 _ 30 | 9832549 2T 45 | 4656145 
45 | 130896 84 45 | 9958049 —|——— 
a 46 30 | 7253744 Comps. 
be ee’ 68 15 | 92838095 57 8386706 
of these, 45 45 17163019 18 30 19588197 
84 9945218 —— 81 45 | 9896514 
88 30 | 9996573 of these, bei eas 
89 . 15 |9999143 24 | 4067366 Halves. 
Sete ee 34 30 | 5664062 28 30 | 4771588 
The halves 17 15 | 2965416 14 15 | 2461533 
of these. 
49 6691306 39 45 | 6394390 36 45 | 5983246 
i 23 15 | 3947439 ———___. 
QI 3583679 eee SS Comps 
19 30 | 1822355 The comp. 61 30 | 8788171 
) 15 | 915016 66 9135455 75 45 | 9692309 
43 30 | 6883545 55 30 | 8241262 ao 15 | 8012538 
4 | 45 | 3705574 712 45 | 9550199 PS Cae rs 
44 15 16977905| 150 15 |ress4is} | Half. 
a ia LG ten 0! 30. 45 | 5119931 
Comp, 
59 15 | 8594064 


The sines of small ares are then deduced in this manner. 
From the sine of 45’, above determined, are found the halves, 
which will be thus: ) 


45° Oo wows! = 130896 
22 30 - - -~ = 65449,4 
1] 15 --- = - $9724,8 


Now these last two sines being evidently in the same ratio as 
their arcs, the sines of all the less single minutes will be found 
by sipgle proportion. So the 45th part of the sine of 45°, 


~~ 
~ \ 
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gives 2909 for the sine of 1’; which may be doubled, tripled, 
&c, for the sines of 2’, 3’, &c, up to 45’. 

Then, from all the foregoing primary sines, by the theorems 
for halving, doubling, or tripling, and by those for the sums 
and differences, the rest of the sines are deduced, to complete 
the quadrant. 

But haying thus determined the sines and cosines of the 
first 30° of the quadrant, that is, the sines of the first and last 
30°, those of the intermediate 30° are, by theor. 4, found by 
one single subtraction for each sine. , 

The sines of the whole quadrant being thus completed, the 
tangents are found by theor, 18, 19, 22, namely, for one half 
of the quadrant by the 18th and 19th, and the other half, by 
one single addition or subtraction for each, by the 22d theorem. 
And lastly, by theor. 24 and 25, the secants are deduced from 

the tangents, by addition and subtraction only. 

Among the various means used for constructing the canon 
‘of sines, tangents, and secants, the writers above enumerated 
seem not to have been possessed of the method of differences, 

so profitably used since, and first of all I believe by Briggs, 
in computing his trigonometrical canon and his logarithms, 
as we shall see hereafter, when we come to describe those 
works. They took however the successive differences of the 
numbers, after they were computed, to verify or prove the 
truth of them; and if found erroneous, by any irregularity 
in the last differences, from thence they a a method of cor- 
recting the original numbers themselves. At least, this me- 
thed is used by Pitiscus, Trig. lib. 2, where the differences 
are extended to the third order.—In page 44 of the same 
book also is described, for the first time that I know of, the 
common notation of decimal fractions, asnow used. And this 
same notation was afterwards described and used by baron 
Napier, in positio 4 and 5 of his posthumous works, on the 
construction of logarithms, published by his son in the year 
1619, But the decimal fractions themselves may be consi- 
dered as having been introduced by Regiomontanus, by his 
decimal division of the radius, &c, of the circle; and from 


~ 


- 
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that time gradually brought into use; but continued long to 
be denoted after the manner of vulgar fractions, by a line 
drawn between the numerator and denominator, which last. 
however was soon omitted, and only the numerator set down, 
with the line below it: tte it was first 31,32,, then 3132; 
afterwards, omitting the line, it became 3135, and lastly 31,, if 
or 31.35, or 31°35: as may be traced in the works of Vieta, 
and otherssince his time, gradually into the present century. 
Having often heard it remarked, that the word sine, or in 
Latin and French sinus, is of doubtful origin; and as the va 
rious accounts which I have seen of its derivation are very 
different from one another, it may not be amiss here to em-. 
ploy a few lines on this matter. Some authors say, this is an 
Axabic word, others that it is the single Latin word smus 3 
and in Montucla’s ‘* Histoire des Mathematiques” it is con- 
jectured to be an abbreviation of two Latin words. The 
conjecture is thus expressed by the ingenious and learned 
author of that excellent history, at p. xxxiil, among the addi- 
tions and corrections of the first volume: ‘* A Poccasion des 
sinus dont on parle dans cette page, comme d’une invention: 
des Arabes, voici une étymologie de ce nom, tout-a-fait heu- 
reuse ct vraisemblable. Je ladois a.M. Godin, de l’ Académie 
Royale des Sciences, Directeur de I’Ecole de Marine de Cadix. 
Les sinus sont, comme Ion scait, des moitiés de cords; et les. 
cordes en Latin se nomment zzscripte. Les sinus sont donc 
semisses inscriptarum, ce que probablement on écrivit ainsi 
pour abréger, 8. Ins. Dela ensuite sest fait par abus le mot 
de sinus.’ Now, ingenious as this conjecture is, there ap- 
pears to be little or no probability for the truth of it. For, 
in the first place, it is notin the least supported by quotations 
from any of the more early books, to show that it ever was tha. 
practice to write or print the words thus, §. Zxs. upon which - 
the conjecture is founded. Again, it is said the chords are call- 
ed in Latin inscripte; and it is true that they sometimes are so: 
but I think they are more frequently called subtense, and the 
sines semisses subtensarum. of the double arcs, which will not 
abbreviate into the word sinus. This conjecture the learned. 
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author has relinquished in the new edition of his history. But 
it may be said, what reason have we to suppose that this word 
is either a Latin word, or the abbreviation of any Latin words 
whatever? and that it seems but proper to seek for the ety- 
mology of words in the language of the inventors of the things. 
For which reason it is, that we find the two other words, 
fangens and secans, are Latin, as they were invented and used 
by authors who wrote in that language. But the sines are 
acknowledged to have been invented and introduced by the — 
Arabians, and thence by analogy it would seem probable that 
this is a word of their language, and from them adopted, to- 
gether with the use of it, by the Europeans. And indeed 
Lansberg, in the second page of his trigonometry above- 
Mentioned, expressly says, that it 2s Arabic : His words are, 
Vox sinus Arabica est, et proinde barbara; sed cum longo usu 
approbata sit, et commodior non suppetat, neguaguam repudi- 
anda est: faciles enim in verbis nos esse oportet, cm de rebus 
convent. And Vieta says something to the same purport, in 
page 9 of his “‘ Universalium Inspectionum ad Canonem 
Mathematicum Liber:” His words are, Breve sinus vocabulum, 
cum sit artis, Saracenis presertim guam familiare, non est ab 
artificibus explodendum, ad laterum semissium inscriptorum 
denotationem, Xe. | i 

Guarinus also is of the same opinion: in his ** Euclides 
Adauctus,” &c. tract’xx. pa. 307, he says, Sinus vero est 
nomen Arabicum usurpatum in hane significationem & mathe- 
matics; though he was aware that a Latin origin was as- 
cribed to it by Vitalis, for he immediately adds, Lacet Vitalis 
m suo Lexico Mathematico ex eo velit sinum appellatum, quod 
elaudat curvitatem arcus., 

Long before either saw or heard of any conjecture, or 
ebservation, concerning the etymology of the word sinus, I _ 
remember that I 2agined it to be taken from the same Latin 
word, signifying breast or bosom, and that our sine was so 
called allegorically. [had observed, that several of the terms 
in trigonometry were derived from a bow to shoot with, and 
its appendages; as arcus the bow, chorda the string, and 
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sagitta the arrow, by which name the versed sine, which re- 
_presonts it, was sometimes called; also, that the tangens was 
so called from its office, being a line éouching the circle, and 
secans from its cutting the same: I therefore imagined that the 


sinus was so called, either from its resemblance to the breast | 
or bosom, or from its being a line drawn within the bosom | 


(sinus) of the arc, or from its being that part of the string 
(chorda) of a bow (arcus) which is drawn near the breast 
(sinus) in the act of shooting. And perhaps Vitalis’s defini- 
tion, above-quoted, has some allusion to the same similitude. 


Also Vieta seems to allude to the same thing, in calling — 
sinus an allegorical word, in page 417 of his works, as pub- . 


lished by Schooten, where, with his usual judgment and 
precision, he treats of the propriety of the terms used in 
trigonometry for certain lines drawn in and about the circle ; 
of which, as it very well deserves, I shall here extract the 
principal part, to show the opinion and arguments of so great 
aman on those names. ‘* Arabes autem semisses inscriptas 
duplo, numeris presertim estimatas, vocaverunt allegoricé 
Sinus, atque ideo ipsam semi-diametrum, que maxima est 
semissium inscriptarum, Sinum ToTum. Et de ils sua me- 


thodo canones exiverunt qui circumferuntur, supputante © 


_presertim Regiomontano bené justé et accuraté, in iis etiam 


particulis qualium semidiameter adsumitur 10,000,000. 

«© Ex canonibus deinde sinuum derivaverunt recentiores 
canonem semissium circumscriptarum, quem dixére Pecun- 
dum; et canonem eductarum é centro, quem dixére Fecun- 


dissimum et Beneficum, hypoteuusis addictum. Atque aded_ 


semisses circumscriptas, numeris preesertim zstimatas, voca- 
verunt Fecundos, Sinus numerosve videlicet ; quanquam nihil 
vetat Fecundi nomen substantive accipi. Hypotenusas autem 
Beneficas, vel etiam simpliciter Hypotenusas: quoniam hy- 
potenusa in prima serie sinds totius nomen retinet. Itaque 
ne novitate verborum res adumbretur, et alioqui sua artifici- 
bus, eo nomine dibita, preripiatur gloria, preposita in 


4 


Canone Mathematico canonicis numeris inscriptio, candidé — 


admonet primam seriem esse Canonem Sinuum. In secund& | 
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vero, partem canonis foecundi, partem canonis foecundissimi, 
cotineri. In tertid, reliquam. 

*¢ Sané preeter inscriptas et circumscriptas, circulum etidm 
adficiunt aliz line rect, velut Incidentes, Tangentes, et 
Secantes. Verum ill voces substantive sunt, non periphe- 
riarum relative. Ac secare quidem circulum linea recta 
tunc intelligitur, cum in duobus punctis secat. Itaque non 
loquuntur bené geometricé, qui eductas é centro ad metas cir- 
cumscriptarum vocant secantes impropric, cum secantes et 
tangentes ad certos angulos vel peripherias referunt. Immd 
verd artem confundunt, cum his vocibus necesse habeat uti 
geometra abs relatione, . 

‘* Quare si quibus arrideat Arabum metaphora; que quidem 

aut omnino retinenda videtur, aut omnind explodenda ; ut 
semisses inscriptas, Arabes vocant sinus; sic semisses circum- 
scripte, vocentur Prosinus Amsinusve; et educte é centro 
Transinuose. Sin allegoria displiceat, geometrica sane in- 
scriptarum et circumscriptarum nomina retineantur, Et cum 
educte € centro ad metas circumscriptarum, non habeant 
hactenus nomen certum neque elegans, voceantur sané pro- 
semidiametri, quasi protense semidiametri, se habentes ad 
suas circumscriptas, sicut semidiametri ad inscriptas,” 
_ Against the Arabic origin however of this word (stgus) 
may be urged its being varied according to the fourth de- 
clension of Latin nouns, like manus; and that if it were an 
‘Arabic word latinized, it would have been ranked under 
either the first, second, or third declension, as is usual in such 
adopted words. 

So that, upon the whole, it will perhaps rather seem pre- 
bable, that the term szzus is the Latin word answering to the 
mame by which the Saracens called that line, and not their 
word itself. And this conjecture seems to be rendered stil] 
more probable by some expressions in pa. 4 and 5 of Otho’s 
& Preface to Rheticus’s Canon,” where it is not only said, 
that the Saracens called the half-chord of double the are sinus, 
but also that they called the part of the radius lying between 
‘the sine and the are sinus versus, vel sagitta, which are eyi- 

VOL, I. x 
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dently Latin words, and seem to be intended for the Latin 
translations of the names by which the Arabians called these 
lines, or the numbers expressing the lengths of them. 

And this conjecture has been confirmed and realised, by a 
reference to Golius’s Lexicon of the Arabic and Latin lan- 
suages. In consequence I find that the Arabic and Latin 
writers on trigonometry do both of them use those words in 
the same allegorical sense, the latter being the Latin trans- 
lations of the former, and not the Arabic words corrupted. 
Thus, the true Arabie word to denote the trigonometrical 
sine is W4ASs, pronounced Jets, (reading the vowels in the 
French manner), meaning stnus tndusit, vestisque, the bosom 
part of the garment; the versed sine is »@wx, Sehim, which 
is saguita, the arrow ; the arc is Oy 3, which is arcus, the arc; 


and the chord is rye Vitr, that is chorda, the chord. 


TRACT XX. 


HISTORY OF LOGARITHMS. 


Tue trigonometrical canon, of natural sines, tangents, and 
secants, being now brought to a considerable degree of per- 
fection; the great length and accuracy of the numbers, toge- 
ther with the increasing delicacy and number of astronomical 
problems, and spherical triangles, to the solution of which 
the canon was applied, urged many persons, conversant in 
those matters, to endeavour to discover some means of dimi- 
nishing the great labour and time, requisite for so many mul: 
tiplications and divisions, in such large numbers as the tables 
then consisted of. And their chief aim was, to reduce the 
multiplications and divisions to additions and subtractions, as 
much as possible. 

For this purpose, Nicholas Raymer Ursus Dithmarsus in. 
vented an ingenious method, which serves for one case in the 


” 
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sines, namely, when radius is the first term in the proportion, 
and the sines of two arcs are the second and third terms ; for 
he showed, that the fourth term, or sine, w ould be fete by 
only taking half the sum or differahibé of the sines of two other 
arcs, which should be the sum and difference of the less of the 
‘two former given arcs, and the complement of the greater. 
This is no more, in effect, than the following well-known 
theorem in trigonometry: as half radius is to the sine of one 
arc, so is the sine of another arc, to the cosine of the differ- 
ence minus the cosine of the sum of the said arcs. The au-. 
thor published this ingenious device, in 1588, in his “ Fun- 
damentum Astronomia.” And three or four years afterwards 
it was greatly improved by Clavius, who adapted it to all 
proportions in the solution of spherical triangles, for sines, 
‘tangents, secants, versed sines, &c; and that whether radius 
‘be in the proportion or not. All which he explains very fully 
in lem. 53, lib. 1, of his treatise on the Astrolabe. See more 
On this abject 5 in Longomont. Astron. Danica. pa. 7, et seq. 
This method, though ingenious enough, depends not on any 
abstract property of numbers, but only on the relations of 
Certain lines, drawn in and about the circle; for which rea- 
son it was rather limited, and sometimes attended with trouble 
in the application. 
' After perhaps various other contrivances, incessant endea- 
vours at length produced the happy invention of logarithms, 
which are of direct and universal application to all numbers 
abstractedly considered, being derived from a property inhe- 
rentin numbers themselves. This property may be considered, 
either as the relation between a geometrical series of terms 
‘and a corresponding arithmetical one, or as the relation be- 
tween ratios and the measures of ratios, which comes to much 
the same thing, having been conceived in one of these ways 
by some of the writers on this subject, and in the other by 
the rest of them, as well as in both ways at ditferent times by 
the same writer. A succinct idea of this property, and of the 
‘probable reflections made on it by the first writers on loga- 
rithms, may be to the following effect: 
x 2 oO 
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The learned calculators, about the close of the 16th, and 
beginning of the 17th century, finding the operations of mul- 
tiplication and division by very long numbers, of 7 or 8 places 
of figures, which they had frequently occasion to perform, in 
resolving problems relating to geography and astronomy, to 
be SeesAinely troublesome, set themselves to consider, 
whether it was not possible to find some method of lessening 
this Jabour, by substituting other easier operations in their 
stead. In.pursuit of this object, they reflected, that since, 
in every multiplication by a whole number, the ratio, or pro- 
portion, of the product to the multiplicand, is the same as the 


ratio of the multiplier to unity, it will follow that the ratio 


of the product to unity (which, according to Euclid’s defini- 
tion of compound ratios, is compounded. of the ratios of the 


\2, said product to the multiplicand and of the multiplicand to 


unity), must be equal to the sum of the two ratios of the mul- 
tiplier “to unity and of the multiplicand to unity.  Conse- 
quently, if they could find a set of artificial numbers that 
should be the representatives of, or should be proportional to, 
the ratios of all sorts of numbers to unity, the addition of the 
two artificial numbers that should represent the ratios of any 
multiplier and multiplicand to unity, would answer to the 
multiplication of the said multiplicand by the said multiplier, 
or the sum arising from the addition of the said representative 
numbers, would be the representative number of the ratio of 
the product to unity; and consequently, the natural number 
to which it should be found, in the table of the said artificial 
or representative numbers, that the said sum belonged, would 
be the product of the said multiplicand and multiplier. 
Having settled this principle, as the foundation of their 
wished-for method of abridging the labour of calculations, 
they resolved to compose a table of such artificial numbers, 
or numbers that should be representatives of, or aportional : 
to, the ratios of all the common or natural numbers to unity. 
The tirst observation that naturally occurred to them in the | 
pursuit of this scheme was, that whatever artificial numbers. 
should be chosen to represent the ratios of other whole num-. 
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bers to unity, the ratio of equality, or of unity to unity, must 
‘be represented by 0; because that ratio has properly no mag- 
nitude, since, when it is added to, or subtracted from, any 
other ratio, it neither increases nor diminishes it. 
The second observation that occurred to them was, that 
any number whatever might be chosen at pleasure for the 
representative of the ratio of any given natural number to 
unity; but that, when once such choice was made, all the 
other representative numbers would be thereby determined, 
because they must be greater or Jess than that first represen- 
tative number, in the same proportions in which the ratios 
represented by them, or the ratios of the corresponding na- 
tural numbers to unity, were greater or less than the ratio of 
the said given natural number to unity. Thus, either 1, or 
2, or 3, &c, might be chosen for the representative of the 
‘ratio of 10 to 1. But, if 1 be chosen for tt, the representa- 
‘tives of the ratios of 100 to 1 and 1000 to 1, which are double 
and triple of the ratio of 10 to 1, must be 2 and 3, and can- 
not be any other numbers; and, if 2 be chosen for it, the re- 
presentatives of the ratios of 100 to 1 and 1000 to 1, will be 
‘4 and 6, and cannot be any other numbers; and, if 3 be cho- 
sen for it, the representatives of tle ratios of 100 to 1 and 
1000 to 1, will be 6 and 9, and cannot be any other numbers; 
‘and so on. 
’ The third observation that occurred to them was, that, as 
these artificial numbers were representatives of, or propor- 
tional to, ratios of the natural numbers to unity, they must 
‘be expressions of the numbers of some smaller equal ratios 
that are contained in the said ratios. Thus, if 1 be taken for 
the representative of the ratio of 10 to 1, then 3, which is the 
representative of the ratio of 1000 to 1, will express the num- 
ber of ratios of 10 to 1 that are eectuitiell in the ratio of TO0O 
to 1. And if, instead of 1, we make 10,000,000, or ten mil- 
lions, the representative of the ratio of 10 to 1, (in which case 
| will be the representative of a very small ratio, or ratiuncula, 
which is only the ten-millionth part of the ratio of 10 to 1, 
or will be the representative of the 10,000,000th root of 10, 
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or of the first or smallest of 9,999,999 mean proportionals 
interposed between 1 and 10), the representative of the ratio 
of 1000 to 1, which will in this case be 30,000,000, will ex- 
press the number of those ratiuncule, or small ratios of the 
10,000,000th root of 10 to1, which are contained in the said 
ratio of 1000 to 1. And the like may be shown of the repre- 
sentative of the ratio of any other number to unity, And 
therefore they thought these artificial numbers, which. thus 
represent, Or are proportional to, the magnitudes of the ratios. 
of the natural numbers to. unity, might not improperly bel 
called the Locarirums of those ratios, since they express the. i 
numbers of smaller ratios of which they are composed. And 
then, for the sake of brevity, they called them the Log garithms 
of the said natural numbers themselves, which are the antece- 
dents of the said ratios to unity, of which they are in truth 
the representatives. 

The foregoing method of considering this property leads — 
to much the same conclusions as the other way, in which the 
relations between a geometrical series of terms, and their ex-_ 
ponents, or the terms of an arithmetical series, are: contem= i 
plated. In this latter way, it readily occurred that the addi- 
tion of the terms of the arithmetical series corresponded 7 
the multiplication of the terms of the geometrical series; and 
that the arithmeticals would thewetoaes form a set of artificial: 
numbers, which, when arranged in tables, with their geome- 


tse) 


tricals, would answer the purposes desired, as has been ex. 
plaine a above. 

From this property, by assuming four quantities, two of 
them as two terms in a geometrical: series, and the others 7 
the two corresponding terms of the arithmeticals, or artificials, 
or logarithms, it is evident that ail the other terms of both 
the two series may thence be generated. And therefore ther 
moay be as many sets or scales of logarithms as we please, 
since they depend entirely on the ar bitrary assumption of t e 
first two acitbmetionls And all possible pated nome 
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‘meticals determining which of the terms in 1 that ope 
‘they are. 
It was proper however that the arithmetical series should 
be so assumed, as that the term 0 in it might answer to the 
term 1 in the geometricals ; otherwise the sum of the loga- 
rithms of any two numbers would be always to be diminished 
by the logarithm of 1, to give the logarithm of the product 
of those numbers: for which reason, making 0 the logarithm 
of 1, and assuming any quantity whatever for the dale of the 
oeielinn of any one number, the logarithms of all other num- 
bers were thence to be derived. And hence, like as the mul- 
tiplication of two numbers is effected by barely adding their 
logarithms, so division is performed by subtracting the loga- 
rithm of the one from that of the other, raising of powers by 
multiplying the logarithm of the given number by the index 
of the power, and extraction of roots by dividing the loga- 
rithm by the index of the root. It is also evident that, in all 
scales or systems of logarithms, the logarithm of 0 will be in- 
finite; namely, infinitely negative if the logarithms increase 
with the natural numbers, but infinitely positive if the 
contrary; because that, while the geometrical series must 
decrease through infinite divisions by the ratio of the progres- 
sion, before the quotient come to 0 or nothing; the logarithms, 
or arithmeticals, will in like manner undergo the correspond-~ 
ing infinite subtractions or additions of the ‘commion equal 
difference; which equal increase or decrease, thus indefinitely 
continued, must needs tend to an infinite result. 

This however was no newly-discovered property of num- 
bers, but what was always well known to all mathematicians, 
being treated of in the writings of Euclid, as also by Archi- 
medes, who made great use of it in his Arenarius, or treatise 
‘on the number of the sands, namely, in assigning the ‘rank or 
place of those terms, of a ecomnetrical series, produced from 
‘the multiplication toperbes: of any of the foregoing terms, by 
the addition of the ‘obraspénding terms of the arithmetical 

series, which served as the indices or exponents of the former. 
Stifelius also treats very fully of this property at folio 35 et 
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seq. and there explains all its principal uses as relating to 
the logarithms of numbers, only without the name; such as, 
that addition answers to multiplication, subtraction to division, 
multiplication of exponents to involution, and dividing of 
exponents to evolution; all which he exemplifies in the rule- 


of-three, and in finding several mean proportionals, &c, - 


exactly as is done in logarithms. So that he seems to have 
been in the full possession of the idea of logarithms, but 
without the necessity of making a table of such numbers. 
For the reason why tables of these numbers were not sooner 
composed, was, that the accuracy and trouble of trigonome- 
trical computations had not sooner rendered them necessary. 


It is therefore not to be doubted that, about the close of the 


sixteenth and beginning of the seventeenth century, many 
persons had thoughts of such a table of numbers, besides the 
few who are said to have attempted it. 

It has been said by some, that Longomontanus invented 
logarithms: but this cannot well be supposed to have been 
any more than in idea, since he never published any thing of 
the kind, nor ever laid claim to the invention, though he lived 
thirty-three years after they were first published by baron 
Napier, as he died only in 1647, when they had been long 


known and received all over Europe. Nay more, Longo- | 


montanus himself ascribes the invention to Napier: vid. 


Astron. Danica, p.7, &c. Some circumstances of this matter 


are indeed related by Wood in his ‘¢ Athen Oxonienses,”’ 


under the article Briggs, on the authority of Oughtred and _ 


Wingate, viz, ‘* ‘That one Dr. Craig, a Scotchman, coming — 


out of Denmark into his own country, called upon Joh. Neper | 


baron of Marcheston near Edenburgh, and told him among 
other discourses, of a new invention in Denmark (by Longo- 
montanus as ’tis said) to save the tedious multiplication and 
division in astronomical calculations. Neper being solicitous 
to know farther of him concerning this matter, he could give 
no other account of it, than that it was by proportionable 
numbers. Which hint Neper taking, he desired him at his 


return to call upon him again. Craig, after some weeks bad 
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passed, did so, and Neper then showed him a rude dranght 
of that he called Canon mirabilis Logarithmorum. Which 
draught, with some alterations, he printing in 1614, it came 
forthwith into the hands of our author Briggs, and into those 
of Will. Oughtred, from whom the relation of this matter 
came,” | 

Kepler also says, that one Juste Byrge, assistant astronomer 
to the landgrave of Hesse, invented or projected logarithms 
long before Neper did; but that they had never come abroad, 
on account of the great reservedness of their author with re- 
gard to his own compositions. It is also said, that Byrge 
computed a table of natural sines for every two seconds of 
the quadrant. 

But whatever may have been said, or conjectured, concern- 
ing any thing that may have been done by others, it is certain 
that the world is indebted, for the first publication of loga- 
rithms, to John Napier, or Nepair*, or in Latin, Neper, baron 
of Merchiston, or Markinston, in Scotland, who died the 3d 
of April 1618, at 67 years of age. Baron Napier added con- 
siderable improvements to trigonometry, and the frequent 
numeral computations he performed in this branch, gave 
occasion to his invention of logarithms, in order to save part 
of the trouble attending those calculations; and for this rea- 
son he adapted his tables peculiarly to trigonometrical uses. . 


* The origin of which name, Crawfurd informs us, was from a (less) peerless 
action of one of his ancestors, viz. Donald, second son of the earl of Lenox, in 
the time of Davidthe Second. ‘* Some English writers, mistaking the import of 
the term baron, having called this celebrated person lord Napier, a Scotch noble- 
man. He was not indeed a peer of Scotland: but the peerage of Scotland in- 
forms us, that he was of a very ancient, honourable, and illustrious family ; that 
his ancestors, for many generations, had been possessed of sundry baronies, and, 
amongst others, of the barony of Merchistoun, which descended to him by the 

‘death of his father in 1608. Mr. Briggs, therefore, very properly styles him 
Baro Merchestdnii. Now, according to Skene, de yerborum significatione, ‘ In this 
realm (of Scotland) he is called a Baronne, quha haldis his landes immediatelie 
in chiefe of the king, and hes power of Pit and Gallows; Fossa et Furca; quhilk 
was first institute and granted be king Malcome, quha gave power to the Barrones 
to have ane Pit, quhairin wemen condemned for thieft suld be drowned, and ane 
Gallows, whereupon men thieves and trespassovwres suld be hanged, conforme to 
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This discovery he published.in 1614, in his book intitled 
“¢ Mirifici Logarithmorum Canonis Descriptio,” reserving the 
construction of the numbers till the sense of the learned con- 


cerning his invention should be known. And, exeepting the — 


construction, this is a perfect work on this kind of logarithms, 
containing in effect the logarithms of all numbers, and the | 
Jogarithmic sines, tangents, and secants, for every minute of 
the quadrant, together with the description and uses of the 
tables, as also bie definition and idea of logarithms. 

Napier explains his notion of logarithms by lines described 
or generated by the motion of points, in this manner: He first” 


i 
A: 
VG 

1 
i 


ee ee 


conceives a line to be generated by the equable motion of a! 


point, which passes over equal portions of it in equal small — 
moments or portions of time: he then considers another line 
as generated by the unequal motion of a point, in such man- 
ner, that, in the aforesaid equal moments or portions of time, 


there may be described or cut off, from a given line, parts 


which shall be continually in the same proportion with the 


respective remainders, of that line, which had before been — 
Jeft: then are the several lengths of the first line, the loga- j 


rithms of the dérréapondings parts of the latter. Which | 


description of them is similar to this, that the logarithms are ~ 


a series of quantities or numbers in arithmetical progression, 


adapted to another series in eeometrical progression. The 
4 prog 


the doome given in the Baron Court thereanent.’ So that a Scotch baron, — 
though no peer, was nevertheless a very considerable personage, both in dignity _ 
and power.” Reid's Essay on Logarithms.—The name of the illustrious inventor of © 
logarithms, has been variously written at different times, and on different ocea- B: 
sions. In his own Latin works, and in (perhaps) al} other books in Latin, it is — 
Neper, or Neperus Baro Merchestonii: By Briggs, in a letter to Archbishop Usher, q 


he is called Naper, lord of Markinsion: In Wright’s translation of the logarithms, 
which was revised by the author himself, and published in. 1616, he is called 


f 


[ 


Nepair, baron of Merchiston; and the same by Crawfurd and some others: But 


M‘Kenzie and others write it Napier, baron of Merchiston ; which, being also the 


orthography now used by the family, I shall adopt in this work. -I observe f 


also, that the Scotch Compendium of Honour says he was only Sir John Napier, - 
and that his son and heir Archibald, was the first Jord, being raised to that dig. : 


the 


nity in 1626. Be this however as it may, I shall conform to the common modes _ 


of expression, and cal! him indifferently, Baron Napier, or Lord Napier. 


it? 
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first or whole length of the line, which is diminished in geo- 
metrical progression, he makes the radius of a circle, end its 
logarithm 0. or nothing, representing the beginning of the 
first or arithmetical line; and the several proportional re- 
mainders of the geometrical line, are the natural sines of all 
the other parts of the quadrant, decreasing down to nothing, 
while the successive increasing values of the arithmetical line, 
are the corresponding logarithms of those decreasing sines : 
so that, while the natural lines decrease from radius to nothing, 
their syd increase from nothing to infinite, Napier 
made the logarithm of radius to be 0, that he might save the 
trouble of mai or subtracting it, in trigonometrical pro- 
portions, in whichit so frequently occurred; and he made the 
logarithms of the sines, from the entire quadrant down to 0, 
to increase, that they might be positive, and so in his opinion 
the easier to manage, the sines being of more frequent use 
than the tangents and secants, of which the whole of the latter 
and half the former would, in his way, be of a different affec- 
tion from the sines; for it is evident that the logarithms of 
all the secants in the quadrant, and of all the tangents above 
45°, or the half quadrant, would be negative, being the loga- 
rithms of numbers greater than the radius, whose logarithm 
is made equal to O or nothing. 

As to the contents of Napier’s table; it consists of the na- 
tural sines and their logarithms, for every minute of the 
quadrant. Like,most other tables, the arcs are continued to 
45 degrees from top to bottom on the left-hand side of the 
pages, and then returned backwards from bottom to top on 
the right-hand side of the pages: so that the ares and their 
complements, with the sines, natural and logarithmic, stand 
on the same line of the page, in six columns; and in another 
_ column, in the middle of the page, are placed the differences 
between the logarithmic sines and cosines, on the same lines, 
and in the adjacent columns on the rigbt and left ; thus making 
in all seven columns in each page. Of these columns, the first 
and seventh contain the are and its complement, in degrees 
and minutes; the second and sixth, the natural sine and co- | 
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sine of each arc; the third and fifth, the logarithmic sine and 
cosine; and the fourth, or middle column, the difference be- 
tween the logarithmic sine and cosine which are in the third 


and fifth columns. To elucidate the description, the first 
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page of the table is here inserted, as follows. 


min. 


— eat 
sm Co orn Go mm 0 


0 


rari i + ary rar] : i 
Sinus. \Logatitlimi. Difterenuie: Logarithmi. 
0}! Infinitum. | Infinitum. O | i90 
2909 || 81425681 | 81425680 1 
58181] 74494213 | 74404211 2 | 
8727 || 70439560 | 70439560 a fakaen 
11636 || 67562746 | 67562739 7 
14544 || 65331315 } 65331304 11 
17453 |; 63508099 | 63508083 16 
20362 || 61966595 | 61966573 22 
23271 || 60631284 | 60631256 28 
26180 || 59453453] 59453418 35 
29088 || 58399857 | 58399814 43 
31997 || 57446759 | 57446707 52 
34906 || 56576646 | 56576584 62 
37815 || 55776222 | 55776149 73 
40724 1| 55035148 | 55035064 84 | 
43632 || 54345295 | 54345129 96 
46541 || 53699843 | 53699734 109 
4.9450 || 53093600 | 53093577 123 
52359 || 52522019 | 52521881 138 | 
55268 || 51981356 | 51981202 al 
58177|| 51468431 | 51468361 eal 
61086 | 50980537 | 50980450 187 | 
63995 || 50515342 | 50515137 205 | 
6690411 50070827 | 50070603 224 | 
69813 || 49645989 | 49644995 244 | 
72721 || 49237030 | 49236765 265 | 
75630 || 48844826 | 48844539 287 | 
"8599 || 48467431 | 48467122 309 | 
81448 || 48103763 | 48103431 332 | 
84357 || 47752859 | 47752503 356 | 
“47913852 | 47415471 | 381 


87265 
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Sinus. 


10000000 | 60 
10060000 | 59 
9999998 | 58 


Oe eee 


9999996 | OY 
9999993 | 56 
9999989 | 55 


9999984 | 54 


9999980 | 53. 


9999974 | 52 


9999967 | 51 
9999959 | 50 
9999950 | 49 


9999940 | 48 
9999928 | 47 
9999917 | 46 


(Se ee eee 


9999905 | 45 
9999892 | 44 
9999878 | 43 


9999756 | 36 
9999736 | 35 
9999714 | 34 


9999692 
9999668 
9999644 | 31 


9999619 
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Besides the columns which are actually contained in this 
table, as above exhibited and described, namely, the natural 
and logarithmic sines, and their differénces, the same table is 
made to serve also for the logarithmic tangents and secants 
of the whole quadrant, and for the logarithms of common 
numbers. For, the fourth or middle column contains the 
logarithmic tangents, being equal to the differences between 
the logarithmic sines and cosines, when the logarithm of ra- 
dius is 0, because cosine : sine :: radius : tangent, that is, in 
logarithms, tangent = sine — cosines Also the logarithmic 
sines, made negative, become the logarithmic cosecants, and 
the logarithmic cosines made negative, are the logarithmic 
secants ; because sine : radius; : radius : cosecant, and cosine : 

radius :: radius: secant; that is, in logarithms, cosecant = 0 
— sine = — sine, and secant = 0 — cosine = — cosine. And 
‘to make it answer the purpose of a table of logarithms of 
‘common-numbers, the author directs to proceed thus: A 
‘number being given, find that number in any table of natural 
sines, or tangents, or secants, and note the degrees and mi- 
nutes in its arc; then in his table find the corresponding 
logarithmic sine, or tangent, or secant, to the same number 
of degrees and minutes ; and it will be the required logarithm 
of the given number. 

After his definitions and descriptions of logarithms, Napier 
‘explains his table, and illustrates the precepts with examples, 
showing how to take out the logarithms of sines, tangents, 
‘secants, and of common numbers; as also how to add and 
‘subtract logarithms. _ He then proceeds to teach the uses of 

those numbers; and first, in finding any of the terms of three 
or four proportionals, showing how to muitiply and divide, 
and to find powers and roots, by logarithms: 2dly, in trigo- 
‘nometry, both plane and spherical, but especially the latter, 
in which he is very explicit, turning all the theorems for 
every case into logarithms, computing examples to each in 
numbers, and then enumerating a set of astronomical pro- 
blems of the sphere which properly belong to each case. 
Napier here teaches also some new theorems in spherical] 
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trigonometry, otal that the tangent of half the base : 
tang. {sum legs :: tang. 4 dif, legs : tang. + the alternate 
base; and the general ehUOy em fdr what are called his five 
circular parts, by which he condenses into one rule, in two. 
parts, the theorems for all the cases of right-angled spherical 
triangles, which had been separately demonstrated by Pitiscusy | 
ieansber cius, Copernicus, Regiomontanus, and others, i 
The description and use. of Napier’s canon being in the 
Latin language, they were translated into English “by Mr. 
Edward Wright, an ingenious mathematician, and inventor 
of the principles of what has commonly, though erroneouslyy 
been called Mercator’s Sailing. He sent the translation te 
the author, at Edinburgh, to be revised by him before public’ 
cation; who having carefully perused it, returned it with his’ 
approbation, and a few lines introduced besides into the trans- | 
lation. But, Mr. Wright dying soon after he received it | 
back, it was after his vdeath published, together with the 
tables, but each number to one figure less, in the year 1616, | 
by his son Samuel Wricht, accompanied with a dedication to | 
the East-India Company, as also a preface by Henry Briggs, 
of whom we shall Ev eney. have occasion to speak more at 
large, on account of the great share he bore in perfecting” 
the logarithms. In this tr ane Mr. Briggs gave also the. 
description and draught of a scale that had been invented by 
Mr. Wricht, and eeverel other methods of his own, for finding 
the acovibr tio! parts to intermediate numbers, the logarithms: 
having been only printed for such numbers as were the natural 
sines of each minute. And the note which Baron Napier 
inserted in this English edition, and which was not in the 
original, was as follows: ‘* But because the addition and sub= 
traction of these former numbers may seem somewhat pain= 
ful, L intend (if it shall please God) in a second edition, to 
set out such logarithms as shall make those numbers above 
written to fall upon decimal numbers, such as 100,000,000, 
200,000,000, 300,000,000, &c, which are easie to be added o¥ 
abated to or from any other number.” This note had reference 
to the alteration of the scale of logarithms, in such manner, that 
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1 should become the logarithm of the ratio of 10 to 1, instead 
of the number 2.3025851, which Napier had made that loga- 
rithm in his table, and which alteration had before been re- 
commended to him by Briggs, as we shall see presently. 
Napier also inserted a similar remark in his ‘* Rabdologia,” 
which he printed at Edinburgh in 1617. 

The following is the preface to * Wright’s book, which, as 
far as where it mentions the change from the Latin into En- 
glish, is a literal translation of the preface to Napier’s original; 
but what follows that, is added by Napier himself.. And I 
willingly insert it here, as it contains a declaration of the 
“Motives which led to this discovery, and as the book itself is 

very scarce. ‘* Seeing there is nothing (right well beloved 
students in the mathematics) that is so troublesome to Ma- 
thematicall practise, nor that doth more molest and hinder 
Calculators, than the Multiplications, Divisions, square and 


* Of this ingenious man I shall here insert in a note the following memoirs, as 
they have been translated from a Latin piece taken out of the annals of Gonvile 
and Caius College at Cambridge, viz. ‘* This year (1615) died at London, Edward 
| Wright of Garveston in Norfolk, formerly a fellow of this college; a man re- 

spected by all for the integrity and simplicity of his manners, and also famous 

‘for his skill in the mathematical sciences: insomuch that he was deservedly 
styled a most excelient mathematician by Richard Hackluyt, the author of an 

original treatise of our English navigations. What knowledge he had acquired 

| an the science of mechanics, aud how usefully he employed that knowledge to 
_ the public as well as private advantage, abundantly appear both from the writings 
he published, and from the many mechanical operations still extant, which are 

standing monumentts of his great industry and mgenuity. He was the first un- 
dertaker of that difficult but useful work, by which alittle river is brought from 
‘the town of Ware in a new canal, to supply the city of London with water; but 
by the tricks of others he was hindered from completing the work he had begun. 
He was excellent both in contrivawce and execution; nor was be inferior to the 
| most ingenious mechanic in the making of instruments, either of brass, or any 
other matter. To his invention is owing whatever advantage Hondius’s geogra-~ 
| phical charts have above others; for it was our Wright that taught Jodocus 
| Hondius the method of constructing them, which was till then unknown: but the 
| ungrateful Hondius concealed the name of the true author, and arrogated the 
_ glory of the invention to himself. Of this fraudulent practice the good man 
could not help complaining, and justly enough, in the preface to his Treatise of 

- the Correction of Errors in the Art of Navigation; which he composed with ex- 
cellent judgment, and after long experience, to the great advancement of nayal 


| 


} 
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cubical Extractions of great numbers, which, besides the 
tedious expence of time, are for the most part subject to 
many slippery errors: I began therefore to consider in my, 
minde, by what certaine and ready Art I might remove those 
RW as ly And having thought upon many things to this 
purpose, I found at length some excellent briefe rulss to bé 
treated of (perhaps) heeateers But amongst all, none more 
profitable then this, which together with the hard and tedious 
Multiplications, Div: isions, and Extractions of rootes, doth also 
cast away from the worke it selfe, even the very numberg 
themselves that are to be multiplied, divided, and resolved. 
into rootes, and putteth other numbers in their place, which 
performe as much as they can do, onely by Addition and | 
Subtraction, Division by two, or Division by three; which: 
secret invention, being (as all other good things are) so much, | 


the better as it shall be the more common; I thought good | 
| 
affairs. For the improvement of this art he was appointed mathematical lecturer 
by the East India Company, and read lectures_in the house of that worthy knight | 
Sir Thomas Smith, for which he had a yearly salary of 50 pounds. This office’ 
he discharged with great reputation, and much to the satisfaction of his hearers, | 
He published in English, a book on the doctrine of the sphere, and another con=_ 
cerning the construction of sun-dials. He also prefixed an ingenious preface te 
the learned Gilbert’s book on the loadstone. By these and other his writings, he | 
has transmitted his fame to latest posterity. While he was yet a fellow of this 
college, he could not be concealed in his private study, but was called forth tor 
the public business of the kingdom, by the queen’s majesty, about the year 1593.) 
He was ordered to attend the earl of Cumberland in some maritime expeditions. 
One of these he has given a faithful account of, in the way of a journal or ephe- 
meris, to which he has prefixed an elegant hydrographical chart of his own 
contrivance. A little before his death, he employed himself about an English’ 
translation of the book of logarithms, then lately found out by the honourable 
Baron Napier, a Scotchman, who had a great affection for him. This posthumous : 
work of his was published soon after, by his only son Samuel Wright, who was. 
also ascholar of this college. He had formed many other useful designs, but-was | 
hindered by death from bringing them to perfection. Of him it may be truly, 
said, that he studied more to serve the public than himself; and though he) 
was rich in fame, and in the promises of the great, yet he died poor, to the. 
scandal of an ungrateful age.” | 

Other anecdotes of him, as well as many other mathematical authors, may be. 
found in the curious history of navigation by Dr. James Wilson, prefixed to Mr. 


Robertson’s excellent treatise on that subject. loa 
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veretofore to set forth in Latine for the publique use of 
Mathematicians. But now some of our Countrymen in this 
sland well affected to these studies, and the more publique 
ood, procured a most learned Mathematician to translate 
‘he same into our vulgar English tongue, who after he had 
inished it, seat the Coppy of it to me, to be seene and cone 
‘idered on by myself. I having most willingly and gladly 
Jone the same, finde it to bee most exact and precisely con- 
ormable to my minde and the originall, Therefore it may 
dlease you who are inclined to these studies, to receive it from 
ne and the Translator, with as much good will as we recom- 
nend it unto you. Fare yee well.” 

There are also extant copies of Wright’s translation with 
he date 1618 in the title: but this is not properly a new 
edition, beifig only the old work with a new title-page adapted 
.0 it (the old one being cancelled), together with the addition 
of sixteen pages of new matter, called ‘* An Appendix to the 
-ogarithms, shewing the practice of the calculation of tri- 
ingles, and also a new and ready way for the exact finding 
ut of such lines and logarithmes as are not precisely to be 
found in the canons.” | But we are not told by what author: 
probably it was by Briggs. } 

Besides the trouble attending Napier’s canon, in finding the 
»roportional parts, when used as a table of the logarithms of 
?ommon numbers, and which was in part remedied by the 
ore-mentioned contrivances of Wright and Briggs, it was also 
iccompanied with another inconvenience, which arose from 
‘he logarithms being sometimes + or additive, and sometimes 
— or negative, aud which required therefore the knowledge 
of algebraic addition and subtraction. And this inconvenience 
was occasioned, partly by making the logarithm of radiusto be 
), and the sines to decrease, and partly by the compendious 
manner in which the author had formed the table; making 
the three columns of sines, cosines and tangents, to serve also 
lor the other three of cosecants, secants, and cotangents, 

_ But this latter inconvenience was well remedied by John 
Speidell, in his New Logarithms, first published in 1619, 
VOLL ¥ | 
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which contained all the six columns, and in this.order; sines 
cosines, tangents, cotangents, secants, cosecants: and: they 
were besides made all positive, by being takem the arithmetical 
complements of Napier’s, that is, they were the remainders 
Jeft by subtracting each of these latter from 10000000. An 
the former inconvenience was more effectually removed by the 
said Speide!|, in an additional table, given in the sixth impres: 
sion of the former work, in the year 1624. This was a table 
of Napier’s logarithms for the round or integer numbers 1, 2 
3, 4, 5, &c, to 1000, together with their differences and arith 
metical complements; as also the halves of the said logarithms 
with their differences and arithmetical complements; which 
halves consequently were the logarithms of the square root! 
of the said numbers. These logarithms are however a littl 
varied in their form from Napier’s, namely, so as to increase 
from 1, whose logarithm is 0, instead of decreasing fo 1, orra 
dius, whose logarithm was made 0 hkewise ; that is, Speidell’, 
logarithm. of any number 7, is equal to Napier’s logarithm o 
its reciprocal +: so that in this last. table of Speidell’s, th 
logarithm of 1 being 0, the logarithm of 10-is 2302584, th 
logarithm of 100 is twice as much, or 4605168, and that o 
1000 thrice as much, or 6907753. 
This table is now commonly called hyperbole logarithm ) 
because the numbers express the areas between the asymptot 
and curve of the hyperbola, those areas being limited by 
ordinates parallel to the other asymptote, and the ordinate 
decreasing in geometrical progression, But thisis not a ver) 
proper method of denominating them, as such areas may b, 
made to denote any system of logarithms whatever, as will b 
shown more at large in the proper place. 
_. In the year 1619, Robert Napier, son of the inventor c 
logarithms, published a new edition of his late father’ 
‘< Logarithmorum Canonis Descriptio,” together with th 
promised: §* Logarithmorum Canonis Constructio,”’ and oth 
miscellaneous pieces, written by his father and Mr. Briggs.— 
- Also. one Bartholomew Vincent, a bookseller at Lugdunum 
or Lyons, in France, printed there an exact copy of the sam 


TRACT 20. LOGARITHMS. 323 


‘two works ™ one volume, in the year 1620; which was four 
years before the logarithms were carried to France by Wins 
gate, who was therefore erroneously said to have first intro- 
‘duced them into that country. But we shall treat more 
particularly of the contents of this work, after having enus 
‘merated the other writers on this sort of logarithms. ) 
In 1618 or 1619, Benjamin Ursinus, mathematician to the 
Elector of Brandenburg’, published, at Cologn, his “ Cursus 
Mathematicus,” in which is contained a copy of Napier’s 
‘ogarithms, with the addition of some tables. of proportional 
darts. And in 1624, he printed’ at the same place, his 
 Trigonometria,” with a table of natural sines and theit 
‘ogarithms, of the Napierian kind and form, fo every ten 
seconds in the quadrant; which he had been at much pains 
n computing. | 

In the'same year 1624, logarithms, of nearly the same kind, 
vere also published, at Marpurg, by the celebrated John 
Kepler, mathematician to the hmperor Ferdinand the Second, 
inder the title of ‘* Chilias Logarithmorum ad Totidem Nu- 
neros Rotundos, prxmissa Demonstratione lecitima Ortus 
vogarithmorum eorumque Usus,” &c; and the year follow- 
ng, a supplement to the same; being applied to round or 
nteger numbers, and to such natural sines as nearly coincide 
vith them. These are exactly the same kind of logarithms 
8 Napier’s, being the same logarithnis of the natural sines of 
res, beginning from the quadrant, whose sine or radius is 
0,000,000, the logarithm of which is made 0, and from thence 
he sines decreasing by equal differences, down to 0, or the 
eginning of the quadrant, while their logarithms increase to 
vinity. So that the difference between this table and Na- 
ier’s, consists only in this, namely, that in Napier’s table the 
re of the quadrant is divided into equal parts, differing by 
ne minute each, and consequently their sines, to which the 
ogarithms are adapted, are irrational or interminate numbers, 
nd only expressed by approximate decimals; whereas in 
<epler’s table, the radius is divided into equal parts, which 
re considered as perfect and terminate sines, having equal 

Y2 
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differences, and to which terminate sines the logarithms are 
here adapted. By this means indeed the proportions for in~ 
termediate numbers and logarithms are easier made; but then 
the corresponding arcs are not terminate, being irrational, 
and only set down to an approximate degree. So that 
Kepler’s table is more convenient asa table of the logarithms 
of common numbers, and Napier’s as the logarithmic sines 
of the arcs of the quadrant. In both tables, the logarithm of 
- the ratio of 10 to 1, is the same quantity, namely 230258523 
and as the radius, or greatest sine, is 10,000,000, whose loga- 
rithm is made 0, the logarithms of the decuple parts of it will 
be found by adding 23025852 continually, or multiplying this 
logarithm by 2, 3, 4, &c; and hence the logarithm of 1, the 
first number, or smallest sine, in the table, is 161180959, or 
7 times 2302 &c. 

Besides the two columns, of the natural sines and their 
logarithms, with the differences of the logarithms, this table 
of Kepler’s consists also of three other columns; the first of 
which contains the nearest arcs, belonging to those sines, ex- 
pressed in degrees, minutes and seconds; and the other two 
express what parts of the radius each sine is equal to, namely, 
the one of them in 24th parts of the radius, and minutes and 
seconds of them; and the other in 60th parts of the radius, 
and minutes of them. ‘The following specimen is extracted 
from the last page of the table, printed exactly as in the work 
itself. 
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Arcus 
Cireuli cum 
differentiis. 
19. 34 
80. 3. 46 

20. 12 
80. 23. 58 
——20. 53 
80. 44. 51 
21. 42 
Shag 


81. 29. 
24. 6 

81. 53. 
—25. 6 
Ba. 18. 
| 26. 28 
$62. 45. 6 
_\_—_—_27. 54 
83. 18...0 
30. 20 

83. 43. 
32. 40 
84. 16. O 

- $6.- 30 
84. 52. 
ie 41, 9 
85. 33. 
48, 54 
Pee. 


eee 22. 53 |- 


LOGARITHMS. 


SINUS 
seu numeri 
absoluti. 


Partes vice- 
sime quart. 


—_ 


98500.00 


98600.00 


a eee eee 


98700.00 


98800.00 


| OOS. 


98900.00 | 23. 


99000.00 


come ee 


- 45. 36 


99100.00| 23. 47. 2 


99200.00 | 23. 48. 29 


ee 


Sanaa” 


99300.00 | 23. 49. 55 


99400.00 | 23. 51. 22 


ee 


99500.00 | 23, 52. 48 


99600.00 | 23. 54. 14 


nm 


99700.00 | 23. 55. 41 


99800.00 


et tc | ean A ARR 


99900.00 | 23. 


100000.00 


LoGARITHMI 
cum differentiis. 


101.58 
1511.36+ 
101.47 
1409.89 + 
101.37 
1308.52+ 
101.26 

1207.26 
101.17 
1106.09 + 
101.06 
1005.03 -4+ 
100.96 
904.07 + 
100.85 
803.22 + 
100.76 
7102.46 
100.65 
601.81 
100.56 

5§01.25-+ 
100,45 
400.80 
100.35 
300.45 
100.25 
200.20 
100.15 
100,05 
100.05 ” 


0. 0 |000000.00 


$25 


Partes. sex- 
agenariz. 


To the table, Kepler prefixes a pretty considerable tract, 


containing the construction of the logarithms, 


and a de- 
/Monstration of their properties and structure, in which he 


considers logarithms, i the true and legitimate way, as the 


SS 4 
| 
| 
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4 
measures of ratios, as shall be shown more particularly here- | 
after in the next tract, where the construction of logarithms ' 
is fully treated on. 4 

Kepler also introduced the logarithmic calculus into his 
Rudolphine tables, published in 1627; and inserted in that 
work several logarithmic tables; as, first a table similar to 
that above described, except that the second, or column: 
of sines, or of absolute numbers, is omitted, and, instead of 
it, another column is added, showing what part af the qua~ | 
drant each arc is equal to, naisiels the quotient, expressed in : 
integers and setefresinrial parts, arising from Spoons the 
whole quadrant iy each given arc; 2dly, Napier’s table of 
logarithmic sines, to every minute of the quad. also two | 
other smaller tables, adapted to the purposes of eclipses and 
the latitudes of the planets. In this work also, Kepler gives 
@ succinct account of logarithms, with the description and use’ 
of those that are contained in these tables. And here it is | 
that he mentions Justus Byrgius, as having had logarithms 
before Napier published them. 

Besides the above, some few others published Jogarithms of 
the same kind, about this time. But let us now return‘ta | 
treat of the history of the common or Briggs’s logarithms, so | 
called because he first computed them, and first, mentioned’ 
them, and recommended them to Bi iat : instead of the first’ 
kind by him invented. | 

Mr. Henry Briggs, not less esteemed for his great probity | 
and other eminent virtues, than for his excellent skill in maz! 
thematics, was, at the time of the publication of Napier’s 
logarithms, in 1614, professor of geometry in Gresham col. 
Jege in London, having been appointed the first professor 
after its institution: which appointment he held till January. 
1620, when he was chosen, also the first, Savilian professor 
of geometry at Oxford, antes he died January the 26th | 
1632, aged about 74 years. | 

On the publication of Napier’s logarithms, Briggs i imme. 
diately applied himself to the study and improvement of them. 


In a letter to Mr. (afterwards Archbishop) Usher, dated the: 
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10th of March 1615, he writes, ‘ that he was wholly taken 
up and employed about the noble invention of logarithms, 
lately discovered.” And again, ‘¢ Napier lord of Markinston | 
hath set my head and hands at work with bis new and admir+ 
able logarithms: I hope to see him this summer, if it please 
God; for I never saw a book which pleased me better, and 
made me more wonder.” Thus we find that Briggs began 


‘very early to compute logarithms : but these were not of the 
same kind with Napier’s, in which the logarithm of the ratio 


7 
‘ 


: 


_ of 10 to 1 was 2.3025851 &c; for, in Briges’s first attempt he 


made 1 the logarithm of that ratio; and, from the evidence 
we have, it appears that he was the first person who formed 


the idea of this change in the scale, which he presently and 
- diberally sour titieedile Wi both to the pubiic in his lectures, and 


to lord Napier himself, who afterwards said that he also had 


_ thought of the same thing; as appears by the following ex- 


tract, translated from the preface to Briggs’s ‘¢ Arithmetica 
Logarithmica :” ‘¢ Wonder not (says he) that these logarithms 
are different from those which the excellent baron of iy plier 


_ ston published in his Admirable Canon. For when I explained 


————— = _—C 


—— 


the doctrine of them to my auditors at Gresham college in 
London, I remarked that it would be much more convenient, 
the logarithm of the sine total or radius being 0 (as in the 
Canon Mirificus), if the logarithm of the 10th part of the said 


-yadius, namely, of 5° 44°21”, were 100000 &c; and con- 


cerning this I presently wrote to the author; also, as soon as 
the season of the year and my public teaching would permit,’ 

I went to Edinburgh, where being kindly received by him, I — 
staida whole month. But when we began to converse about 
the alteration of them, he said that he had formerly thought 


_of it, and wished it; but that he chose to publish those that 
were already done, till such time as his leisure and health 


would permit him to make others more convenient. And as 
to the manner of the change, he thought it more expedient 
that O should be Made the logarithm of 1, and 100000 &c the 
logarithm of radius; which I could not but acknowledge was 
much better. Therefore, rejecting those which I had before 
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prepared, I proceeded, at his exhortation, to calculate these 
and the next summer I went again to Edinburgh, to shew him 
the principle of them; and should have been glad to do the 
same the third summer, if it had pleased God to spare him 
60 long.” ! | 
So that it is plain that Briggs was the inventor of the pre- 
sent scale of logarithms, in which 1 is the logarithm of the 
ratio of 10 to 1, and 2 that of 100 to 1, &c; and that the share 
which Napier had in them, was only advising Briggs to begin 
at the lowest number 1, and make the logarithms, or artificial 
numbers, as Napier had also called them, to zncrease with the 
natural numbers, instead of decreasing; which made no alter- 
ation in the figures that expressed Briggs’s logarithms, but: 
only in their affection or signs, changing them from negative 
to positive; so that Briggs’s first loga- : 
rithms to the numbers in the second | 
column of the annexed tablet, would 
have been as in the first column; but after 
they were changed, as they are here in 
the third column; which is a change of 
no essential difference, as the logarithm 
of the ratio of 10 to 1, the radix of the 
natural system of numbers, continues 
the same ; and a change in the logarithm 
of that ratio being the only circumstance 
that can essentially alter the system of 
logarithms, the logarithm of 1 being 0. And the reason why 
Briggs, after that interview, rejected what he had before 
- done, and began anew, was probably because he had adapted 
his new logarithms to the approximate sines of arcs, instead 
of to the round or integer numbers; and not from their being 
logarithms of another system, as were those of Napier. : 
On Briggs’s return from Edinburgh to London the second 
time, namely, in 1617, he printed the first thousand loga- 
rithms, to eight places of figures, besides the index, under 
the title of “¢ Logarithmorum Chilias Prima.” Though these 
seem not to have been published till after death of Napier, 
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which happened on the 3d of April’ 1618, as before said; for, 
‘in the preface to them, Briggs says, ¢¢ Why these logarithms 
differ from those set forth by their most illustrious inven- 
tor, of ever respectful memory, in his § Canon Mirificus,’ 17 
IS TO BE HOPED his posthumous work will shortly make ap- 
pear.” And as Napier, after communication had with Briggs 
on the subject of altering the scale of logarithms, had given 
‘notice, both in Wright’s translation, and in his own * Rabdo- 
dogia,”’ printed in 1617, of his intention to alter the scale, 
{though it appears very plainly that he never intended to 
‘compute any more), without making any mention of the share 
which Briggs had in the alteration, this gentleman modestly 
‘gave the above bint. But not finding any regard paid to it 
in the said posthumous work, published by lord Napier’s son 
in 1619, where the alteration is again adverted to, but still 
without any mention of Briggs; chs gentieman thought he 
could not do less than state the Sromiids of that alterenede 
himself, as they are above extracted from his work published- 
‘in 1624, 

Thus, upon the whole matter, it seems evident that Briggs, 
whether he had thought of this improvement in the construc- 
tion of logarithms, of making 1 the logarithm of the'ratio of 
10 to 1, before lord Napier, or not (which is a secret that 
could ba known only to Napier himself), was the first person 

who communicated the idea of such an improvement to the 
‘world; and that he did this in bis lectures to his auditors at 
Gresham college in the year 1615, very soon after his peru- 
_sal of Napier’s ‘ Canon Mirificus Logarithmorum,” published 
in the year 1614, He also mentioned it to Napier, both by 
letter in the same year, and on his first visit to him in Scotland 
in the summer of the year 1616, when Napier approved the 
idea, and said it had already occurred to himself, and that he 
had determined to adopt it. It appears therefore, that it 
would have been more candid in lord Napier to have told the 
world, in the second edition of this book, that Mr. Briggs had 
mentioned this improvement to him, and that he had thereby 
been confirmed in the resolution he had already taken, before 
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Mr. Briggs’s communication with him (if indeed that wasthe’ 
fact), to adopt it in that his second edition, as being better 
fitted to the decimal notation of arithmetic which was in gee 
neral use. Such a declaration would have been but an act. 
of justice to Mr, Briggs; and the not having made it, cannot 
but incline us to suspect that lord Napier was desirous that 
the world should ascribe to bim alone the merit of this very 
useful improvement of the logarithms, as well as that of hav- 
ing originally invented them; though, if the having first com- 
municated an invention to the world be sufficient to entitle a 
man to the honour of having first invented it, Mr. Briggs had 
the better title to be called the first inventor of this happy 
improvement of logarithms. 

In 1620, two years after the ** Chilias Prima” of Briggs 
came out, Mr. Edmund Gunter published his ‘* Canon of Tri- 
angles,” which contains the artificial or logarithmic sines and 
tangents, for every minute, to seven places of figures, besides 
the index, the logarithm of radius being 10°0 &c. These 
logarithms are of the kind last agreed upon by Napier and, 
Bri igos, and they were the first ébbles of logarithmic sines and 
tangents that_were published of this sort. Gunter also, in 
1623, reprinted the same in his bock ‘‘ De Sectore et Radia,” 
together with the “ Chilias Prima” of his old colleague Mr, 
Briggs, he being professor of astronomy at Gresham college 
when Briggs was professor of geometry there, Gunter having 
been elected to that office the 6th of March 1619, and enjoyed 
it till his death, which happened on the 10th of December 
3626, about the forty-fifth year of his age. In 1623, also,” 
Gunter applied these logarithms of numbers, sines, and tan- 
gents, to straight lines drawn on a ruler; with which, pro- 
portions in common numbers and trigonometry were resolved _ 
by the mere application of a pair of compasses ; a method 
founded on this property, that the logarithms of the terms of 
equal ratios are equidifferent. This instrument, in the form 
of a two-foot scale, is now in common use for navigation and — 
other purposes, and is commonly called the Gunter. Healso 
greatly improved the sector for the same uses. Gunter was 
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the first who used the word cosine for the sine of the comple- 
ment of an arc. He also introduced the use of arithmetical 
complements into the logarithmical arithmetic, as is witnessed 
by Briggs, chap. 15, Arith. Log. And it has been said, that | 
he’ acted the idea of the logarithmic curve,-which was so 
called because the segments of its axis are the logaritams of 
the corresponding ordinates. | 
The logarithmic lines were afterwards drawn in various 
other ways. In 1627, they were drawn by Wingate on two 
separate rulers sliding against each other, to save the use of 
compasses in resolving proportions. They were also, in 1627, 
applied to concentric circles, by Oughtred. Then ina spiral 
form, by a Mr. Milburne of Yorkshire, about the year 1650. 
And, lastly, in 1657, on the present sliding rule, by Seth 


| Partridge. 


The discoveries relating to logarithms were carried to 


| France by Mr. Edmund Wingate, but not first of all, as he 


erroneously says in the preface to his book. He published 


at Paris, in 1624, two.small tracts in the French language; 
and afterwards at London, in 1626, an English edition of the 
same, with improvements. In the first of these, he teaches 


the use of Gunter’s rules; and in the other, that of Briggs’s 


logarithms, and the artificial sines and tangents, ‘Here are 


contained, also, tables of those logarithms, sines, and tan- 
_ gents, copied from Gunter. The edition of these logarithms 


printed at London in.1635, and the former editions also I 


- suppose, has the units figures disposed along the tops of the 


columns, and the tens down the margins, like our tables at 
present; with the whole logarithm, which was only to fix 
places of figures, in the angle of meeting: which is the first 
instance that I have seen of this mode of arrangement. 

But proceed we now to the larger structure of logarithms. 
Briggs had continued from the beginning to labour with ereat 
industry at the computation of those logarithms of w eis he 
before published a short specimen in small numbers. And, in 
1624, he produced his ‘‘ Arithmetica Logarithmica”—a stu- 


_ pendous work for so short a time !—containing the logarithms 


' 
' 
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of 30000 natural numbers, to fourteen places of figures be-| 
sides the index, namely, from 1 to. 20000, and from 90000 to. 
100000; together with the differences of the logarithms. Some : 
writers say that there was anothercht/iad, namely, from 100000 | 
to 101000; but none of the copies that I have seen have more : 
than the $0000 above mentioned, and they were all regularly. 
terminated in the usual way with the word rinis. The preface 
to these logarithms contains, among other things, an account 
of the alteration made in the scale by Napier and himself, | 
from which we have given an extract; and an earnest sols. 
citation to others to undertake the computation for the inter- 
mediate numbers, offering to give instructions, and paper 
ready ruled for that purpose, to any persons so inelined to. 
contribute to the completion of so valuable a work. In the 
introduction, he gives also an ample treatise on the construc= 
‘tion and uses of these logarithms, which will be particularly 
described hereafter.—By this invitation, and other means, he 
had hopes of collecting materials for the logarithms of the 
intermediate 70000 numbers, while he should employ his own 
labour more immediately on the canon of logarithmic sines 
and tangents, and so carry on both works at once; as indeed 
they were both equally necessary, and he himself was now 
pretty far advanced in years. _ 

Soon after this however, Adrian Vlaeq, or Flack, of Gouda 
in Holland, completed the intermediate seventy chiliads, and 
republished the ‘* Arithmetica Logarithmica” at that place, 
im 1627 and 1628, with those intermediate numbers, making 
mn the whole the logarithms of all numbers to 100000, but 
only to ten places of figures. To these was added a table of 
artificial sines, tangents, and secants, to every minute of the 
quadrant. | 

Briggs himself lived also to eompletea table of logarithmic 
sines and tangents for the hundredth part of every degree, to 
fourteen places of heures besides the index; together with a 
table of natural sines for the same parts to fifteen places, and 
the tangents and secants for the same to ten places; with the. 
construction of the whole. - These tables were printed. at. 
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Gouda, under the care of Adrian VJacq, and mostly finished 
‘off baton 1631, though not published till 1633. But his death, 
‘which then igupentds prevented him from completing the 
‘application and uses of them. However, the performing of 
this office, when dying, he recommended to his friend Henry 
'Gellibrand, who was then professor of astronomy in Gresham 
‘college, having succeeded Mr. Gunter in that appointment. 
Gellibrand accordingly added a preface, and the application 
bal the logarithms to plain and spherical trigonometry, &c ; 
-and the whole was printed at Gouda by the same printer, and 
brought out in the same year, 1633, as the ‘* Trigonometria 
 Artificialis” of Vlacq, who had the care of the press as above 
said. This work was called ‘¢ Trigonometria Britannica ;” 
and besides the arcs in degrees and centesms of degrees, it 
- has another column, containing the minutes and seconds an- 
 swering to the several centesms in the first column, 

In 1633, as mentioned above, Vlacq printed at Gouda, in 
Holland, his ‘‘ Trigonometria Artificialis; sive Magnus Canon 
 Triangulorum Logaritimicus ad Decadas Secundorum Scru- 
-pulorum constructus.”? This work contains the logarithmic 

sines and tangents to ten places of figures, with their differ- 
ences, for every ten seconds in the quadrant. To them is alse 
added Briggs’s table of the first 20000 logarithms, but carried 
! only to ten places of figures besides the index, with their dif- 
. ferences. The whole is preceded by a description of the 
tables, and the application of them to plane and spherical 


trigonometry, chiefly extracted from Briggs’s Trigono- 
inetria Britannica,” mentioned above. ; | 
Gellibrand published also, in 1635, ** An Institution Trigo- 
nometricall,” containing the logarithms of the first 10000 
numbers, with the natural sines, tangents, and secants, and 
the logarithmic sines and tangents, for degrees and minutes, 
all to seven places of firures, ibeicdes the ai ; as also other 
tables proper for navigation; with the uses of the whole. 
Gellibrand died the 9th of February 1636, in the 40th year 
of his age, to the great loss of the mathematical world. 
Besides the persons hitherto mentioned, who were mostly 


a 
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eomputers of logarithms, many others have also published 
tables of those artificial numbers; more or less complete, and 
sometimes improved and varied in the manner and form of 
them. We may here just advert to a few of the principal o of 
these. 

In 1626, D. Henrion published, at Pais a treatise concern 
ing Brigg’s logarithms of common numbers, from I to 20000, 
to eleven nde of figures; with the sines and tangents te 

eight places only. ; 

In. 1631, was printed, at London, by one George Miller, a 
book containing Briggs’s logarithms, with their differences, . 
to ten places of figures besides the index, for all numbers to 
100600; as also the logarithmic sines, tangents, and secants, 
for every minute of the quadrant ; with the explanation and 
uses in English, 

The same year, 1631, Richard Norwood published his 
“ Prigonometria ;” in which we find Briggs’s logarithms for 
all numbers to 10000, and for the sines, tangents, and secants, 
to every minute, both to seven places besides the index. —In 
the conclusion of the trigonometry, he complains of the un- 
fair practices of printing Vlacq’s book in 1627 or 1628, and 
the book mentioned in the last article. His words are, ‘* Now, i 
whereas I have here, and in sundry places in this Boa, cited 
Mr. Briggs his ‘ Avithinetids Logarithmmiea,’ (lest I may seem 4 
to abhase! the reader) you are to understand’ not the book put 
forth about a month since in English, as a translation of his, 
and with the same title ; being nothing like his, nor worthy 
his name; but the book which himself put forth with this title 
in Latin, being printed at London anno 1624. And here F- 
have just occasion to blame the ill dealing of these men, both 
in the matter before mentioned, and in printing a second edi- | 
tion of his ¢ Arithmetica Logarithmica’ in Latin, whilst he~ 
lived, against his mind and tae and brought them over to 
sell’, Whee the first were unsold; so frastrditing: those additions — 
hick Mr. Briggs intended in fig second edition, and more- — 
over leaving out some things that were in the first edition, of — 
special moment: a practice of very ill consequence, and 
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tending to the great-disparagement of such as take pains in 
this kind.” “ae 

_ Francis Bonaventure Cavalerius published at Bologna, in 
1632, his ‘* Directorium Generale Uranometricum,” in which 
are tables of Briggs’s logarithms of sines, tangents, secants, 
and versed sjnes, each to eight places, for every second of the 
first five minutes, for every five seconds from five to ten mi- 
nutes, for every ten seconds from ten to twenty minutes, for 
every twenty seconds from twenty to thirty minutes, for every 
thirty seconds from 30’ to 1° 30’, and for every minute in the 
rest of the quadrant; which is the first table of logarithmic 
versed sines that I know of. In this book are contained also 
the logarithms of the first ten chiliads of natural numbers, 
namely, from 1 to 10000, disposed in this manner: all the 
twenties at top, and from 1 to 19 on the side, the logaritlim 
of the sum being in the square of meeting. In this work also, 
I think Ase dices gave the method ai finding the area or 
spherical surface contained by various arcs described on the 
surface of a sphere; which had before been given by Albert 
Girard, in his Algebra, printed in the year 1629. | 

Also, in the “‘ Trigonometria” of the same author, Cava-_ 
lerius, printed in 1643, besides the logarithms of numbers 
from | to 1000, to eight places, with their differences, we find 
both natural and logarithmic sines, tangents, and secants, the 
former to seven, and the latter to eight places; vamely, to 
every 10" of the first 30 minutes, to every 30” from 30/ to 1°; 
and the same for their complements, or backwards through 
the last degree of the quadrant ; the intermediate 88° being 
to every minute only. 

Mr. Nathaniel Roe, ‘* Pastor of Benacre in Suffolke,” also 
reduced the logarithmic tables to a contracted form, in his 
** Tabula Logarithmic,” printed at London in 1633, Here 
we have Briggs’s logarithms of numbers from 1 to 100000, to, 
eight places; the fifties placed at top, and from 1 to 50 on 
the side; also the first four figures of the logarithms at top, 
and the other four down thecolumns. They contain also the 
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logarithmic sines and tangents to every 100th part of degrees, 
to ten places. 

Ludovicus Frobenius published at Hamburgh, in 1634, his! 
“* Clavis Universa Trigonometriz,” containing tables of} 
Briggs’s logarithms of numbers, from 1 to 2000; and of sines,, 
tangents, and secants, for every minute; both to seven places. 

But the table of logarithms of common numbers was re- 
duced to its most convenient form by John Newton, in his 
“* Trigonometria Britannica,” printed at London in 1658, 
having availed himself of both the improvements of Wingate 
and Roe, namely, uniting Wingate’s disposition of the natural) 
numbers with Roe’s contracted arrangement of the logarithms,| 
the numbers being all disposed as in our best tables at pre-/ 
sent, namely, the units along the top of the page, and the tens: 
down the left-hand side, also the first three figures of each 
logarithm in the first column, and the remaining five figures 
in the other columns, the logarithms being to eight places.; 
This work contains also the logarithmic sines and tangents,’ 
to eight figures besides the index, for every 100th part of a} 
degree, with their differences, and for 1000th parts in the first’ 
three degrees.—In the preface to this work, Newton takes 
occasion, as Wingate and Norwood had done before, as well 
as Briges himself, to censure the unfair practices of some other 
publishers of logarithms. He says, ‘ In the second part of 
this institution, thou art presented with Mr. Gellibrand’s Tri-; 
gonometrie, faithfully translated from the Latin copy, that! 
which the author himself published under the title of ¢ Trigoe! 
nometria Britannica,’ and not that which Vilacq the Dutchman! 
styles ‘ Trigonometria Artificialis,’ from whose corrupt and 
imperfect copy that seems to be translated which is amongst 
us generally known by the name of ¢ Gellibrand’s Trigono- 
metry ;’ but those who either knew him, or have pernsed his| 
writings, can testify that he was no admirer of the old sexa-! 
genary way of working; nay, that he did preferre the decimal! 
way before it, as he hath abundantly testified in all the exe! 
amples of this his Trigonometry, which differs from that other 
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which Vlacq hath published, and that which hath hitherto 
borne his name in English, as in the form, so likewise in the 
matter of it; for in the two last-mentioned editions, there is 
something left out in the second chapter of plain triangles, 
the third chapter wholly omitted, and a part of the third in 
the spherical; but in this edition nothing: something we have 
added to both, by way of explanation and demonstration.” 

In 1670, John Caramuel published his ‘¢ Mathesis Nova,” 
‘n which are contained 1000 logarithms both of Napier’s and 
Briggs’s form, as also 1000 of what he calls the Perfect Loga- 
‘ithms, namely, the same as those which Briggs first thought 
of, which differ from the last only in this, that the one in- 
sreases while the other decreases, the radix or logarithm of 
he ratio of 10 to 1 being the same in both. 
_ The books of logarithms have since become very numer- 
ous, but the logarithms are mostly of that sort invented by 
Briggs, and which are now in common use. Of these, the 
nost noted for their accuracy or usefulness, besides the works 
tbove mentioned, are Vlacq’s small volume of tables, parti- 
sularly that edition printed at Lyons, in 1670; also tables 
orinted at the same place in 1760; but most especially the 
ables of Sherwin and Gardiner, particularly my own im- 
droved editions of them. Of these, Sherwin’s ‘* Mathematical 
Tables,” in 8vo, formed, till lately, the most complete col- 
‘ection of any, containing, besides the logarithms of all num- 
vers to 101000, the sines, tangents, secants, and versed sines, 
soth natural and logarithmic, to every minute of the quadrant, 
hough not conveniently arranged. The first edition was in 
1706 ; but the third edition, in 1742, which was revised by 
gardiner, is esteemed the most correct of any, though con- 
aining many thousands of errors in the final figures, as well 
is all the former editions: as to the last or fifth edition, in 
'771, it is so erroneously printed that no dependance can be 
dlaced in it, being the most inaccurate book of tables I ever 
tnew ; I have a list of several thousand errors which I have 
‘orrected in it, as well as in Gardiney’s octavo edition, and in 
sherwin’s edition. 
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Gardiner, also printed at London, in 1742, a quarto volume; 
of * Tables of Logarithms, for all numbers from 1 to 102100, 
and for the sines and tangents to every ten seconds of each 
degree in the quadrant; as also, for the sines of the first 72 
minutes to every single second: with other useful and neces-= 
sary tables ;”’ namely a table of Logistical Logarithms, and 
three smaller tables to be used for finding the logarithms of 
numbers to twenty places of figures. Of these tables of, 
Gardiner, only a small number was printed, and that by subs 
scription; and they have always been held in great estimation 
for their accuracy and usefulness. 1 

An. edition of Gardiner’s ,collection was also elegantlll 
printed at Avignon in iba: in 1770, with some additions, 
namely, the sines and tangents for every single second in the 
first four degrees, and a small table of hyperbolic logarithms, 
copied from a treatise on Fluxions by the late ingenious Mr. 
Thomas Simpson: but this is not quite so correct as Gardi- 
_ner’s own edition. The tables in all these books are to seven 
places of figures. f 

Lastly, my own Mathematical Tables, being the most ac- 
curate and best arranged set of etic ae tle ever before 
given; preceded Aes by a large and critical history of Tri- 
gonometry and Logarithms, and terminating with a copious 
jist of the errors discovered in the principal other tables of 
this kind. | 

There have also lately appeared the following accurate ant 
elegant books of logarithms; viz. 1. ‘* Logarithmic Tables,” 
by the late Mr. Michael Taylor, a pupil of mine, and authoy 
of ** The Sexagesimal Table.” His work consists of three 
tables; 1st, The Logarithms of Common Numbers from 1 te 
1260, each to 8 Bice of figures; 2dly, The Logarithms of 
all Numbers from 1 to 101000, isis to 7 places; 3dly, The 
Logarithmic Sines and Tangents to every Second of the Qua 
drant, also to 7 places oe figures: a work that must prove 
eels useful to such persons as may be employed in very nie 
and accurate calculations, such as astronomical tables, &e 
The author dying when the tables were near ly a printed off 
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‘the Rev. Dr. Maskelyne, astronomer royal, supplied a pre- 
pace; containing an account of the work, with excellent pre- 
‘cepts for the explanation and use of the tables: the whole 
reeds accurately and elegantly printed on large 4to, 1792. 

2. * Tables Portatives de Logarithmes, phblides 2 a Londres 

par Gardiner,” &c. This work is most beautifully printed in 
a neat Bottable 8vo volume, and contains all the tables in 
Gardiner’s 4to volume, with some additions and improve- 
‘ments, and with a considerable degree of accuracy. Printed 
‘at Paris, by Didot, 1798. On this, as well as several other 
occasions, it is but justice to remark the extraordinary spirit 
and elegance with which the learned men, and the artisans of 
‘the French nation, undertake and execute works of merit. 

3. Asecond edition of the ‘* Tables Portatives de Loga- 
rithmes,” &c. printed at Paris with the stereotypes, of solid 
‘pages, in 8vo, 1795, by Didot. This edition is greatly en- 
Jarged, by an extension of the old tables, and many new ones ; 
‘among which are the logarithm sines and tangents to every 
ten thousandth part of the quadrant, viz. in which the qua- 
drant is first divided into 100 equal parts, and each of these 
‘into 100 parts again. 

4, Other more extensive tables, by Borda and Delambre, 
were published at Paris in 1801. Besides the usual table of 
‘the logarithms of common numbers, and a large introduction, 
on the nature and construction of them, this work contains 
wery extensive tables of decimal trigonometry, arranged in a 
new and carious way, and containing the log. sines, tangents, 
‘and secants, of the quadrant, divided first into 100 degrees, 
each degree into 100 minutes, and each minute into 100 
seconds. 

_ The logarithmic canon serves to find readily the logarithm 
‘of any assigned number; and we are told by Dr. Wallis, i in 
‘the second volume of his Mathematical Works, that an anti- 
Jogarithmic canon, or one to find as readily the number cor- 
‘responding to every logarithm, was begun, he thinks, by 
‘Harriot the algebraist, who died in 1621, and completed by 
} Walter Water, the editor of Harriot’s ae before 1640 ; 
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_ which ingenious performance, it seems, was lost, for want of 
encouragement to publish it. | 
A small specimen of such numbers was published in the 
Philosophical Transactions for the year 1714, by Mr. Long 
of Oxford; but it was not till 1742 that a complete antiloga- 
rithmic canon was published by Mr. James Dodson, wherein 
he has computed the numbers corresponding to every loga~ 
rithm from i to 100000, for 11 places of figures. 


TRACT XXI. 


THE CONSTRUCTION OF LOGARITHMS, &c. 


HavinG, in the last Tract, described the several kinds of 
logarithms, their rise and invention, their nature and proper-, 
ties, and given some account of the principal early cultivators 
of them, with the chief collections that have been published 
of such tables; proceed we now to deliver a more particular 
account ef the ideas and methods employed by each author 
and the peculiar modes of construction made use of by them. 
And first, of the great inventor himself, Lord Napier. a 


t 


Napier’s Construction of Logarithms. | 

The inventor of logarithms did not adapt them to the series 
of natural numbers 1, 2,3, 4,5, &c, as it was not his principal 
idea to extend them to all arithmetical operations in general; 
but he confined his labours to that circumstance which first 
suggested the necessity of the invention, and adapted his lo- 
garithms to the approximate numbers which express the na» 
tural sines of every minute in the quadrant, as they had beer 
set down by former writers on trigonometry. : 
The same restricted idea was pursued through his metho 
“of constructing the logarithms. As the lines of the sines o 
all arcs are parts of the radius, or sine of the quadrant, which 
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was therefore called the sinus totus, or whole sine, he conceived 
the line of the radius to be described, or run over, by a point 
moving along it in sucha manner, that in equal portions of time 
it generated, or cut off, parts in a decreasing geometrical pro- 
gression, leaving the several remainders, or sines, in geome- 
trical progression also; while another point, in an indefinite 
line, described equal parts of z¢ in the same equal-portions of 
time; so that the respective sums of these, or the whole line 
generated, were always the arithmeticals or logarithms of 
these sines. Thus, az is the given radius on which 
all the sines are to be taken, and a&c the indefinite 
line containing the logarithms; these lines being 
each generated by the motion of points, beginning -! -! 
at aA, a. Now, at the end of the Ist, 2d, 3d, &c, -2 -2 
moments, or equal small portions of time, the mov- —_[, 
ing points being found at the places marked 1, 2, -|3 
3, &c; then ea, 21, 22, 23, &c, willbe the seriesof 5 fy 
Natural sines, and AO, or 0, Al, A2, a3, &c, willbe -/6 
their logarithms; supposing the point which gene- — |&e. 
rates az to move every where with a velocity de- 
creasing in proportion toits distancefromz,namely» =z -I7 
its velocity in the points 0, 1, 2, 3, &c, to be re- ~ phe 
spectively as the distances 20, 21, 22, 23, &c, while 
the velocity of the point generating the logarithmic line a&e 
remains constantly the same as at first in the point a or 0. 
Hitherto the author had not fully limited his system or scale 
of logarithms, having only supposed one condition or limita- 
tion, namely, that the logarithm of the radius az should be 0: 
whereas two independent conditions, no matter what, are 
necessary to limit the scale or system of logarithms. It did 
not occur to him that it was proper to form the other limit; 
by affixing some particular value to an assigned number, or 
part of the radius: but, as another condition was necessary, 
he assumed ¢/zs for it, namely, that the two generating points 
should begin to move at aand A with equal velocities; or that 
the increments a1 and al, described in the first moments, 
should be equal; as he thought this circumstance would be 
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‘attended with some little ease in the computation. And this 
is the reason that, in his table, the natural sines and their lo- 
garithms, at the complete quadrant, have equal differences; 
and this is also the reason why his scale of logarithms happens: 
accidentally to agree with what have since been called the hy- 
perbolic logarithms, which have numeral differences equal to 
those of their natural numbers, at the beginning; except only 
that these latter increase with the natural numbers, and his 
on the contrary decrease; the logarithm of the ratio of 10 ta 
1 being the same in both , namely, 2:30258509. 

And here, by the way, it may be observed, that Napier’s 
manner of conceiving the generation of the lines of the natural 
numbers, and their logarithms, by the motion of points, is very” 
similar to the manner in which Newton afterwards considered 
the generation of magnitudes in his eoebre of fluxions; and 
it is also rerih defdein that, in art. 2, of the ** Habitudines 
Logarithmorum et suorum naturalium numerorum invicem,”’ 
in the appendix to the ** Constructio Logarithmorum,” Napier 
speaks of.the velocities of the increments or decrements of 
the logarithms, in the same way as Newton does of his fluxions, 
namely, where he shows that those velocities, or fluxions, are 
inversely as the sines or natural numbers: of the logarithms; 
which is @ necessary consequence of the nature of the gene- 
ration of those lines as described above ; with this alteration, 
however, that now the radius az must’ be considered as gene. 
rated by an equable motion of the point, and the indefinite 
line a&c by a motion increasing in the same ratio as the other 
before decreased ; which is a supposition that Napier must 
have had in view when he stated that relation of the fluxions. 

Having thus limited his system, Napier proceeds, in the 
sinathundous work of 1619,’to explain bis construction of the 
logarithmic canon; and this he effects in various ways, but 
cheer by generating, In a very easy manner, aseries of pro- 
portional numbers, ae their arithmeticals or logarithms; and 
then finding, by proportion, the logarithms to the natural 
sines, from those of the nearest numbers among the original 
proportionals, + 
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~ After describing the necessary cautions he made use of, to 
preserve a sufficient degree of accuracy, in so long and com- 
plex a process of calculation; such as annexing several 
ciphers, as decimals separated by a point, to his primitive 
numbers, and rejecting the decimals thence resulting after 
the operations were completed ; setting the numbers down to 
the nearest unit in the last figure ; and teaching the arithme- 
tical processes of adding, subtracting, multiplying, and divid- 
ing the limits, between which certain unknown numbers must 
lie, so as to obtain the limits between which the results must 
also fall; I say, after describing such particulars, in order to 
clear and smooth the way, he enters on the great field of 
calculation itself. Beginning at radius 10000000, he first 
constructs several descending geometrical series, but of such 
.a nature, that they are all quickly formed by an easy conti- 
nual subtraction, and a division by 2, or by 10, or 100, &c, 
which is done by only removing the decimal point so many 
| places towards the left-hand, as there are ciphers in the divi- 
sor. He constructs three tables of such series: The first of 
_ these consists of 100 numbers, in the proportion of radius to 

radius minus 1, or of 10000000 to 9999999; ail which are 

found by only subtracting from: each its 10000000th part, 
which part is also found by only removing each figure seven 
_ places lower: the Jast of these 100 proportionals is found to 
_ be 9999900°0004950. 


The 2d table contains -| Firsr Tasts. | SECOND TasLe. 


50 numbers which are 1 | 10000000.0000000 | 10000000.000000 
bir, Mae 2 | 9999999,0000000 | 9999900,000000 
in the continual propor- 8't goodsoaenonnbl | esaaate.co1o0d 


tion of the first to thelast | 4 | 9999997.0000003} 9999700.003000 
in the first table, namely, | &e.| &c till the 100th | &c to the 50th 
| 50 | term, which will be |. term 
“0000000 to ; ‘ 
SHE arene 100 | 9999900.0004950 | .9995001.229927 
meeeOO VOCLI5OL a ee 
“nearly the proportion of 100000 to 99999 ; these therefore 
are found by only removing the figures of each number 5 
“places lower, and subtracting them from the same number : 
‘the last of these he finds to be 9995001°222927. And a spe- 
cimen of these two tables is here annexed, , 
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The 3d table consists of 69 columns, and each column of) 
21 numbers or terms, which terms, in every column, are in | 
the continual proportion of 10000 to 9995, that is, nearly as. 
the first is to the last in the 2d table; and as 10000 exceeds 
9995 by the 2000th part, the terms in every column will be 
constructed by dividing each upper number by 2, removing 
the figures of the quotient 3 places lower, and then subtract- 
ing them; and in this way it is proper to construct only 
the first column of 21 numbers, the last of which will be 
9900473°5780 : but the Ist, 2d, 3d, &c, numbers, in all the 
columns, are in the continual proportion of 100 to 99, or 
nearly the proportion of the first to the last in the first co- 
lumn; and therefore these will be found by removing the 
qa of each preceding number two places lower, ar sub- 
tracting them, for the like number in the next column. A 
specimen of this 3d table is as here below. 


Tue TuHirp TABLE. 


Pie ENTS NETS BAIS & 12s ee SER Re PE SM tla) LL TA ase) ol MY 
Terms! 1st Column, 2d Column, 3d Column. {&c tillthe 69th Col. 


—— eee wees 


10000000.0000 | 9900000.0000 | 9801000.0000| &e for {5048858.8900 
9995000.0000 | 9895050.0000 | 9796099.5000| the 4th | 5046334.4605 
9990002.5000 | 9890102.4'750 | 9791201.4503 | 5th, 6th, | 5043811.2932 
9935007.4987 | 9885157.4237 | 9786305.8495 | 7th, &c |5041289.3879] - 
9980014.9950 | 9880214.8451 | 9781412.6967| col. till |5038768.743 
&c till &c &c the last &e 
9900473.5780 |9801468.8423 | 9703454.1539 or |4998609.4034 


* 


Thus he had, in this 3d table, interposed between the radius | 
and its half, 68 numbers in the continual proportion of 100 to 
993 and interposed between every two of these, 20 numbers © 
in the proportion of 10000 to 9995: and again, in the 2d 
table, between 10000000 and 9995000, the two first of the 3d - 
table, he had 50 numbers in the proportion of 100000 to 
99999; and lastly, in the Ist table, betweén 10000000 and ~ 
9999900, or the two first in the 2d table, 100 numbers in the 
proportion of 10000000 to 9999999 ; that j is in all, about 1600 
proportionals; all found in the most ple manner, by little” 
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more than easy subtractions; which proportionals nearly coin- 
cide with all the natural sines from 90° down to 30°. 

To obtain the logarithms of all those proportionals, he de- 
monstrates several properties and relations of the numbers 
and logarithms, and illustrates the manner of applying them. 
The principal of these properties areas follow: Ist, that the 
logarithm of any sine is greater than the difference between 
that sine and the radius, but less than the said difference when 
increased in the proportion of the sine toradius* ; and 2dly, 
that the difference between the logarithms of two sines, is less 
than the difference of the sines increased in the proportion of 
the less sine to radius, but greater than the said difference of 
the sines increased in the proportion of the greater sine to 
radius +. 

Hence, by the Ist theorem, the logarithm of 10000000, the 
radius or first term in the first table, being 0, the logarithm 
of 9999999, the 2d term, will be between 1 and 1-:0000001, 
and will therefore be equal to 1:00000005 very nearly: and 
this will be also the common difference of all the terms or 
proportionals in the first table; therefore, by the continual 
addition of this logarithm, there will be obtained the loga- 
rithms of all these 100 proportionals; consequently 100 times 
the said first logarithm, or the last of the above sums, will 


* By this first theorem, r being radius, the logarithm of the sine s is between 


r—s and Or and therefore, when s differs but little from +, the logarithm of s 
s 

(r+ 5) x ( x (r—s) : : 

)will be nearly equal to —— a7 , the arithmetical mean between the limits 

sf 
Ra Fs d r rans ; 

y—s and ——r; but still nearer to (r—s) ,/— or ——,/rs, the geometrical mean 

xs s s 


between the said limits. 


+ By this second theorem, the difference between the logarithms of the two 


aS eS 
sines S ands, lying between the limits 


S S—-s > : 
ry and emits will, when those sines 


s 
S2— 5? S+s)x (S—: 
differ but little, be nearly equal to — or Sata ed ial their arithmeti- 
s 20s 


S— : ' Ss 
eal mean; or nearly rs the geometrical mean; or nearly = Tie by sub- 
; s ots 


stituting iu the last denominator, 4 (S+s) for ,/Ss, to which it is nearly equal. 
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give 100°000005, for the logarithm of 9999900°0004950, the; 
last of the said 100 proportions. 

Then, by the 2d theorem, it easily appears, that 10004950 
is the difiétence between the logarithms of 9999900: 0004950 
and 9999900, the last term of the first table, and the 2d term: 
of the second table; this then being added to the last loga- 
rithm, gives 1000005000 for the loparitlied of the said 2d 
- term, as also the common difference of the logarithms of all 
the proportions in the second table; and therefore, by conti- 
nually adding it, there will be generated the logarithms of all 
these proportionals in the second table ; the last of which is 
5000°025, answering to 9995001°222927, the last term of that 
table. 

Again, by the 2d theorem, the difference between the loga- 
rithms of this last proportional of the second table, and the 
2d term in the first column of the third table, is found to be 
1'2235387; which being added to the last logarithm, gives 
5001'2485387 for the logarithm of 9995000, the said 2d term 
of the third table, as also the common difference of the loga- 
rithms of all the proportionals in the first column of that 
table; and that this, therefore, being continually added, gives” 
all the logarithms of that first gératiat ‘the last of which is 
10002497077, the logarithm of 9900473'5780, the last term 
of the said column. | 

Finally, by the 2d theorem again, the difference between 
the logarithms of this last number and 9900009, the Ist term 
in the second column, is 478°3502; which being added to the’ 
last logarithm, gives 100503°3210 for the logarithm of the 
said Ist term in the second column, as well as the common 
difference of the logarithms of all the numbers on the same_ 
line in every line of the table, namely, of all the ist terms, 
of all the 2d, of all the 3d, of all the 4th, &c, terms, in all the 
columns; and which, therefore, being tad y added td” 
the logarithms in the first column, will give the corresponding” 
eetilys in all the other polohue: 

“And thus is completed what the author calls the radical 
table, in which he retains only one decimal] place in the loga- 
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rithms (or arfzficials, as he always calls them in his tract on 
the construction), and four in the naturals. A specimen of 
‘the table is as here follows: 


RapicaL TABLE» 


Terms Ist Column. 2d Column. 69th Column. 


Naturals. | Artific. Naturals. |Artificials 
1 |10000000.0000 0]/9900000.0000}100503.5}|5048858.8900}6834225.8 
2 |: 9995000.0000} 5001.21/9895050.00001105504.6]|5046333.4.605|6839227.1 
3 | 9990002.5000} 10002.5]/9890102. 4750} 110505.8||50438 1 1.2952}6844228.3 
4 | 9985007.4987! 15003.7}}9885157.423711 15507.1||5041289.3879)6849229.6 
5 | 9980014.9950} 20005.0]/9880214.8451|120508.3)|5038768.7435|6854230.8 

&e &e till &e ~ &e &e &e &e 

21 | 9900473.5780]100025.0119801468.84.23/200528.2|/4998609.4034/6934250.8 


Naturals, |[Artificals 


Having thus, in the most easy manner, completed the radi- 
cal table, by little more than mere addition and subtraction, 
both for the natural numbers and Jogarithms; the logarithmic 
sines were easily deduced from it by means of the 2d theorem, 
namely, taking the sum and difference of each tabular sine 
and the nearest number in the radical table, annexing 7 ci- 
phers to the difference, dividing the result by the sum, then 
half the quotient gives the difference between the logarithms 
of the said numbers, namely, between the tabular sine and 
radical number; consequently, adding or subtracting this 
difference, to or from the given logarithm of the radical num- 
ber, there is obtained the logarithmic sine required. And thus 
the logarithms of all the sines, from radius to the halt of it, 
or from 90° to 30°, were: perfected. 

Next, for determining the sines of the remaining 30 de- 
‘grees, he delivers two methods. In the first of shese: he pro- 
ceeds in this manner: Observing that the logarithm of the 
ratio of 2 to 1, or of half the radius, is 6931469°22, of 4 to 1 
is the double of this, of 8 to 1 is triple of it, &c; that of 10, 
‘to 1 is 23025842.34, of 20 to 1 is the sum of the logarithms 
of 2 and 10; and so on, by composition for the logarithms of 
the ratios between 1 and 40, 80, 100, 200, &c, to 10000000; 
he multiplies any given sine, for an arc less than 30 degrees, 
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by some of these numbers, till he finds the product nearly: 
equal to one of the tabular numbers; then by means of this 
and the second theorem, the logarithm of this product is 
found ; to which adding the logarithm that answers to the 
inultiple above mentioned, the sum is the logarithm sought. 
But the other method is still much easier, and is derived from 
this property, which he demonstrates, namely, as half radius 
is to the sine of half an arc, so is the cosine of the said half 
arc, to the sine of the whole arc; or as 4 radius : sine of an 
arc :: cosine of the arc ; sine of double arc; hence the loga- 
rithmic sine of an arc is found, by adding together the loga- 
rithms of half radius and of the sine of the double arc, and 
then subtracting the logarithmic cosine from tie sum. 

And thus the remainder of the sines, from 30° down to 0, 
are easily obtained. But in this latter way, the logarithmic 
sines for full one half of the quadrant, or from 0 to 45 degrees, 
he observes, may be derived; the other half having already 
been made by the general method of the radical table, by one 
easy division and addition or subtraction for each. 

We have dwelt the longer on this work of the inventor of 
logarithms, because I have not seen, in any author, an account 
of his method of constructing his table, though it is perfectly 
different from every other method used by the later compu- 
ters, and indeed almost peculiar to his species of logarithms. 
The whole of this work manifests great ingenuity in the de- 
signer, as well as much accuracy. But notwithstanding the 
caution he took to obtain his logarithms true to the nearest 
unit in the last figure set down in the tables, by extending 
the numbers in the computations to several decimals, and 
other means ; he had been disappointed of that end, either 
by the inaccuracy of his assistant computers or transcribers, 
or through some other cause; as the logarithms in the table | 
are commonly very inaccurate. It is remarkable too, that in 
this tract on the construction of the logarithms, Lord Napier 
never calls them logarithms, but every where artificials, as 
opposed in idea to the natural numbers: and this notion, of 
natural and artificial numbers, I take to have been his first 
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dea of this matter, and that he altered the word artzficiuls to 
logarithms in his first-book, on the description of them, when 
ie printed it, in the year 1614, and that he would also have 
iltered the word every where in this posthumous work, if he 
aad lived to print it: for in the two or three pages of appen- 
lix, annexed to the work by his son, from Napier’s papers, 
ye again always calls them logarithms. This appendix relates 
‘0 the change of the logarithms to that scale in which 1 is the | 
logarithm of the ratio of 10 to 1, the logarithm of 1, with or 
without ciphers, being 0; and it appears to have been written 
ifter Briggs communicated to him his idea of that change. 
Napier here in this appendix also briefly describes some 
methods, by which this new species of logarithms may be 
constructed. Having supposed 0 to be the logarithm of 1, 
and 1, with any number of ciphers, as 10000000000, the 
logarithm of 10; he directs to divide this logarithm of 10, 
and the successive quotients, ten times by 5; by which divi- 
sions there will be obtained these other ten logarithms, viz. 
2000000000, 400000000, 80000000, 16000000, 3200000, 
640000, 128000, 25600, 5120, 1024: then this last logarithm, 
and its quotients, being divided ten times by 2, will give these 
other ten logarithms, 512, 256, 128, 64, 32, 16, 8, 4, 2, 1. 
And the numbers answering to these twenty logarithms, we 
are directed to find in this manner; namely, extract the 5th 
root of 10, with ciphers, then the 5th root of that root, and 
so on, for ten continual extractions of the 5th root; so shall 
these ten roots be the natural numbers belonging to the first 
ten logarithms, above found in continually dividing by 5: 
next, out of the last 5th root we are to extract the square 
root, then the square root of this last root, and so on, for tem 
successive extractions of the square root; so shall these last: 
ten roots be the natural numbers corresponding to the loga- 
rithms or quotients arising from the last ten divisions by the 
number 2. And from these twenty logarithms, 1, 2, 4, 8, 16, 
&c, and their natural numbers, the author observes that other 
logarithms and their numbers may be formed, namely, by 
adding the logarithms, and multiplying their corresponding 
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numbers. It is evident that this process would generate ra- 
ther an antilogarithmic canon, such as Dodson’s, than the 
table of Briggs; and that the method would also be very 
Jaborious, since, besides the very troublesome original ex- 
tractions of the 5th roots, all the numbers would be very 
large, by the multiplication of which the successive oe 
natural numbers are to be-found. 

Our author next mentions another method of deriving a 
few of the primitive numbers and their logarithms, namely, 
by taking continually geometrical means, first between 10 
and t, then between 10 and this mean, and again between 10 
and the last mean, and so on; and taking the arithmetical 
means between their corresponding logarithms. He them 
Jays down various relations between numbers and their loga- 
rithms; such as, that the products and quotients of numbers 
answer to the sums and differences of their logarithms, and 
that the powers and roots of numbers answer to the products 
and quotients of the logarithms by the index of the power or 
root, &c; as also that, of any two numbers whose logarithms 
are given, if each number be raised to the power denoted by 
the logarithm of the other, the two results will be equal. He 
then delivers another method of making the logarithms to a 
few of the prime integer numbers, which is well adapted for 
constructing the common table of logarithms. This method 
easily follows from what bas been said above; and it depends 
on this property, that the logarithm of any number in this 
scale, is 1 less than the number of places or figures contained 
in that power of the given number whose exponent is 
10000000000, or the logarithm of 10, at least as to.integer 
numbers, for they really differ by a fraction, as is shown by 
Mr. Briggs in his illustrations of these properties, printed at 
the end of this appendix to the construction of logarithms. 
We shall here just notice one more of these relations, as the 
manner in which it is expressed is exactly similar to that of 
fluxions and fluents, and it is this: Of any two numbers, as 
the greater is to the less, so is the velocity of the increment 
er decrement of the logarithms at the less, to the velocity of 
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the increment or decrement of the logarithms at the greater : 
that is, in our modern notation, as X ; ¥ :: j to %, where « 
and ¥ are the fluxions of the logarithms of X and Il. 


Kepler’s Construction of Logarithms. 


The logarithms of Briggs and Kepler were both printed 
the same year, 1624; but as the latter are of the same sort 
as Napier’s, we may first consider this author’s construction 
of them, before proceeding to that of Briggs’s. 

We have already, in the last Tract, described the nature 
and form of Kepler’s logarithms; showing that they are of 
the same kind as Napier’s, but only a little varied in the form - 
of the table. It may also be added, that, in general, the ideas 
which these two masters had on this subject, were of the same 
nature; only they were more fully and methodically laid 
down by Kepler, who expanded, and delivered in a regular 

: science, the hints that were given by the illustrious inventor. 
The Besastc and nature of their methods of construction 
‘are also the same, but only a little varied in their modes of 
applying them. Kepler here, first of any, treats of loga- 
rithms.in the true and genuine way of the measures of ratios, 
or proportions*, as he calls them, and that in a very full and 
scientific manner: and this ethic of his was afterwards fol- 
lowed and abridged by Mercator,. Halley, Cotes, and others, 
as we shall see in the proper places. Kepler first erects a 
regular and purely mathematical system of proportions, and 
‘the measures of proportions, treated at considerable length 
in a number of propositions, which are fully and chastely 
demonstrated by genuine mathematical reasoning, and illu- 
jstrated by examples in numbers. This part contains and 
oe both the nature and the principles of the struc. 


| * Kepler almost always uses the term proportion instead of ratio, which we 
shall also do in the account of his work, as well as conform in expressions and 
notations to his other peculiarities. It may also be here remarked, that I observe 
the same practice in describing the works of other authors, the better to convey 
\ the idea of their several methods and style. And this may serve to account for 
| Some seeming inequalities in the language of this history. 


= 
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ture of Jogarithms. And in the second part the author applies | 
those principles in the actual construction of his table, which | 
contains only 1000 numbers, and their logarithms, in the form. 
as we before described : and in this part he indicates the va- | 
rious contrivances made use of in deducing the logarithms of | 
proportions one from another, after a few of the leadiug ones | 
had been first formed, by the general and more remote prine : 
ciples. He uses the name logarithms, given them by the in- 
ventor, being the most proper, as expressing the very nature | 

: 

: 


and essence of those artificial numbers, and containing as it 
were a definition in the very name of them; but without 
taking any notice of the inventor, or of the origin of those 
useful numbers. 

As this tract is very curious and important in itself, and is 
besides very rare and little known, instead of a particular de- | 
scription only, we shall here give a brief translation of both — 
the parts, omitting only the demonstrations of the proposi-_ 
tions, and some rather long illustrations of them. The book > 
is dedicated to Philip, landgrave of Hesse, but is without 
either preface or introduction, and commences immediately 
with the subject of the first part, which is intitled ‘* The De- | 
monstration of the Structure of Logarithms 5” and the con- 
tents of it are as follow. | 

Postulate 1. ‘That all proportions that are equal among 
themselves, by whatever variety of couplets of terms they 
may be denoted, are measured or expressed by the same 
quantity. : 

Axiom \. If there be any number of quantities of the same 
kind, the proportion of the extremes is understood to be com-_ 
posed of all the proportions of every adjacent couplet of 
terms, from the first to the last, ) 

1 Proposition. ‘The mean proportional between two terms, 
divides the proportion of those terms into two equal pro-_ 
_ portions. 

_ Axiom 2. Of any number of quantities regularly increase 
ing, the means divide the proportion of the extremes into one 
proportion more than the number of the means, 


+ 
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~ Postulate 2. ‘That the proportion between any two terms 
's divisible into any number of parts, until those parts become 


fess than any proposed quantity. 


: An example of this section is then inserted in a small table, in dividing the 
?roportion which is between 10 and 7% into 1073741824 equal parts, by as many 


mean proportionals wanting one, namely, by taking the mean proportional bes - 


*ween 10 and 7, then the mean between 10 and this mean, and the mean between 
10 and the last, and so on for 30 means, or 30 extractions of the square root, 
she last or 30th of which roots is 99999999966782056900 ; and the 39 power of 
2, which is 1073741824, shows into how many parts the proportion between 10 
ind 7, or between 1000 &c, and 700 &e, is divided by 1073741824 means, each 
of which parts is equal to the proportion between 1000 &c, and the S$0th mean 
99&c, that is, the proportion between 1000&c, and 999&c; is the 1073741824th 
gart of the proportion between 10 and 7. Then by assuming the small differ- 
mee 00000000033217943100, for the measure of the very small element of the. 


>roportion of 10 to 7, or for the measure of the p Jortion of 1000&c, to 999&e, 
w for the logarithm of this last term, and nin it by 1073741824, the 


aumber of parts; the product gives 35667.49481.37222.14400, for the logarithm 
»f the less term 7 or 709 &e, & 


 Postulate 3. That the extremely small quantity or element 
of a proportion, may be measured or denoted by afry quan- 
‘ity whatever; as for instance, by the difference of the terms 
of that element. 

2 Proposition. Of three continued proportionals, the dif 
ference of the two first has to the difference of the two latter, 
the same proportion which the first term has to the 2d, or the 
2d to the $d, 

3 Prop. Of any continued proportionals, the greatest terms 
have the greatest difference, and the least terms the least; 
°4 Prop. In any continued proportionals, if the difference 
of the greatest terms be made the measure of the proportion 
between them, the difference of any other couplet will be less 
than the true measure of therr proportion. 

_ 5 Prop. Incontinued proportionals, if the difference of the 
greatest terms be made the measure of their proportion, then 
the measure of the proportion of the greatest to any other 
term will be greater than their difference. 

- 6 Prop. Incontinued proportionals, if the difference of the 
greatest term and any one of the less, taken not immediately 
YOu, I. AA 


">, » 
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Yr Prop. When two expressible lengths are not to one an. 
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next to it, be made the measure of their proportion, then th 
proportion which is between the greatest.and any other term 
greater than the one before Beans will ke less than the differ. 
ence of those terms; but the proportion which is betweer 
the greatest term, and any one fess than that first taken, wil 
be greater than their difference. ce 

7 Prop. Of any quantities placed according to the order o 
their magnitudes, if any two successive proportions be equal: 
the three successive terms which constitute them, will be con 
tinued proportionals. 

8,Prop. Of any quantities placed in the order of hate mag: 
nitation! if the intermediates lying between any two terms b 
not among the mean proportionals w ‘hich can be: interposec 
between the said tw®ggerms, then such intermediates do no 
divide the proportion o hose two terms into commensurabl 
_préportions. , : | 


Besides the demonstrations, as'usual, several definitions are here given; as 0 
commensurable proportions, &c. 


ailite as two figurate numbers of the same species, such ai 
two squares, or two cubes, there cannot fall between them 
other expressible lengths, which shall be mean proportionals 
and as many in ineiiee as that species requires, namely, on¢ 
in the squares, two in the cubes, three in the biquadrats, &e 

10 Prop. Of any expressible quantities, following in the 
order of their magnitudes, if the two extremes be not in the 
proportion of two square numbers, or two cubes, or two other 
powers of the same kind, none of the intermediates divide the 
proportion into commensurables. K 

11 Prop. All the proportions, taken in order, which are 
between expressible terms that are in arithmetical propor. 
tion, are incommensurable to one another, As between 8, 
135/45; 

12 Prop. Of any quantities placed in the order of thei 
magnitude, if the difference of the greatest terms be made 
the measure of their proportion, then the difference between 
any two others will be less than the measure of therr propeg 
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ion ; and if the difference of the two least terms be made the 
neasure of their proportion, then the differences of the rest 
vill be greater than the measure of the proportion between 
heir terms. 

Corol. If the measure of the proportion between the greatest 
‘xceed their difference, then the proportion of this measure 
o the said difference, will be less than that of a followin 
neasure to the difference of its terms. Because baits ec, 
lave the same ratio. 

13 Prop. If three quantities follow one another in the order 
if magnitude, the proportion of the two least will be con- 
ained in the proportion of the extremes, a a less number of 
imes than the difference of the two lea ntained in the 
‘ifference of the extremes: And, o sntrary the. pro- 
wortion of the two greatest will be ggftained in 1 the: roportion 
f the extremes, oftener than the fierenge “thegfor 1A 
ontained in that of the latter. SOTT AP ep 

Corol. Hence, if the difference ofthe two greater be équal 
0 the difference of the two less terms, tt. e proportion betwee 
he two greater will be less than the pr oportion matwecn ! 
wo less. 

14 Prop. Of three equidifferent quantities, taken in order, 
ne proportion between the extremes is more than double the 
‘roportion between the two greater terms, 

_Corol. Hence it follows, that half the proportion of the 
xtremes is greater than the proportion of the two greatest 
arms, but less than the proportion of the two least. 

15 Prop. If two quantities constitute a proportion, and 
ach quantity be lessened by half the greater, the remainders 
“il constitute a proportion greater than double the former. 
16 Prop. The aliquot parts of incommensurable proportions 
re incommensurable to each other. 

17 Prop. If one thousand numbers follow one another in 
ae natural order, beginning at 1000, and differing all by 
hity, viz. 1000, 999, 998, 997, &e; and the proportion be- 
ween the two greatest 1000, 999, by continual bisection, be 
ut into parts that are smaller than the excess of the propor- 
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tion between the next two 999, 998, over the said proporti 
between the two greatest 1000, 999 ; and then for the me 
sure of that small element of the proportion between 100 
and 999, there be taken the difference of 1000 and tha 
mean proportional which is the other term of the elemen 
Again, if the proportion between 1000 and 998 be likewis 
cut into double the number of parts which the former pr 
portion, between 1000 and 999, was cut into; and then fo 
the measure of the small element in this division, be taken th 
difference of its terms, of which the greater is 1000. And, i 
the same manner, if the proportion of 1000 to the followin; 
numbers, as 997, &c, by continual bisection, be cut int 
particles of such magnitude, as may be between 3 and 3 
the element arising “figm the section of the first proportio! 
between 1000 and 999, the measure of each clement will b! 
“given from the difference of its terms. Then, this beins 
; done, the measure of any one of the 1000 proportions wil 
. be composed of as many measures of its element, as there ar! 
\.of those elements in the said divided proportion. And al 
these measures, for all the proportions, will be sufficient; 
exact for the nicest calculations. ) 


All these sections and measures of proportions are performed in the manne 
of that described at postulate 2, and the Operation is abundantly explained by 


numerical calculations, 

18 Prop. The proportion of any number, to the first tern 
1000, being known; there willalso be known the proportiot 
of the rest of the numbers in the same continued proportion 
to the said first term. 

So, from the known proportion between 1000 and 900, | 
there is also known the prop. of 1000 to 810, and to 7293 

And from 1000 to 800, also 1000 to 640, and to 512; 
And from 1000 to 700, also 1000 to 490, and to 343 ; 
And from 1000 to 600, also 1000 to 360, and to 216; © 
And from 1000 to 500, also 1000 to 250, and to 125. 

Corol. Hence arises the precept forsquaring, cubing, &e; 
as also for extracting the square root, cube root, &c. For it 
will be, as the greatest number of the chiliad, as a denomi- 
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ator, is to the number proposed as a numerator, so is this 
‘action to the square of it, and so is this square to the cube 
f it. 

_19 Prop. The proportion of a number to the first, or 1000, 
eing known; if there be two other numbers in the same pro- 
ortion to each other, then the proportion of one of these to 
000 being known, there will also be known the proportion 
f the other to the same 1000. 

| Corol. 1. Henee, from the 15 proportions mentioned in 
rop. 18, will be known 120 others below 1000, to the same 
000. 

For so many are the proportions, equal to some one or other of the said 15, 
jat are among the other integer numbers which ‘are less than 1000. 

 Corol. 2. Hence arises the method of treating the Rute-of- 
“hree, when 1000 is one of the given terms. 

' For this is effected by adding to, or subtracting from, each other, the measures 
{ the two proportions of 1000 to each of the other two given numbers, accord- 
1g as 1000 is, or is net, the first term in the Rule-of-Three. 

20 Prop. When four numbers are proportional, the first to 
ae second as the third to the fourth, and the proportions of 
000 to each of the three former are known, there will also 
e known the proportion of 1000 to the fourth number, 

Corol. 1. By this means other chiliads are added to the 

ormer. 
- Corol. 2. Hence arises the method of performing the Rule- 
f-Three, when 1000 is not one of the terms. Namely from 
he sum of the measures of the proportions of 1000 to the 
econd and third, take that of 1000 to the first, and the re- 
aainder is the measure of the proportion of 1000 to the fourth 
erm. 

Definition. The measure of the proportion between 1000 
nd any less number, as before described, and expressed by 
.number, is set opposite to that less number in the chiliad, 
ind is called its LoGARITHM, that is, the number (apibuoc) 
adicating the proportion (Axyov) which 1000 bears to that 
vumber, to which the Jogarithm is annexed. 

21 Prop. If the first or greatest number be made the radius 
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of a circle, or sinus totus; every less number, considered as 
the cosine of some arc, hasa logarithm greater than the versed 
sine of that arc, but less than the difference between the ra 
dius and secant of the arc; except only in the term next after 
the radius, or greatest term, the logarithm of which, by thie 
hypothesis, is made equal to the versed sine. " 
That is, if CD be made the logarithm of AC, or the mea- * 
sure of the proportion of AC to AD; then the measure of 
the proportion of AB to AD, that is the logarithm of AB, 


will be greater than BD, but less than EF. And this is the 
same as Napier’s first rule in page 345. A BCD 


nde Prop. The same things being supposed; the sum of the 
versed sine and excess of the secant over the radius, 1s greater 
than double the logarithm of the cosine of an arc. 
Corol. The log. cosine is less than the arithmetical mean 
between the versed sine and the excess of the secant. | 
Precept 1. Any sine being found in the canon of sines, and 
its defect below radius to the excess of the secant above ra-| 
dius, then shall the logarithm of the sine be less than half that’ 
sum, but greater than the said defect or coversed sine. 
Let there be the sine 99970.1490 ofanarc: 


Its defect below radius is 29.8510 the covers. and less than the log. sine ; | 
Add the excess of the secant 29.8599 ! 


sd 


Sum 59.7109 | 

its half or 29,8555 greater than the logarithm. g 

Therefore the log. is between 29.8510 | 
and 29.8555 Ags i, 


Precept 2. The logarithm of the sine being found, there 
will also be found nearly the logarithm of the round or intee 
ger number, which is next less than the sine with a fr action, . 
by adding that fractional excess to the logarithm of the said 
sine. , ) 


Thus, the logarithm of the sine 99970.149 is found to be about 29.854; if now | 
the logarithm of the round number 9997(),000 be required, add 149, the fractional. 
part ofthe sine, to its logarithm, observing the point, thus, a 

29.854 ry 


,] 


the sum 30,003 is the log. of the round number 99970.000 nearly. | | 
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23 Prop. Of three equidifferent quantities, the measure of 
1€ proportion between the two greater terms, with the mea- 
ire of the proportion between the two less terms, will cone 
itute a proportion, which will be greater than the proportion 
f the two greater terms, but less than the proportion of the 
vo least. 

Thus if AB, AC, AD be three quantities having the 4 “ : 
jual differences BC, CD ; and if the measure of the {7-H GD 
roportion of AD, AC, lc, cd, and that of AC, AB be Le; 
ien the proportion of cd to cb will be greater than the 


roportion of AC to AD, but less than the proportion RUE 


~ 
_ 
"i 


_ 24 Prop. The said proportion between the two measures 
s less than half the proportion between the extreme terms. 
*hat is, the proportion between 6c, cd, is less than half the 
iroportion between AB, AD. 

Corol. Since therefore the arithmetical mean divides the 
roportion into unequal parts, of which the one is greater, 
nd the other less, than half the whole; if it be inquired what 
‘roportion is between these proportions, the answer is, that 
: is a little less than the said half. 


4n Example of finding nearly the limits, greater and less, to 
the measure of any proposed proportion. 


| It being known that the measure of the proportion between 1000 and Mh is 
0536.05, required the measure of the proportion 900 to 800, where the terms 
000, 900, 800, have equal differences. Therefore as 9 to 10, so 10536.05 to 
1706.72, which is less than 11778.30 the measure of the proportion 9 to 8. 
igain, as the mean proportional between 8 and 10 (which is 8.9442719) is to 
0, so 10536.05 to 11779.66, which is greater than the measure of the proportion 


vetween 9 and 8. . 
Axiom. Every number denotes an expressible quantity. 
25 Prop. If the 1000 numbers, differing by 1, follow one 
nother in the natural order; and there be taken any twoad- - 
acent numbers, as the terms of some proportion; the measure 
of this proportion will be to the measure of the proportion 
detween the two greatest terms of the chiliad, ina proportion 
greater than that which the greatest, term 1000 bears to the 
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greater of the two terms first taken, but less than the pro- 
portion of 1000 to the less of the said two selected terms, | 

So, of the 1000 numbers, taking any two sudcessive terms, as 5()1 and 500, the 
logarithm of the former being 69114.92, and of the latter 69314.72, the differ, 
ence of which is 199.80. Therefore, by the definition, the measure of the pro. 
portion between 501 and 500 is 199.80. In like manner, because the logarithm 
of the greatest term 1000 is 0, and of the next 999 is 100.05, the difference 
these logarithms, and the measure of the proportion between 1000 and 999, is 
100.05. Couple now the greatest term 1000 with each of the selected terms 
501 and 500; couple also the measure 199.80 with the measure 100.05; so shall 
the proportion between 199.80 and 100.05, be greater than the proportion be- 
tween 1000 and 501, but less than the proportion between 1000 and 500. 


Corol. 1. Any number below the first 1000 being proposed, 
as also its logarithm, the differences of any logarithms ante- 
cedent to that proposed, towards the beginning of the chiliad, 
are to the first logarithm (viz. that which is assigned to 999) 
in a greater proportion than 1000 to the number proposed; 
but of those which follow towards the last logarithm, they 
are to the same in a less proportion. 

Corol.2. By this means, the places of the chiliad may easily: 
be filled up, which have not yet had logarithms adapted to 
them by the former propositions. 

26 Prop. The difference of two logarithms, adapted to two 
adjacent numbers, is to the difference of these numbers, in 
a proportion greater than 1000 bears to the greater of those 
numbers, but less than that of 1000 to the less of the two 
numbers, : 

This 26th prop. is the same as Napier’s second rule, at page 345. 


27 Prop. Having given two adjacent numbers, of the 1000 
natural numbers, with their logarithmic indices, or the mea~ 
sures of the proportions which those absolute or round num. 
bers constitute with 1000, the greatest; the increments, or 
differences, of these logarithms, will be to the logarithm of 
the small element of the proportions, as the secants of the. 
arcs whose cosines are the two absolute’ numbers, is to the 
greatest number, or the radius of the circle; so that, however, 
of the said two secants, the less will have to the radius a less 


proportion than the proposed difference has to the first of all, 


Lad 


* 
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but the greaterwill have a greater proportion, and so also will 
the mean proportional between the said secants have a greater 
proportion. 


Thus if BC, CD be equal, also dd the logarithm of AB, E ¥ 
aod cd the logarithm of AC; then the proportion of lc to re 
ed will be greater than the proportion of AG to AD, but 
less than that of AF to AD, and also Jess than that of the 
mean proportional between AF and AG to AD. A boD 

bcd 


Corol. 1, The same obtains also when the two terms differ, 
not only by the unit of the small element, but by another 
/ unit, which may be ten fold, a hundred fold, or a thousand 
fold of that. 
, Corol. 2. Hence the differences will be obtained sufficiently 
. exact, especially when the absolute numbers are pretty large, 
| by taking the arithmetical mean between two small secants, 
or (if you will be at the Jabour) by taking the geometrical 
Mean between two larger secants, and then by continually 
' adding the differences, the logarithms will be produced. 


| Corol. 3; Precept. Divide the radius by each term of the 
assigned proportion, and the arithmetical mean (or still nearer 
| the geometrical mean) between the quotients, will be the re- 
quired increment ; which being added to the logarithm of the 
greater term, will give the logarithm of the less ter m. 


Example. 


Let there be given the logarithm of 700, viz. 35667.4948, to find the log. te 699, 
Here radius divided by 700 gives 1428571 &e. | 
and divided by 699 gives 1430672 &e, 
the arithmetical mean is 142.962 
which added to 35667.4948 


" *% gives the logarithm to699  35810.4568 


Corol. 4. Precept for the logarithms of sines. 


The increment between the logarithms of two sines, is thus 
found: find the geometrical mean between the cosecants, and 
divide it by the difference of the sines, the quotient will be 
the difference of the logarithms, ‘ 
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Example. 
0° 1’ sine 2909 cosec, 343774682 
0 2 sine 5818 cosec. 171887319 
dif. 2909, geom. mean 2428 nearly. 
The quotient 80000 exceeds the required increment of the logarithms, because 
the secants are here so large. 


Appendix. Nearly in the same manner it may be shown, - 
that the second differences are in the duplicate proportion of 
the first, and the third in the duplicate of the second. Thus, 
for instance, in the beginning of the logarithms, the first dif- 
ference is 100.00000, viz. equal to the difference of the num- 
bers 100000.00000 and 99900,00000; the second, or difference 
of the differences, 10000; the third 20. Again, after arriving- 
at the number of 50000.00000, the logarithms have for a dif- » 
ference 200.00000, which is to the first difference, as the 
number 100000.00000 to 50000.00000; but the second dif- 
ference is 40000, in which 10000 is contained 4 times; and 
the third 328, in which 20 is contained 16 times. But since 
in treating of new matters we labour under the want of proper 
words, therefore lest we should become too obscure, the de- 
monstration is omitted untried. 

28 Prop. No number expresses exactly the measure of the 
pr oportion, between two of the 1000 numbers, constituted by 
the foregoing method. 

. 29 Prop. If the measures of all proportions be expressed 
by numbers or logarithms ; all proportions will not have as- 
signed to them their due portion of measure, to the utmost 
accuracy. 

30 Prop. If to the number 1000, the greatest of the chiliad, 
be referred others that are greater than it, and the logarithm 
of 1000 be made 0, the logarithms ualoaerne to cidiee greater 
numbers will be negative. 


This concludes the first or scientific part of the work, the 
principles of which Kepler applies, in the second part, to the - 
actual construction of the first 1000 logarithms, which con- | 
struction is pretty minutely described. This part is intitled 


4 
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« A very compendious method of constructing the Chiliad of 
Logarithms;” and it is not improperly so called, the method 
being very concise and easy. The fundamental principles 
are briefly these: That at the beginning of the logarithms, 
their increments or differences are equal to those of the na- 
tural numbers: that the natural numbers may be considered 
as the decreasing cosines of increasing arcs: and that the se- 
eants of those ares at the beginning have the same differences 
as the cosines, and therefore the same differences as the loga- 
rithms. Then, since the secants are the reciprocals of the 
cosines, by these principles and the third corollary to the 27th 
‘proposition, he establishes the following method of constitut- 
ing the 100 first or smallest loganiehins to the 100 largest 
numbers, 1000, 999, 998, 997, &c, to 900. viz. Divide the 
radius 1000, increased with seven aipueret by each of these 
umbers separately, disposing the quotients in a table, and 
| will be the secants of those arcs which have the divisors 
for their cosines; continuing the division to the 8th figure, 
as it is in that place only.that the arithmetical and geometri- 
cal means differ. Then by adding successively the arithme- 
tical means between every two successive secants, the sums 
will be the series of logarithms. Or, by adding continually 
every two secants, the successive sums wil] be the series of 
the double logarithms. 

Besides the 100 Jogarithms, thus constructed, the author 
constitutes two others by continual bisection, or extractions 
of the square root, after the manner described in the second 
postulate. And first he finds the logarithm which measures 
the proportion between 100000.00 and 97656.25, which latter 
term isthe third proportional to 1024 and 1000, each with two 
ciphers; and this is effected by means of twenty-four continual 
extractions of the square root, determining the greatest term 
of each of twenty-four classes of mean proportionals; then 
the difference between the greatest of these means and the 


first or whole number 1000, with ciphers, being as often” 


‘doubled, there arises 2371.6526 for the logarithm sought, 
which made negative is the logarithm of 1024. Secondly, 


. 
| 


{ 
1 
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the like process is repeated for the proportion between the 
numbers 1000 and 500, from which arises 69314.7193 for the 
logarithm of 500; which he also calls the logarithm of dupli- 
cation, being the measure of the proportion of 2 to 1. 

Then from the foregoing he derives all the other logarithms: 
in the chiliad, beginning with those of the prime numbers 1, 
QBs, 7, ati in the first 100. And first, since 1024, 512, 
256, 128, 64, 32, 16, 8, 4, 2, 1, are all in the continued pro- 
portion of 1000 to 500, therefore the proportion of 1024 to 
1 is decuple of the proportion of 1000 to 500, and conse- 
quently the logarithm of 1 would be decuple of the logarithm 
of 500, if 0 were taken as the logarithm of 1024; but since the 
Jogarithm of 1024 is applied negatively, the lowarislis of 1 
must be diminished by as much: diminishing therefore 10 
times the log. of 500, which is 693147.1928, by 2371.6526, 
the Fomailat 690775.5422 is the logarithm of 1, or of 100.00, 
which is set down in the table. " 

And because 1, 10, 100, 1000, are Nos. Logarithms. 
continued proportionals, therefore 100 | 230358.5141 
the proportion of 1000 to 1 is triple 10 | 460517.0282 
of the proportion of 1000 to 100, and 1 | 690775.5422 
consequently 3 of the logarithm of 1 -1 | 921034.0563 
is to he set nail the ioeecithins of 100, .01 | 1151292.5703 
viz. 230258.5141, and this is also the .001 | 1381551.0844 
logarithm of decuplication, or of the *0001 | 1 611809.5985 
proportion of 10 to!. And hence, 
multiplying this logarithm of 100 successively by 2, 3, 4, 5, 6, 
and 7, there arise the logarithms to the numbers in the dell 
cuple proportion, as in the margin. 

Also if the logarithm of dupli- Log. of 1 | 690775.5422 — 
cation, or of the proportion of 2 of 2to1! 69314.7193 
to 1, be taken from the logarithm | 
of 1, there will remain the loga- 
pe of 2; and from the logarithm OES. ° 
“of 2 taking the logarithm of 10, of 5 to. 1} 160943.7948 
there remains the logarithm sh peayr 
the proportion of 5 to 1; which 


log. of 2 | 621460.8229 | 
log. of 10 | 460517.0281 — 


log. of 5 | 529831.7474 
Ly 
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taken from the logarithm of 1, there remains the logarithm 
of 5. See the margin. 
For the logarithms of other prime numbers he has recourse 
to those of some of the first or greatest century of numbers, 
before found, viz. of 999, 998, 997, &c. And first, taking 
960, whose logarithm is 4082.2001 ; then by adding fo this 
Jogarithm the logarithm of duplication, there will arise the 
several logarithms of all these numbers, which are in dupli- 
cate proportion continued from 960, namely 480, 240, 120, 
60, 30,15. Hence the logarithm of 30 taken from the logas 
rithm of 10, leaves the logarithm of the proportion of 3 to 1; 
which taken from the logarithm of 1, leaves the logarithm of 
3, viz. 580914.3106. And the double of this diminished by 

the logarithm of 1, gives 471053.0790 for the logarithm of 9. 
_ Next, from the logarithm of 990, or 9 x 10 x 11, which is 
1005.0331, he finds the logarithm of 11, namely, subtracting 
the sum of the logarithms of 9 and 10 from the sum of the 
Jogarithm of 990 and double the logarithm of 1, there remains 
'450986.0106 the logarithm of 11. 

Again, from the logarithm of 980, or 2 x 10 x 7 x 7, 
which is 2020.2711, he finds 496184.5228 for the logarithm 
of 7. | 

And from 5129.3303 the logarithm of 950, or 5 x 10 x 19, 
he finds 396331.6392 for the logarithm of 19. 

In like manner the logarithm 

to 998 or 4 x 13 x 19, gives the logarithm of 13; 
to 969 or 3 x 17 x 19, gives the logarithm of 19; 
to 986 or 2 x 17 x 29, gives the logarithm of 29; 
to 966 or 6 x 7 x 23, gives the logarithm of 23; 
to 930 or 3 x 10 x $1, gives the logarithm of $1. 

And so on for all the primes below 100, and for many of 

the primes in the other centuries up to 900. After which, he 
‘directs to find the logarithms of all numbers composed of 
these, by the proper addition and subtraction of their loga- 
_ rithms, namely, in finding the logarithm of the product of two 
numbers, from the sum of the logarithms of the two factors 
| take the logarithm of 1, the remainder is the logarithm of the 
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product. In this way he shows that the logarithms of all 
numbers under 500 may be derived, except those of the fol- 
Jowing 36 ea namely, 127, 149, 167, 173, 179, 211, 
223, 251, 257, 263, 269, 271, 277, 281, 283, 298, 337, 347, 
349, 353, 359, 367, 373, 379, 383, 389, 397, 401, 409, 419, 
421,431, 433, 439, 443, 449. Also, besides the composite 
alihbens beter een 500 and 900, made up of the products of: 
some numbers whose logarithms have been before determined, a 
there will be 59 primes not composed of them; which, witht 
the 36 above mentioned, make 95 numbers in all not composed: 
of the products of any before them, and the logarithms of 
which he directs to be derived in this manner; namely, by 
considering the differences of the logarithms of the numbers. 
interspersed among them; then by that method by which were 
constituted the differences of the logarithms of the smallest: 
100 numbers in a continued series, we are to proceed here in| 
the discontinued series, that is, by prop. 27, corol. 3, and 
especially by the appendix to it, if it be nghtly used, whence 
those differences will be very easily supplied. 
This closes the second part, or the actual construction of 
the logarithms; after which follows the table itself, which has 
been before described, pa. 323. Before dismissing Kepler’s 
work however, it may not be improper in this place to take 
notice of an erroneous property laid down by him in the ap-_ 
pendix to the 27th prop. just now referred to; both because 
it is an error in principle, tending to vitiate the practice, and 
because it serves to show that Kepler was not acquainted with 
the true nature of the orders of differences of the logarithms, 
notwithstanding what he says above with respect to the con- 
struction of them by means of their several orders of differ- 
ences, and that consequently he has no legal claim to any 
share in the discovery of the differential method, known at_ 
that time to Briggs, and it would seem to him alonal it being 
published in his logarithms in the same year, 1624, as Kepler’s 
book, together with the true nature of the logarithmic orders 
of differences, as we shall presently see in the following ac- 
count of his works, Now this error of Kepler’s, here alluded , 
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to, is in that expression where he says the third differences 
are in the duplicate ratio of the second ditlerences, like as the 
second differences are in the duplicate ratio of the first ; or, 
in other words, that the third differences are as the squares 
of the second differences, as well as the second differences as 
the squares of the first ;.or that the third differences are as 
the fourth powers of the first differences: Whereas in truth 
the third differences are only as the cudes of the first differ- 
ences. Kepler seems to have been led into this error by a 
mistake in his numbers, viz. when he says in that appendix, 
that ‘* the third difference is 328, in which 20 ws contained 16 
times ;°’ for when the numbers are accurately computed, the 
third difference comes out only 161, in which therefore 20 is 
contained only 8 times, which is the cube of 2, the number 
of times the one first difference contains the other. It would 
hence seem that Kepler had hastily drawn the above errone- 
ous principle from this one numerical example, or little more, 
false as it is: for had he made the trial in many instapces, 
though erroneously computed, they could not easily have been 
so uniformly so, as to afford the same false conclusion in all 
cases. And therefore from hence, and what he says at the 
conclusion of that appendix, it may be inferred, that he either 
never attempted the demonstration of the property in ques- 
tion, or else that finding himself embarrassed with it, and 
unable to accomplish it, he therefore dispatched it in the am- 
biguous manner in which itappears. 

But it may easily be shown, not only that the third differ- 
ences of the logarithms at different places, are as the cubes 
of the first differences; but, in general, that the numbers in 
any one and the same order of diflercnces, at different places, 
are as that power of the numbers in the first differences, whose 
index is the same as that of the order; or that the second, 
third, fourth, &c differences, are as the second, third, fourth, 
&e powers of the first differences. For the several orders of 
differences, when the absolute numbers differ by indefinitely 
small parts, are as the several orders of fluxions of the loga- 


rithms; but if « be any number, then “ is the fluxion of 
EP v 


. 
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the logarithm of x, to the modulus, and the second fluxion, | 
vote 
or the fluxion of this fluxion, is — 


, since + is constant ; | 
ami 2.3mx* . a 
? tes x* 3 Cg 


» | 


and the third, fourth, &c fluxions, ate 


that is, the first, second, third, fourth, afth, sixth, &c orders , 
of fluxions, are cage to the raodiae m multiplied into each | 


of these terms, | 
x 1x? 1.2x3 1.2.3%4 1.2.5.4x5 1.2.8.4.5%° 9 am 
pier “a 


ee et ee v4 | 
where it is evident, that the fluxion’ of any order is as that 
power of the first fluxion, whose index is the same as the 
number of the order. And these quantities would actually 
be the several terms of the differences themselves, if the dif- 
fererices of the numbers were indefinitely small. But they | 
vary the more fromthem, as the differences of the absolute ) 
numbers differ from x, or as the said constant numerical dif-— 
ference 1 approaches towards the value of x the number 

itself? However, on the whole, the several orders vary 
proportionably, so as still sensibly to preserve the same ana 
logy, namely, that two 7th differences are in proportion as 

the ath powers of their respective first differences. 


Of Briggs’s Construction of his Logarithms. 


Nearly according to the methods described in p. $49, 350, 
Mr. Briggs constructed the logarithms of the prime numbers, 
a3sappears from his relation of this business inthe ‘* Arithmetica 
Logarithmiea,” printed in 1624, where he details, in an ample 
manner, the whole construction and use of his logarithms: 
The w oflki is divided into 32 ehapters or sections. fi the first 
of these, logarithms ina general sense are defined, and some 
properties of them illustrated. In the second chapter he re- 
marks, that it is most convenient to make O the logarithm of 
1; and on that supposition he exemplifies these following 
properties, namely, that the logarithms of all numbers are 
either the indices of powers, or proportional to them; that 
the sum of the logarithms of two or more factors, is the loga- 
rithm of their product ; and that the difference of the logas 
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liftims of two numbers, is the logarithm of their quotient. In 
he third section he states the other assumption, which is ne- 
essary to limit his system of logarithms, namely, making 1 
‘he logarithm of 10, as that which produces the most conve- 
jient form of logarithms: He hence also takes occasion to 
‘how that the powers of 10, namely 100, 1000, &c, are the 
‘nly numbers which can have rational logarithms. The fourth 
ection treats of the characteristic; by which name he distin- 
‘uishes the integral, or first part, of a logarithm towards the 
eft hand, which expresses one less than the number of inte- 
ser places or figures, in the number belonging to that loga- 
ithm, or how far the first figure of this number is removed) 
rom the place of units; namely, that 0 is the characteristic 
of the logarithms of all numbers from 1 to 10; and 1 the 
sharacteristic of all those from 10 to 100; and 2 that of those 
‘rom 100 to 1000; and so on. 

He begins the fifth chapter with remarking, that his loga- 
‘ithms may chiefly be constructed by the two methods which 
vere mentioned by Napier, as above related, and for the sake 
of which, he here premises several /enwmata, concerning the 
dow ers oF numbers and their indices, and how many places of 
jigures are in the products of Hbiibecs, observing that the 
oroduct of two numbers will consist of as many figures as 
‘here are in both factors, unless perhaps the product of the 
irst figures in each factor be expressed by one figure only, 
which often happens, and then commonly there will be one 
igure in the product less than in the two factors; as also that, 
any two of the terms, in a series of geometricals, the re- 
sults will be equal by raising each term to the power denoted 
py the index of the other; or any number raised ta the power 
denoted by the logarithm of the other, will be equal to this _ 
latter number aie to the power denoted by the logarithm 
of the former; and consequently if the one number be 10, 
iwhose logarithm is 1 with any number of ciphers, then any 
number raised to the power whose index is 1000 &c, or the 
logarithm of 10, will be equal to 10 raised to the power whose 
index i is the logarithm of that number ; that is, the logarithm 
| VOL. im BB 
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_ of any number in this scale, where 1 is the logarithm of 10 
is the index of that power of 10 which is equal to the giver 
number, But the index of any integral power of 10, is on 
less than the number of places in that power; consequent 
the logarithm of any other number, which is no integral powe 
of 10, is not quite one less than the number of places in tha 
power of the given number whose index is 1000 &c, or th 
logarithm of 10. - | ; 

Find therefore the 10th, or 100th, or 1000th &c, power o 
_ any number, as suppose 2, with the number of figures in sue 
power; then shall that number of figures always exceed thi 
logarithm, of 2, though the excess will be constantly les 
than 1. | 


| 
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An example of this 
process is here given 
inthe margin; where 
the Ist column con- 
tains the — several 
powers of 2, the 2d 
their corresponding 
‘indices, and the 3d 
contains the number 
of places in the 
powers in the first 
column; and of these 
numbers in the third 
column, such as are 
on the lines of those 
indices that consist 
of 1 with ciphers, 
are continual ap- 
proximations to the 
logarithm of 2, be- 
Ing always too great 
by less than 1 in the 
Jast figure, that lo- 
‘garithm being 

130162999566398 &e. 
- And here, since the 
‘exact powers of 2 
are not required, but 
only the number of 
figures they consist 
of, as shown by the 
third column, only a 
few of the first fi- 
gures of the powers 
in the first column 
are retained, those 
being sufficient to 
determine the num- 
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P , No: of Places or 

» Indices. logs. 
2 l 
4. 1 
16 2 
256 3 
1024 4 log. of 2 
10486 | 20 7 log. of 4 
10995 | 40 13 log. of 16 
12089 | 80 25 log. of 256 
12676 31 log. of 2 
16069 61 log. of 4 
25823 ‘121 log. 16 
66680 241 log. 256 
10715 | 1000 302 log. 2 
11481} 2000 603 log. 4 
13182] 4000 1205 log. 16 
17377 | 8000 2409 log. 256 
19950} 10000 3011 log. 2 


6021 log. 4 


15843 | 40000 12042 log. 16 
25099 | 80000 24083 log. 256 
a re | eee sae! 
99900} 100000 30103 log. 2 
99801 | 200000 60206 log. 4 
99601 | 400000 120412 90 
99204} 800000 240824 2 
99006 | 1000000 301030 

98023 | 2000000 602060 

96085 | 4000000 1204120 
92323 | 8000000 2408240 
90498 | 10000000 3010300 
81899 | 20000000 6020600 
67075 | 40000000" | 12041200 
44990} 80000000 24082400 
36846 | 100000000 |} 30103000 
13577) 200000000 | 60206000 
18433 | 400000000 | 120411999 
33977 | 800000000 | 240823997 
46129} 1000000000 | 301029996 
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ber of places in them; and the multiplications in raising these 

powers are performed in a contracted way, so as to have the 

fifth or last figure in them true to the nearest unit. Indeed 
» these multiplications night be performed in the same man- 
ner, retaining only the first three figures, and those to the 
nearest unit in the third place; which would make this a 
very easy way indeed of finding the logarithms of a few prime 
numbers. | | 

It may also be remarked, that those several powers, whose 

dices are 1 with ciphers, are raised by thrice squaring from: 
the former powers, and multiplying the first by the third of 
these squares; making also the corresponding doublings and 
additions of their indices: thus, the square of 2 is 4, and the 
square of 4 is 16, the square of 16 is 256, and 256 multiplied 
by 4 is 10243*in like manner, the double of 1 is 2, the double 
of 2 is 4, the double of 4 is §, and 8 added to 2 makes 10, 
And the same for all the following powers and indices. The 
numbers in the third column, which show how many places 
are in the corresponding powers in the first column, are pro- 
duced in the very same way as those in the second column, 
namely, by three duplications and one addition; only ob-« 
serving to subtract 1 when the product of the first figures 
are expressed by one figure; or when the first figures 
exceed those of the number or power next above them. It 
may further be observed, that, like as the first number in 
each quaternion, or space of four lines or numbers, in the 
third column, approximates to the logarithm of 2, the first 
number in the first quaternion of the first column; so the 
second, third, and fourth terms of each quaternion in the 
third column, approximate to the logarithm of 4, 16, and 
256, the second, third, and fourth numbers in the first qua. 
ternion in the first column. And further, by cutting off one 
two, three, &c, figures, as the index or integral part, from 
the said logarithms of 2, 4, 16, and 256, the first, second 
third, and fourth numbers in the first quaternion of the firs 
column, the remaining figures will be the decimal part of the 
logarithms of the corresponding first, second, third, an 


fourth numbers in the following second, third, fourth, &e 
as f : 
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quaternions: the reason of tiie that'any number of any 
quaternion in the first column, is the tenth power of the cor- 
responding term in thenext preceding quaternion. So that 
the third column contains the logarithms of all the numbers in 
the first column: a property which, if Dr. Newton had been ™ 
aware of, he could not easily have oui such gross mis- 
‘takes asare found in a table of his, similar to that above given, 
in which most of the numbers in the latter quaternions are 
totally erroneous; and his confused and imperfect account of 
this method Renld induce one to believe that he did not wel” 
understand it. 

In the sixth chapter our illustrious author begins to treat of © 
the other general method of finding the logarithms of prime 
numbers, which he thinks is an easier way than the former, 
at least when the logarithm is required to a great many places 
of figures. This method consists in taking a great number 
of continued geometrical means between | and the given 
number whose logarithm is required; that is, first extracting 
the square root of the given number, then the root of the 
first root, the root of the second root, the root of the third 
root, and so on till the last root shall exceed 1 by a very small 
decimal, greater or less according to the intended number of 
places to be in the logarithm sought: then finding the loga- 
rithm of this small number, by methods described below, he 
doubles it as often as he made extractions of the square root, 
or, which is the same thing, he multiplies it by such power 
of 2 as is denoted by the said number of extractions, and the 
result is the required logarithm of the given number ; as is 
evident from the nature of logarithms. The rulé to know 
how far to continue this extraction of roots is, that the num- 
ber of decimal places in the Jast root, be double the number 

of true places required to be found in the logarithm, and that 
the first half of them be ciphers; the integer being 1: the 
reason of which is, that then the significant figures in the de- 
cimal, after the ciphers, are directly proportional to those in ~ 
the Revved ntti logarithms; such figures in the natura 
number being the half of those in the next preceding num- 


- . e . 


ef 


*corresponding bisections of its given logarithm 1; the loga- 


» number of extractions, or mul- 


ot ‘ 
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ber, like as the logarithm of the last number is.the hal fof the 
preceding logarithm. Therefore, any one such small num- 
ber, with its logarithm, being once found, by the continual 
extractions of square roots out of a given number, as 10, and 


rithm for any other such small number, derived by like con- 
tinual extractions from another given number, whose logas 
rithm.is sought, will be found by one single proportion: 
which logarithm is then to be doubled according to ‘the 
QO Sai bel Dot Goa sect aie 

10, given n°, |i, its log.) 
1| 3:162977 &e | 0:5 weil 
2| 178279 =| 025 
OME JoJo L O° 125" 
4. 
5 


tiplied at once by the like 
power of 2, for the logarithm 
of the number proposed. To 
find the first small number and 
its logarithm, our author be- 1154781 0-065 | 
gins with the number 10 and 1074607 003125 
its logarithm. 1, and extracts &e. &e, 
continually the root of the last 

number, and bisects its logarithm, as here registered in the 
margin, but to far more places of figures, till he arrives at 
the 53d and 54th roots, with their. annexed logarithms, as 


here below: 


Numbers. Logarithms. 
35 | 1°00008,00000,00000,25563,82986,40064,70 | 0:00000,00000,00000, 11 102,23024,62515,65404 
54% 4 1°00000,00000,00000, 1278 1,91493,20032,35 0°00000,00000,00000,05551,11512,31257,82702 


where the decimals in the natural numbers are to each other 
in the ratio of the logarithms, namely in the ratio of 2 to 1: 
and therefore any other such small number being found, by 
continual extraction or otherwise, it will then be as 12781 &c,. 
is to 5551&c, so is that other small decimal, to the correspond~ 
ing significant figures of its logarithm. But as every repeti- 
tion of this proportion requires both avery long multiplication 
and division, he reduces this constant ratio to another equi- 
valent ratio whose antecedent is 1, by which all the divisions 
are saved: thus, | | : 
as 12781 &c : 5551&c :: 1000Kc : 434294481903251804, . 
that is, the logarithm of 1:00000,00000,00000,1 wy. 
4S 0°00000,00000,00000,04342,94.481,90325,1804 ; 
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d therefore this last number being multiplied by any such 
all deeimal, found as above by continual extraction, the. 
oduct will be the corresponding logarithm of such Jast 
ata) i 
But as the extraction of so many roots is a very trouble- 
he operation, our author devises some ingenious contri- 
fices to abridge that labour, And first, in the 7th chapter, 
the following device, to have fewer and easier extractions 
perform : Hamel , raising the powers from any given prime 
mber, whose logarithm is sought, till a power of it be found 
ch that its first figure on thé left hand is 1, and the next to 
either one or more Viti then, having divided this power 
‘ vith &s many ciphers as it td figures after the first, or 
pp@sing all after the first to be decimals, the continual roots 
m this power are extracted till the decimal become sufhi- 
intly small, as when the first fifteen places are ciphers; and 
en by hidtslvine the decimal by 43429&c, he has the lo- 
rithm of this last root ;. which logarithm multiplied by the 
‘e power of the diner 2, gives the logarithm of the first 
umber, from which the extraction was begun: to this loga- 
hm prefixing a1, or 2, or 3, &c, according as this number 
us found by ‘keding the power of the given prime number 
“10, or 100, or 1000, &c; and lastly, dividing the ron 
e index of that power, the quotient will be the requir 
garithm of the given prime number. Thus, to find the © 
garithm of 2; it is first raised to the 10th power, 


‘in the margin, before the first figures come to ooh 
10; then, dividing by 1000, or cutting offfor = 4) 2 
cimals all the figures after the first or 1, the imo "'e | 3 
ot is continually extracted out of the quotient 16!) 4 | 
024, till the 47th extraction, which gives 32| ee 
90000,00000,00000,16851,60570,53949,77; the 64| 6 
‘cimal part of which multi, by 43429 Xc, gives 128} 7 
00000, 00000, 00000,07318, 55936, 90623,9368 256} 8 

r its logarithm: and this being continually 5121 9 
wubled for 47 times, gives the logarithms of all 1024 | 10 


@ roots up to the first numbers or being at once 


e ® 
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multiplied by the 47th power of 2, % 2 pig 
viz. 140737488355328, which is 4). 
raised as in the margin, it gives : m8 i 
0°01029, 99566, 39811,95265,27744 16]. 
for the logarithm of the number , 329 
1.024, true to 17 or 18 decimals: 64] | 
to this prefix 3, so shall 3.0102 &e 128] 7 
be the logarithm of 1024: and . 2561 § 
lastly, because 2 is the tenth root 51219 
of 1024, divide by 10, so shall 1024. 
0.80102,99956,63981,1952 bel the 1048576 
logarithm required to the given 1073741824 


number 2. 1099511627776 |4 

The logarithms of 1, 2, and10 140737488355398 
being now known; it is remarked , 
that the logarithm of 5 becomes known; for since 10 > 2 is 
= 5, therefore log. 10 — log. 2 = log. 5, which is | 
0.69897,00043 360 18,8058 ; and that from the multiplications 
and divisions of these three 2, 5, 10, with the corresponding 
additions and subtractions of their logarithms, a multitude of 
other numbers and their logarithms are produced; so, from 
the powers of 2, are obtained 4, 8, 16, 32, 64, &c; from the 
gyre’ of 5, these, 25, 125, 625, 3125, &c; also the powers 
of 5 by those of 10 give 250, 1250, 6250, &c; and the 0, 


of 2 by those of 10, give 20, 200, 2000, &c; 40, 400, 80, 
800, &c; likewise by division are obtained 21, li, 124, 63, 
15, 35, 63, Ke, ms 
Briggs then observes, that the logarithm of 3, the nex 
prime number, will be best derived from that of 6, in ¢ is 
manner: 6 raised to the 9th power becomes 10077696, whie ‘ 
divided by 10000000, gives 1.0077696, and the root from this 
continually extracted till the 46th, : 
is 1 ,00000,00000,00000 ,10998 ,59345,88155,71866 ; fh 
the decimal part of which multiplied by 43429&c, gives “ay 
0.00000,00000 00000 04776 ,62844.,78608,0304 for its logae 
rithm; and this 46 times doubled, or multiplied by the 46th 
power of 2, gives 0.00336,12534,52792,69 for the logarithm 
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‘of 1.0077696 ; to which adding 7, the logarithm of the divisor 
10000000, and dividing by 9, the index of the power of 6, 
there results 0.77815,12503,83643,63 for the logarithm of 6; 
from which subtracting the logarithm of 2, there remains 
0.47712,12547,19662,44 for the logarithm of 3. ~ 
In the eighth chapter our ingenious author decribes an ori- 
ginal and easy method of constructing, by means of differ- 
ences, the continual mean proportionals which were before 
found by the extraction of roots. And this, with the other 
methods of generating logarithms by differences, in this book 
_as well as in his ‘‘ Trigonometria Britannica,” are I believe 
the first instances that are to be found of making such use of » 
differences, and show that he was the inventor of what may 
be called the ‘* Differential Method.” He seems to have dis- 
covered this method in the following manner: having observed 
that these continual means between 1 and any aacbas pro- 
posed, found by the continual extraction of roots, approach _ 
always nearer and nearer to the halves of each preceding 
root, as is visible when they are placed together under each 
other ; and indeed it is found that as many of the significant 
firures of each decimal part, as there are ciphers between 
them and the integer 1, agree with the half of those above 
them; I say, having observed this evident approximation, he 
subtracted each of these decimal parts, which he called a, or 
thé first differences, from half the next preceding one, and by 
comparing together the remainders or second. differences, 
called B, he found that the succeeding were always nearly 
equal to 4 of the next preceding ones ; then taking the difier- 
ence sky een each second difference and.3 1 of tHe preceding 
| ones he found that these third didoeaieen called c, were 
nearly in the continual ratio of 8 to 1; again taking the 
difference between each c and 4 of the next nkeaedinae he 
found that these fourth iecanoes. called p, were nearly in 
the continual ratio of 16 to 1; and so on, the Sth £, 6th Fr, 
 &c, differences, being nearly in the'continual ratio of 32 tol, 
of 64 to 1, &e. . 


18 
These plain obser- 


vations being made, 
‘they very naturally 
‘and clearly suggested 
to him the notion and 
method of construct- 
ing all the remaining 
numbers, from the dif- 


ferences of a few of 


the first, found by ex- 
tracting the roots #n 
the usual way. This 
will evidently appear 
from the annexed spe- 
cimen of a few of the 
first numbers in the 
Jast example, for find- 
ing the Jogarithin of 
6; where, after the 
9th number, the rest 
are supposed to be 
constructed from ‘the 
preceding ditierences 
of each, as here shown 
in the 10th and 11th. 
And it isevident that, 
in procceding,” the 
trouble will become 
always less and less, 
the differences gradu- 
ally vanishing, "till at 
Jast only the first dif- 
ferences remain 3 and 
that each 
Jess 1S 


generally 
difference 
shorter than the next 


greater, by as many 
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1,00776,96 

1,00387,72833,36962,45663,84655,1 
1,00193 6766! ,36946,61675,87022,9 
4,00096,79146,59099, 01728, 89072, 


I 
) 


~ 


3 
+ 
ae 


$,02356,17527,65484,00800,2 
457021 ,99708,04320,8 
4,57055,81440,42589,8 
13,81732,38269,0 
13,81805,48908,7 

73,10639,7 

13,11302,8 

663, | 

9 | 1,00001,51164,65993,05672,95048,8 
1,51165,80252,82887,98239,7 
1,14253,79215,03190,9 

Hitherto the 1 14255,49927, 01080,2 
smaller differences 1,72711,97889,3 


are found by sub- — 1,72716,54783,6 
tracting the larger from 4,56894, 
the parts of thelike pre- 4,56915, 
ceding ones, 20,7 
20,7 
Here the greater differences 65 
remaim after subtracting 28555,89 
the sinaller from the parts 28559,24 


of the difference of 
the next preceding 
number. 


| 75582.32999, 52836,47524,4 
10} 1,00000,75: 52, 04436,50121,42907, o 
1.784,70° 
1784,68 
} 9698,58897,62 
2698 
| 1%.0,80678,76154,2 

| BT OILGe 

11 


1,00000, 37790, ), 95077 


+ 


571] 2,94 


: 7140, 77980,19041 eM 
sal ,15060,71453, 80 
37080, 524 12, 54 


gract Zh 


1,00048, "38402, 68346,62985,49953.5 A. 
1,00024,18908,78524,68563,80572,7 A 
24, "30901. 34423, 51402,74626,7 3A 
299,55598, 62928,93 37154,0 B 

6 | 1,00012,09381,26397,13459,43919,4 A 
12,094.54,3941' 2.31981,90436,3 3a 
%3,13015,20822,46516,9 BL 

"3, 13809,65732.25438, 5 15 
834,44909,7692 1,5 c 

7 | 1,00006,04672,35035, 155,30968,01600,5 A 
604690, 63198, 56729,71959,7 Za 
18,28143,25761,70359,2 K 
18,28253,80205 1629.2 dr, 
~-$10,54443,91270,0 Cc 
110,55613,721135,2 te 

1169.80845,2 Dp 

8 | 1,00003,02331,60505,65775,90479,4 A 


P. 21588.99736,16 
i 21588 71180,92 
28563,44303,75797,72 | | 
28.563,22715,04616,8 
0 
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Jaces as there are ciphers at the beginning of the decimal in 
he number to be generated from the differences. 

He then concludes this chapter with am ingenious, but not 
bvious, method of finding the differences B, c, D, E, &c, 
elonging to any number, as suppose the 9th, from that 
umber itself, independent of any of the preceding 8th, 7th, 
th, 5th, &c; and it is this: raise the decimal a to the 2d, 
id, 4th, 5th, &c powers; then will the 2d (B), 3d (c); 4th 
5), &e ct iain be as here below, viz. 


fe 2A”, 
os 4a'+ 747, 
aS Gat gat eat sAT+ BA's 


= » 25ac+ Tao 1Opfa7+ . 125% aS 111 g7a°k&e, 
Ch ese he od Saree okie, | Sie A Lots Ae Batad 83443, A?Ko. 


A*=1.14253,77215,03190,8363 
ta3. 1,72711,32619,74273 J 
1,4 -  65269,62225 

LA3+4tAt*@ 1,72711,97889,36498 = Cc 

Za* 4,56887,35577 

Zas = —s«G , 90652 


II 
bd 


i 
2 


* ea” - - 5 
a Ea bo a Ss 
Zat+Zas44ea®  4,56894,26234 = p 
O5aS = 20,1957 
Taino Ailton? 
QsasbTae - = 20,72040 = 8 


° SS Te rae 12Z AT + 1510,57,4°-+ 11475773 akc. 
— ta . ct Me Oe Bd? histo. | 
{= ; : ‘4 54902,82,a°&Ke. 

Res int in the 9th number of the foregoing example, ernie 
the ciphers at the beginning of the decimals, we have 

A = 1.51164,65999,05672,95048,8 . 

A?= - 2,28507,54430,06381,6726 

a= - = 3, 45422,65239,48546,2 

CR? att oS RA 5,22156,97802,288 

EPO oN SEQ eae 7,89316,8205 
Mes ci ret by 3 bay LhOmlegt 

e Consequently, 
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which agree with the like differences in the foregoing spe 
cimen. 4 
In the 9th chapter, after observing that from the logarithm 
of 1, 2,8, 5, and 10, before found, are to be determined, b 
addition and subtraction, the logarithms of all other number, 
which can be produced from these by multiplication anc 
division ; for finding the logarithms of other prime numbers 
instead of that in the 7th chapter, our author then shows an. 
other ingenious method of obtaining numbers beginning with 
1 and ciphers, and such as to bear a certain relation to’some 
prime number by means of which its logarithm may be found 
The method is this: Find three products having the commor 
difference 1, and such that two of them are produced from 
factors having given logarithms, and the third produced from 
the prime number, whose logarithm is required, either mul 
tiplied by itself, or by some other number whose logarithm is 
given: then the greatest and least of these three products 
being multiplied together, and the mean by itself, there arise 
two other products also differing by 1, of which the ereater, 
divided by the less, gives for a quotient 1 with a small deci- 
mal, having several ciphers at the beginning. Then the lo- 
garithm of this quotient being found as before, from it will 
be deduced the required logarithm of the given prime num- 
ber. Thus, if it be proposed to find the logarithm of the: 
prime number 7; here 6 x 8=48, 7x 7=49, and 5 x 10=50, 
will be the three products, of which the logarithms of 48 and 
50, the Ist and 3d, will be given from those of their factors 
6, 8,5, 10: also 48 x 50 = 2400, and 49 x 49 = 240] are 
the two new products, and 2401 + 2400 = 1,000412 their 
quotient: then the least of 44 means between 1 and this quo- 
tient is 1.00000,00000,00000,02367,98249 ,04333,6405, which 
multiplied by 43429 &c, produces 
0.00000,00000,00000,01028 ,40172,88387,29715 for its loga- 
rithm; which being 44 times doubled, or multiplied by 
17592186044416, produces 0.00015,09183,45421,30 for the 
logarithm of the quotient 1.000412; which being added to 
the logarithm of the divisor 2400, gives the logarithm of us 
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ividend 2401; then the half of this logarithm is the loga- 
ithm of 49 the root of 2401, and the half of this again gives 
'84509,80400,14256,82 for the iogarithm of 7, whichis the 
oot of 49.—The author adds another example to illustrate 
his method; and then sets down the requisite factors, ‘pro- 
lucts, and quotients for finding the logarithms of ‘all other 
rime numbers up to 100. 

The 10th chapter is employed in teaching how to find the 
ogarithms of fractions, namely by subtracting the logarithm 
of the denominator from that of the numerator, then the lo- 
yarithm of the fraction is the remainde® ; hich therefore is 
they abundant or defective, that is positive ormegative, as 
che fraction is greater or less than 1. « 

In the 11th chapter is shown an ingenious contrivance for 
very accurately finding intermediate numbers to given loga- 
rithms, by the proportional parts. On this occasion, it is re- 
marked, that while the absolute numbers increase uniformly, 
the logarithms increase unequally, with a decreasing incre- 
ment; for which reason it happens, that either logarithms or 
numbers corrected by means of the proportional parts, will 
not be quite accurate, the logarithms so found being always 
too small, and the absolute numbers so found too great; but 
yet sO core ever as that they approach much nearer to accu- 
racy towards the end of the table, where the increments or 
differences become much nearer to equality, than in the former 
‘parts of the table. And from this property our author, ever | 
fruitful in happy expedients to obviate natural difficulties, 
‘contrives a device to throw the proportional part, to be found 
from the numbers and logarithms, always near the end of the 
‘table, in whatever part they may happen naturally to fall. 
“And it is this: Rejecting the characteristic of any given loga- 
‘rithm, whose number is proposed to be found, take the aside 
‘metical complement of the decimal part, i subtracting it 
from 1.000&c, the logarithm of 10 ; then find in the table the 

logarithm next less ah this arithmetical complement, toge- 
ther with its absolute number ; to this tabular loganthm Bid 
ss logarithm that was given, and the sum will be a logarithm 
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seceisblisfstitia among those near the end of the table 
find then its absolute number, corrected by means of th 
propdktional part, which will not be very inaccurate, as fal] 
ing near thé end of the table; this being divided by the ab 
solute number, before found fot the jomarecini next less thal 
the eridhineti Me complement, the quotient will be the require 
number answering to the given logarithm; which will bi 
much more correct than if it had been found from the pro 
portional ‘part of the difference where it naturally happenec 
to fall? and the reason of this operation is evident from the 
nature of lo gar ithms. But as this divisor, when taken as the 
number ae rering to the logarithm next less than the arith 
metical complement, may Beoen to be a large prime num. 
ber; it is further remarked; that instead of this number an¢ 
its logarithm, we may use the next less composite number. 
which has small factors, and zfs logarithms ; because the divi- 
sion by those small factors, cnitead of by the number itself, 
will be performed by the short and easy way of division i in 
one line. And for the more easy finding proper composite 
numbers and their factors, our author hee subjoins an abacus, 
or list of all such hauibeve! with their logarithms and coms 
ponent factors, from 1000 to 10000; om which the proper 
logarithms and factors are immediately obtained by inspec; 
tion. Thus, for example, to find the root of 10800, or the 
mean proportional between I and 10800: The logarithm of 
10800 is 4.03342,37554,3695, the half of which is 
2.01671,18777,4347 the logarithm of the number sought, the 
bPitbnideical complement of Peaitch log. 1s 0.98328,81229,5653 ; 
now the nearest log. to this in the abacusis 0.98227, 12330 3057 
and its annexed ruin is 9600, the factors of which are 2, 
6, 8; to this last log. adding the log. of the number sought, 
the sum Is 0.99898,31107,8304, whose absolute number, core 
rected by the Ay Ber cionel part, is 99766,12651,6521, which 
being divided continually by 2, 6, 8, the facta of 96, the 
last quotient is 103.92304845471 ; wie is pretty correct, 
the true number being 103.923048454133 = ,/ 10800, 

We now arrive at the 12th and 13th chapters, in which our 
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ngenious author first of all teaches the rules‘of the Differ- 
2ntial Method, in constructing logarithms by interpolation 
‘froin differences. This.ig the same method which has since 
deen more largely treated of by later authors, and peg 
larly by the learned Mr. Cotes, in his ¢* Canonotechnia.” 
How Mr. Briggs came by it does not well appear, as he only 
delivers the rules, without laying down the principles or in- 
vestigation of them, He divides the method into two cases, 
namely, when the second diflerences are equal or nearly equal, 
and when the diferences run out to any length whatever. 
The former of these is treated in the 12th chafifes: and he 
particularly adapts it to the interpolating 9 equidistant means 
between two given terms, evidently for thisreason, that then 
the powers of 10 become the principal multipliers or divisors, 
and so the operations performed mentally. The substance of 
his process is this: Having given two absolutenumbers with 
their logarithms, to find the logarithms of 9 arithmetical 
‘means ae een the given numbers: Between the given loga- 
rithms take the Ist difference, as well as betw cue of 
‘them and their next or age ete 
eater, and less logarithms; and like- 
wise the second differences, or the two 
differences of these three first differen- 
ees; then if these second differences be 
equal, multiply one of them severally by 
‘the numbers 45, 35, &c, in the annexed 
‘tablet, dividing each product by 1000, 
that is cutting off three figures from 
seach; lastly, to 4, of the Ist difference 
f the given logarithms, add severally 
‘the first five quotients, and subtract the other five, so shall 
the ten results be the respective first differences, to be conti- 
nually added, to cempose the required series of logarithms, 
Now this amounts to the same thing as what is at this day 
taught in the like case: w o ow that 4f 4 be any term of 
an equidistant series of terms, and a, 6, c, Kc, the first of 
‘the Ist, 2d, 3d, &c, order of differences; then the term z, 
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whose distanée wpm A is expressed by 2, will be thus, 

z= 48a 47. = 6 Ae jee eam c+ &c. And if now, 
with our Biser, * fs make the od differences equal, then c, d, 
e, &c, will all vanish, or be equal to 0, and z will become 


barely = d+ 7a+ 27 ate. i 


t 


Series of Terms. The Differences. ; 
A ; 
At wot  abob wet + x85) = roa + r45eb 
A+ pat 3S pot + ghd = ea + ¥ibab : 
A + Boa + ao5b gst + zigd = oa + 13505 
A+ pAa+ 2% pst +iziob = Yo + xdisd | 
A + a + 356 tot + ried = ot + yeso) FT 
A+ Ya + 3b yot — zicb = ot — ny 
A+ ya + eb rot — zoo = Pod — Tose 
A+ 3a + 3%0 ot — abcd = Hod — xGd0 : 
A + Yo + x30b vot — zhob = 04 — rbb0b 
4+ a vot — x8cb = r5@ — rhhcb 


‘Therefore if we take x successively equally to 5 59 0» = 
&c, we shall have the annexed series of terms with their dite 
ferences. Where it is to be observed, that our author had 
reduced the differences from the Ist to the 2d form, as he 
thought it easier to multiply by 5 than to divide by 2. Also 
all the last terms (2 . “= -b) are set down positive, because in 


the logarithms 6 is negative.—If the two 2d differences be only 
ea y, equal, take an arithmetical mean between them, and 
proceed with it the same as above with one of the equal 2d 
differences.—He also shows. how to find any one single term, 
independent of the rest ; and concludes the chaper with point 
ing out a method of finding the proportional part more ac~ 
ddfabely than before. . ‘ 4 

In the 13th chapter our author remarks, that the best wz A 
of filling up the intermediate ¢hiliads of his table, namely from 
20000 to 90000, is by quinquisection, or interposing four 
equidistant means between two given terms; the method of 
performing this he thus particularly describes. Of the sive 


. - 
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rms,.or logarithms, and two or three others on each side of 
lem, take the Ist, 2d, $d, &c, differences, till the last differ- 
ices come out anal whith suppose to be the 5th differences: 
wide the first differences by 5, the 2d by 25, the 3d by 125, 
re 4th by 625, and the, 5th by. 3125, and call the respective 
uotients the Ist, 2d, 3d, 4th, 5th sean. differences ;.or, in- 
ead of dividing by these powers of 5, multiply by their re- 
BOCAS. 53. Ae See eed te: tags TU DY 
» 4, 8,16, 32, cutting off respectively one, two, three, fours | 
ve figures, from the end of the products, for the several 
ean differences: then the 4th and 5th of these mean differ- 
aces.are sufficiently accurate ; but the. ist, 2d, and 3d are 
» be corrected in this manner; from the mean third differ- 
aces subtract 3 times the 5th difference, and the remainders 
re the correct 3d differences; from: the mean:2d_diflerences 
abtract double the 4th differences, and the remainders .are 
ae correct 2d differences; lastly, fs am the mean Ist differ- 
nees take the correct 3d differences, and 2 of the 5th differs 
nee, and the remainders will be the aaieect first differences, 
uch are the corrections when the differences extend as far 
sthe 5th. However, in completing those chiliads in this 
‘ay, there will be only 3 orders of differences, as neither the 
th nor 5th will enter the calculation, but will vanish through 
aeir smallness : therefore the mean 2d and $d differences will 
eed no correction, and the mean first differences will be.cor- 
ected by barely subtracting the 3d from them. These pre- 
varatory numbers being thus found, all the ad differences of 
he logarithms required, will be generated by adding conti- 
ually, from the less to the greater, the constant 3d difference ; 
nd the series of -Ist differences will be found by adding the 
everal 2d differences; and lastly, by adding continually, these 
‘st differences to the Ist given logarithm &c, the required 
ogarithmic terms will be generated. . 

_ These easy rules being laid down, Mr. Briggs next teaches 
tow, by them, the remaining ¢ hiliads may best be. completed : 
iamely, hang here the logarithm for all numbers. up to 
10000, find the logarithm to every 5 beyond this, or of 20005, 
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20010, 20015, &c, in this manner; to the logarithms of a 
5th part of each of these, namely 4001, 4002, 4003, &e, adc 
the constant logarithm of 5, and the sums will be the loga. 
rithms of all the terms of the series 20005, 20010, 20015, &e™ : 
and these logarithms will have the very same differatiil as 
those of the series 4001, 4002, 4003, &c; by means of whiel, 
therefore interpose 4 du tatcintatie terms by the rules above. 
and thus the whole canon will be easily completed. 
Briggs here extends the rules for correcting the mean dif, 
ferences in quinquisection, as far as the 20th difference; by 
also lays down similar rules for trisection, and speaks of ge 
neral rules for any other section, but omitted as being les. 
easy. So that he appears to have been possessed of all tha, 
Cotes afterwards delivered in his ‘* Canonotechnia sive Con 
structio Tabularum per Differentias,” drawn from the Differ 
ential Method, as their general rules exactly agree, Briggs’, 
mean and correct differences being by Cotes called round an 
quadrat differences, because he expresses them by the num 
bers 1, 2,3, &c, written respectively within a small circle ani 
square. i 
Briggs also observes, that the same rules equally apply te 
the construction of equidistant terms of any other kind, sucl 
as sines, tangents, secants, the powers of numbers, &c: ani 
further remarks, that, of the sines of three equidifferent ares 
all the remote diffétetibus may be found by the rule of pro. 
portion, because the sines and their 2d, 4th, 6th, 8th, & 
differences, are continued proportionals, as are also the Ist 
3d, 5th, 7th, &c differences, among themselves; and, likea 
the. 2d, 4th, 6th, &c differences are proportional to the sine, 
of the mean arcs, so also are the Ist, 3d, 5th, &c difference 
proportional to the cosines of the sameares. Moreover, wit) 
regard to the powers of numbers, he remarks the followiny 
curious properties; Ist, that they will each have as man} 
orders of differences as are denoted by the index of th 
power, the squares having two orders of differences, the cube 
three, the 4th powers four, &c; 2d, that the last diflerence 
will be all equal, and each equal to the common differed 
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if the sides or roots raised to the given power, and multiplied 
oy 1x2x3x4 &c, continued to as many terms as there are 
units in the index: so, if the roots differ by 1, the second 
lifference of the squares will be each 1x2 or 2, the 3d dif- 
‘erences of the cubes each 1x 2x 8% or 6, the 4th differences 
of the 4th powers each 1x 2x 3x 4 or 24, and so on; and if 
‘he common difference of the roots be any other number 7, 
hen the last differences of the squares, cubes, 4th powers, 5th 
jowers, Ke, will be respectively 2n*, 6n?, 24n*, 120n5, &c. 
“Besides what was shown in the 11th chapter, concerning 
he taking out the logarithms of Jarge numbers by means of 
»roportional parts, Briggs employs the next or 14th chapter 
‘n teaching how, from the first ten chiliads only, and a small 
able of one page, here given, to find the number answering 
‘90 any Jogarithm, and the logarithm to any number, consist- 
ng of fourteen places of figures*. 

- Having thus fully shown the construction and chief proper 
‘ies of his logarithms, our ingenious author, in the remaining. 
sighteen chapters, exemplifies their uses in many curious and 
mportant subjects; such as The Rule-of-Three, or Rule of 
Proportion; finding the roots of given numbers; finding any 
number of mean proportionals between two given terms; with 
‘ther arithmetical rules: also various geometrical subjects, 
us Ist, Having given the sides of any plane triangle, to find 
‘he area, the perpendicular, the angles, and the diameters of 
the inscribed and circumscribed circles; 2d, In a right-angled 
tiangle, having given any two of these, to find the rest, viz. 
one leg and the hypotenuse, one leg and the sum or differ- 
ance of the hypotenuse and the other leg, the two legs, one 
‘eg and the area, the area and the sum or difference of the 
‘egs, the hypotenuse and sum or difference of the legs, the 
hypotenuse and area, and the perimeter and area; 3d, Upon 
1 given base, to describe a triangle, equal and isoperimetrical 


| 
| 


’ © It is no more than a large exemplification of this method of Briggs’s that 

gas been printed so late as 1771, in a 4to tract, by Mr. Robert Flower, under 

‘he title of “The Radix, A New Way of making Logarithms.” Though 

Briggs’s work might not be known to this writer. | 
co? 


| figure about which a circle may be described ; 9th, OF th 


lipse, spheroid, and gauging ; 11th, To cut a line or a num 


-exemplification of which they are purposely given. 


use of logarithms, is in the doctrine of spherical trigonome 
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to another triangle given; 4th, To describe the circumferene 
of a circle so, that the three distances from any point in it 
to the three aniled of a given plane triangle, shall be to on 
another in a given ratio; 5th, Having given the base, th 
area, and the ratio of the ae sides, of a plane triangle, t 
find the’sides; 6th, Given the base, difference of the sides 
and area of-a triangle, to find the sides; 7th, To find a tri 
angle whose area and perimeter shall be expressed by th 
same number ; 8th, Of four given lines, of which the sumo 
any three is ribar than the fourth, to form a quadrilateré 


disqudter’ circumference, and area of a circle, and the surface 
and solidity: of the ke generated by it, ines any on 
given, to find any one of the rest; 10th, Concerning thee 


ber in extreme and mean ratio; 12th, Given the diameter of 
circle,.to find the sides and areas of the inscribed and circum 
scribed regular figures of 3, 4, 5, 6, 8, 10, 12, and 16 sides 
13th, Concerning the regular figures of 7, 9, 15, 24, and 3] 
sides; 14th, Of isoperimetrical regular figures; 15th, O 
equal regular figures; and 16th, Of the sphere and the, 
regular bodies; which closes thisintroduction. Such of thes 
problems as can admit of it, are determined by elegant geo 
metrical constructions, and they are all illustrated by accurat 
arithmetical calculations, performed by logarithms ; for th 


At the end he remarks, that the chief and most necessar} 


try, which he here promises to give in a future work, am 
which was accomplished . in his Trigonometria Britannica, t 
the description of which we now proceed. 


Of Briggs’s Trig gonometria Britannica. 


At the close of the account of writings on the natural sines 
tangents, and secants, we omitted the description of this worl 
of our learned author, though it is perhaps the greatest 0 
this kind, all things considered, that ever was executed by one 
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‘erson; purposely reserving the account of it to this place, 
ot only as it is connected ith the invention and construction’ 
f logarithms, but thinking it deserved more peculiar and dis) 
nguished notice, on account of the importance and origin= 
ity of its contents. In the’first place, we observe’ that the 
ivision of the quadrant, and the mode of construction, are’ 
oth new ; also the numbers are far more accurate, and are 
stended to more places, than they had ever been before, 
*he circular ares had always been divided in a sexagesimal 
roportion; but here the quadrant 1 is divided into deprees and 
ecimals, as this is a much easier mode of computation than 
y 60ths ; the division being completed only to 100ths of 
egrees, though his design was to have extended it to 1000ths 
f degrees. And, bebidts his own private opinion, he was_ 
iduced to adopt this mode of decimal divisions, partly at 
ae request of other persons, and partly perhaps from the 
uthority of Vieta, pa. 29 ‘‘ Calendarii Gregoriani.” And it 
s probable that computations by this ddomtal division would 
ave come into general use, had it not been for the publica~= 
on of Vlacq’s enlisted: which came out in the interval, and 
rere extended to every 10 seconds, or 6th parts of minutes. ~ 
3ut besides this method, by a decimal division of the degrees, 
f which the whole circle contains 360, or the.quadrant 90, 
a the 14th chapter he remarks that some other persons were 
aclined rather to adopt a complete decimal division of the 
vhole circle, first into 100 parts, and each of these into 1000 
yarts; and for their sakes he subjoins a small table of the 
‘ines of every 40th part of the quadrant, and remarks, that 
from these few the whole may be made out, by continual 
fuinquisections ; ; namely, 5 times these 40 make 200, then 5 
imes these give 1000, thirdly 5 times these give 5000, and 
astly , 5 times these give 2.5000. for the whole DegeBonps' or 
(00000 for the whole circumference. | 

ts But to return. Our author’s large table consists of cabal 
sines to 15 places, natural tangents and secants each to 10 
dlaces, logarithmic sines to 14 places, and logarithmic tan- 
gentalto 10 places each, beside the characteristic, A most 
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stupendous performance! The table is preceded by an intro 
duction, divided into two books, the one containing an ac 
count of the truly ingenious construction of the table, by th 
author himself; ‘and the other, its uses in trigonometry, &e 
by Henry Gellibrand, professor of astronomy in Gresha 
College, who remarks in the preface, that the work was com 
posed by the author about the year 1600 ; though it was only 
published by the direction of Gellibuatai in 1633, it having 
been printed at Gouda under the care of Vlacq, and by th 
printer of his Trigonometria Artificialis, which came out the 
same year. 
After briefly mentioning the common methods of dividing 
the quadrant, and constructing the tables of sines, &c, fron 
the ancients down to his own time, he hastens to the descri 
tion of his own peculiar and truly ingenious method, whie 
is briefly this: having first divided the quadrant into a smal 
number of parts, as 72, he finds the sine of one of those parts 
then from it, the sines of the double, triple, quadruple, &c 
up to the quadrant or 72 parts. He next quinquisects eacl 
of these parts; by interposing four equidistant means, by dif 
ferences; he then quinquisects each of these; and finally eack 
of these again ; which completes the division as far as degrees 
and centesms. The rules for performing all these things he 
investigates, and illustrates, in a very ample manner. In 
treating of multiple and submultiple arcs, he gives general 
algebraical expressions for the sine or chord of any multiple 
whatever of a given arc, which he deduced froma geometri. 
cal figure, by finding the law for the series of successive mul. 
tiple chords or sines, after the manner of Vieta ; who was the 
first person that I know of, who laid down general rules for 
the chords of multiples and submultiples of arcs or angles: and 
the same was afterwards improved by Sir I. Newton, to such 
form, that radius, and double the cosine of the first given 
angle, are the first and second terms of all the proportions 
for finding the sines and cosines of the multiple angles. For 
assigning the coefficients of the terms in the multiple ex- 
pressions, our author here delivers the construction of figu- 
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ite or polygonal numbers, inserts a large table of them, and 
vaches their several uses; one of which is, that every other 
umber, taken in the diagonal lines, furnishes the coefficients 
f the terms of the general equation, by which the sines and 
hords of multiple arcs are expressed, which he amply illu- 
rates; and another, that the same diagonal numbers consti- 
te the coeflicients of the terms of any power of a binomial ; 
hich property was also mentioned by Vieta in his Angu- 
ires Sectiones, theor. 6,'7; and, before him, pretty fully 
reated of by Stifelius, in his Arithmetica Integra, fol. 44 
t seq.; where he inserts and makes the like use of such a 
able of figurate numbers, in extracting the roots of all powers 
rhatever. But it was perhaps known much earlier, as ap- 
lears by the treatise on figurate numbers by Nicomachus, 
see Malcolm’s History, p. xviii). Though indeed Cardan 
eems to ascribe this discovery to Stifeltus, See his Opus 
Yovum de Proportionibus Numerorum, where he quotes it, 
ind extracts the table and its use from Stifel’s book. Cardan, 
n p. 135 &c, of the same work, makes use of a like table to 
ind the number of variations, or conjugations, as he calls 
hem. Stevinus too makes use of the same coefficients and 
nethod of roots as Stifelius. See his Arith. page 25. And 
sven Lucas de Burgo extracts the cube root by the same co- 
ficients, about the year 1470: but he does not go to any. 
aigher roots. And this is the first mention I have seen made 
f this law of the coefficients of the powers of a binomial, 
zommonly called Sir I. Newton’s binomial theorem, though 
it is very evident that Sir Isaac was not the first inventor of 
t: the part of it properly belonging to him seems to be, only 
the extending it to fractional indices, which was indeed an 
immediate effect of the general method of denoting all roots 
like powers, with fractional exponents, the theorem being 
pot at all altered. However, it appears that our author 
Briggs was the first who taught the rule for generating the 
coefficients of the terms, successively one from another, of 
any power of a binomial, independent of those of any other 
power. For having shown, in his “ Abacus Tayyysos” (which 
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he so calls on account of its frequent and excellent use, and 
of which a small specimen is here annexed), that the numbers 


ABACUS arxpHrTos. 


in the diagonal directions, ascending from right to left, are 
the coefiicients of the powers of binomials, the indices being 
the figures in‘ the first perpendicular column sa, which are 
also the coefficients of the 2d. terms ofteach power (those of 
the first terms, being 1, are here omitted); and that any one 
of these diagonal numbers is in proportion to the next higher 
in the diagonal, as the vertical of the former is to the mar- 
ginal of the latter, that is, as the uppermost number in the 
column of the former is to the first or right-hand number in) 
the line of the latter; having shown these things, I say, he 
thereby teaches the generation of the coefficients of anys 
power, independently of all other powers, by the very same 
Jaw or rule which we now use in the binomial’ theorem, 
Thus, for the 9th power ; 9 being the coefficient of the ad 
term; and | always that of the first, to find the 3d coefficient, 
we have 2:8 ::9: 36; for the 4th term, 3:77:36: 84; for 
the Sth term, 4:6 ::84: 126:; and so on for the rest. » That 
is to say, the coefficients of the terms in any power ™, are 
inversely as the vertical numbers or first line 1,2, 8,4, . ne 
and directly as’ the ascending numbers m, mm — 1, m — Qe. 
m3, . 6 07, in'the first column «5 and that consequently, 
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those coefficients are found by the continual multiplication of 
7, =, =, ne —, which is 
the very theorem as it stands at this day, and as applied by 
Newton to roots or fractional exponents, as it had before 
been used for integral powers. This theorem then being thus 
plainly taught by Briggs about the year 1600, it is surprizing 
how a man of such general reading as Dr. Wallis was, could 
be quite ignorant of it, as he plainly appears to be by the 85th 
chapter of his algebra, where he fully ascribes the invention 
fo Newton, and adds, that he himself had formerly sought for 
such arule, but without success: Or how Mr. John Bernoulli, 
in the 18th century, could himself first dispute the inven- 
tion of this theorem with Newton, and then give the discovery 
of it to Pascal, who was not born till long after it had been 
taught by Bie See Bernoulli’s Works, vol. 4, page 173. 
But it is not to be wondered that Briggs’s remark was un- 
known to Newton, who owed almost every thing to genius, 
and deep meditation, but very little to reading: and there 
‘can be no doubt that he made the discovery himself, without 
any light from Briggs; and that he thought it was-new for: 
all powers in general, as it was indeed for roots and quanti- 
ties with fractional and irrational exponents. . + 
When the above table of the sums of figurate numbers is 
used by our author, in determining the coefficients: of the 
terms of the equation, whose root is the chord of any sub- 
multiple of an arc, as when the section is expressed by any 
‘uneven number, he remarks, that the powers of that chord or 
root will be the Ist, 3d, 5th, 7th, &c, inthe alternate uneven 
columns, A, Cc, E, G, &c, with their signs -- or — as marked 
to the powers, ici till the hig sheet power be equal to 
the index of the section; and that chi coefficients of. those 
powers are the sums of two continuous numbers in the same 
olumn with the powers, beginning with 1 at the highest 
ie and gradually descending one line obliquely to the 
right at each lower power : so, for a trisection, the numbers 
pre linc,and 1+2=3 ina; and therefore the terms are 
1(3) + 3(1): for a quinquisection, the numbers are 1 ing, 
>. - 


these fractions =, 


7. | 


wl 
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1+4=5inc,2+3=5in A; so that the terms are 
1(5)— 5(3) + 5(1): for a septisection, the numbers are 1 in Gi 
}+6=7ine,4+10= 14ine, and 3+4=7 ina; and: 
hence the terms are — 1 (7) + 7(5) — 14(3) + 7(1): and so 
on; thesum ofall these terms being always equal to the chord 
of the whole or multiple are. But when the section is deno- 
minated by an even number, the squares of the chords enter 
the equation, instead of the first powers as before, and the 
dimensions of all the powers are doubled, the coefticients 
being found as before, and therefore the powers and numbers. 
will be those in the 2d, 4th, 6th, &c, columns: and the uneven 
sections may also be shoei the same way: hence, for a 
bisection the terms will be — 1 (4) + 4 (2); for a trisection 
1(6) — 6 (4) + 9 (2); for the quadrisection — 1(8) + 8(6) 
— 20 (4) + 16 (2); for the quinquisection 1 (10) — 10 (8)+. 
35 (6) — 50 (4) + 25 (2); and so on. 

Our author subjoins another table, a small specimen of 
which is here annexed, in which the first column consists of 
the uneven numbers 1, 3, 5, &c, the rest being found by ad- 
dition as before, and the giiscante diagonal numbers them- 
selves are the coefficients. 


F E D c B A 
+ (6)} +(5)} -—(4)|—(3)] #2) 1 a) 
1 1 1 1 ] 


1 
ri 6 5 4 3 
20 14 Q 5 
30 16 7 
25 


if) 
oe 


The method is quite different |] Vieta’s Table. 


from that of Vieta, who gives an- | 2 |_— 
other table for the like purpose, | 3 | 2 ; 
a small part of which is here an- le ae 
he seaside oad 51573 
nexed, which is formed by adding, 619]¢ 
from the number 2, downwards | 7 |)4 q ath} 
obliquely towards the right; and | 8 |20 [16 | 2 {_— 
the coefficients of the terms stand nM 27/30 | 9 \5th|-—— 
it 


upon the horizontal line. 10 135 150 |25 | 2 \6th 
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_ These angular sections were afterwards further discussed 
»y Oughtred and Wallis. And the same theorems of Vieta 
ind Briggs have been since given in a different form, by 
derman and the Bernoullis, in the Leipsic Acts, and the 
Memoirs of the Royal Academy of Sciences. These theo- 
‘ems they expressed by the alternate terms of the power ofa 
rinomial, whose exponent is that of the multiple angle or 
section. And De Lagny, in the same Memoirs, first showed, 
that the tangents and secants of multiple angles are also ex- 
pressed by the terms of a binomial, in the form of a fraction, 
of which some of those terms form the numerator, and others 
the denominator. ‘Thus, if r express the radius, s the sine, ¢ 
the cosine, ¢ the tangent, and s the secant, of the angle aj 
then the sine, cosine, tangent, and secant of m times the 
angle, are expressed thus, viz. 


. 1 nt n.n-1.n=2 n.n-1.n-2.n-3.n-4 
Sin. n Ax=— X(—c" 1s — Oh tenement pp gS 
=a 1.2.3 Ct ariceey eate 
* 1 anel n.m-l.n-2.n-5 
j i = ey, ees I—2 2 ¥ ee fim 4 4 ’ 
Cosine nA ai ath dy At aa s* &c.) 
‘ -n-1."-2 n.ne-l.n-2n-3.an-4 
ie a Ele A AY ak hae 
MTane.natrx 2 LS 50 1.9.8,4.5 
i ek ag aanl 1242 note | AmB ee nia g 
Re Fh ee hy oes - 
s? orr? 4 2° } 


‘Sec.naA=—r em SOS MARIE BIRR TP RY VOM RMA 
Petre a mr Be aa t* &c. ® 
‘where it is evident, that the series in the sine of 7 A, consists 
‘of the even terms of the power of the binomial (c + 5)’, and 
‘the series in the cosine of the uneven terms of the same power ; 
also the series inthe numerator of the tangent, consists of the 
-even terms of the power (r + 2)’, and the denominator, both 
of the tangent and secant, consists of the uneven terms of the 
same power (r+ ¢)’. And if the diameter, chord, and chord 
of the supplement, be substituted for the radius, sine and co- 
sine, in the expressions for the multiple sine and cosine, the 
result will give the chord, and chord of the supplement, of » 
times the arc or angle a. These, and various other expres- 
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sions, for multiple and submultiple arcs, with other improve- 
ments in trigonometry, have also Death given by Euler, 7 
other eiiivent writers on the same saujeed 
The before mentioned De Lagny offered a project for cubll 
stituting, instead of the common logarithms, a binary arith- 
metic, ich he called the natural ica sbans: and which’ he 
and Leibnitz seem to have both invented about the same time, 
independently of each other: but the project came to nothing. 
De Lagny also published, in several Memoirs of the Royal 
Academy, a new method of determining the angles of figures, 
which he called Gontometry. It consists in measuring, with’ 
a pair of compasses, the arc which subtends the angle in tee 
tion: however, this are is not measured in the usual way, by” 
applying i its extent to any preconstructed scale; but by exX~ 
amining what part it is of half the cane rear of the same 
eircle, in this manner: from the proposed angular point as. 
2 centre, with a sufficiently large radius, a semicircle being 
dedgribiede a part of w hich i is the arc inte¥cepted by the side 
of the Bpased angle, the extent of this arc is taken with a 
pair of fine compasses, and applied continually upon the arc 
of the semicircle, by which he finds how often it is contained 
in the semicircle, with usually a small arc remaining; in the 
same manner he measures how often this remaining arc is” 
contained in the first are ; and what remains again is blige 
continually to the first remainder ; and so the 3 d remainder to 
the 2d, the 4th to the 3d, and so on till there be no remainder, 
or else till it become incest small. By this process he ob- 
tains a series of quotients, or fractional parts, one of another, 
which being properly reduced into one fraction, give the ra- 
tio of the first are to the semicircumference, or of the prow! 
posed angle, to two right angles or 180 dedbecs, and conse- 
quently eat angle in flickr eas, minutes, &c, if required, and 
that aodticilniyes he says, to a degree of accuracy far exceed- 
ing the calculation of the same by’ means: of any tables of 
sines, tangents or secants, notwithstanding the apparent pas. 
foo xis in this expression at first sight. Thus, if the lst arc | 
be 4-times contained in ‘the semiciréle, the remainder once, 


b 


TRACT 21. LOGARITHMS. re % “e 397 


contained in the first arc, the next 5 times in the second, and 
finally the fourth 2 times in the third; Hereghe quotients are 
4,1, 5, 2; consequently the fourth or last are was + the 3d; 


therefore the 3d was a or +7, of the 2d , and the 2d was ib 


or 4+ of the Ist, and the first, or arc sought, was 7 or 23 of 
the semicircle ; and consequently it contains hye degrees, or 
37 8’ 343. ears it is evident, that this cag is in fact 
nothing more than an example of continued fr actions, the first 


epetence of which was given by lord rouncker. 


. But to return from this long digression; Mr. Briggs next 
treats of interpolation by digieuced and ¢ehiefly of quinqui- 
section, after the manner used in the 13th chapter of his con- 
struction of logarithms, before described. He here» proves 
that curious property of the sines and their several orders of 
differences, before mentioned, namely, that, of equidifferent 
cs, the sines, with the 2d, 4th, 6th, &c differences, are con- 
tinued proportionals ; as also the cosines of the means between 
those arcs, and the Ist, 3d, 5th, &c differences. . And to this 
treatise on interpolation by dctcuiiahisiccd he adds a marginal 
‘note, complaining that this 13th emt of his ‘* Arithmetica 
‘Logarithmica’” had been omitted by Viacq in his edition of 
‘it; as if he were afraid of an intention to deprive him of the 
(honour of the invention of interpolation by successive differ- 
‘ences. The note is this: ‘* Modus correctionis a me traditus 
.est Arithmetice Logarithmice capite 13, in editione Londi- 
-nensis: Istud autem caput una cum sequenti in editione Ba- 
‘tava me inconsulto et inscio omissum fuit: nec in omnibus, 
-editionis iJhus author, vir aliogui industrius et non hedenseay 
meam mentem videtur assequutus: Ideoque, ne quicquam 
desit cuiquam, qui integrum canonem conficere cupiat, que- 
dam maxime necessaria illinc huc transferenda censul.” 
_ A large specimen of quinquisection by differences is then 
iven, and he shows how it is to be applied to the construc- 
tion of the whole canon of sines, both for 100th and 1000th 
‘parts of degrees ; namely, for Ba ee divide the quadrant 
“first into 72 equal parts, and find their sines by the primary 
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methods ; then these quinquisected give 360 parts, a secon 
quinquiseetion gives 1800 parts, and a third gives 9000 parts; 
or centesms of degrees: but for millesms, divide the quadrant 
into 144 equal parts; then one quinquisection gives 720, @ 
second gives 3600, a third 18000, and a fourth gives 9000 
parts, or millesms. 

He next proceeds to the natural tangents and secants, whic 
he directs to be raised in the same manner, by interpolations 
from a few primary ones, constructed from the known pro- 
portions between sines, tangents, and secants; excepting tha 
half the tangents and secants are to be formed by addition 
and subtraction only, by means of some such theorems as 
these, namely, Ist, the secant of an arc is equal to the sum 
of the tangent of the same arc, and the tangent of half its 
complement, which will find every other secant ; 2d, double 
the tangent of an are added to the tangent of half its comple 
ment, is equal to the tangent of the sum of that arc and the 
said half complement, by which rule half the tangents will 
be found; &c. 

In the two remaining chapters of this book are treated th 
construction of the logarithmic sines, tangents, and secants. 
This is preceded by some remarks on the origin and inven 
tion of them, Ourauthor here observes, that logarithms may 
be of various kinds; that others had followed the plan o 
Baron Napier the first inventor, among whom Benjamin 
Ursinus is especially commended, who applied Napier’s loga 
rithms to every ten seconds of the quadrant; but that h 
himself, encoufaged by the noble inventor, devised other lo- 
carithms that were much easier and more excellent*. He 
says he put 10, with ciphers, for the logarithm of radius ; 9 
for the logarithm sine of 5° 44’, whose natural sine is one 
10th of the radius; 8 for that of 34’, whose natural sine is one 
100th of the radius, and so on; thereby making 1 the loga- 

ey 


* His words are: ‘* Ego vero ipsius inventoris primi cohortatione adjutus,, 
alios logarithmos applicandos censui, qui multo faciliorem usum habent, pra- 
stantiorem. Logarithmus radii eircularis vel sinus totius, a me et rye 10 &ae* 
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yithm of the ratio of 10 to 1, which is the characteristic of his 
species of logarithms. 
- To construct the logarithmic sines, be directs first to divide 
she quadrant into 72 ential parts as before, and to find the lo- 
garithms of their natural sines as in the 14th chapter of his 
Arithmetica Logarithmica; after which, this number will be 
yncreased by quinquisection, first to 360, then to 1800, and 
Jastly to 9000, or centesms of degrees. But if millesms of 
degrees be required, divide the quadrant first into 144 equal 
carts, and then by four quinquisections these will be extended 
to the following parts, 720, 3600, 18000, and 90000, or mil- 
‘esms of degrees. He remarks however, that the logarithmic 
sines of only half the quadrant need be found in this manner, 
as the other half may be found by mere addition, or subtrac- 
tion, by means of this theorem, as the sine of half an arc is to 
half radius, so is the sine of the whole arc to the cosine of the 
said half arc. This theorem he illustrates with examples, and 
then adds a table of the logarithmic sines of the nena 72 
parts of the quadrant, from which the rest are to be made out 
by quinquisection. 
~ In the next chapter our author shows the construction of 
the natural tangents and secants more fully than he had done 
before, demonstrating and illustrating several curious theo- 
rems for the easy finding of them. He then coneludes this 
chapter, and the book, with pointing out the very easy con- 
struction of the logarithmic tangents and secants by means of 
these three theorems : 
Ist, As cosine : sine :: radius : tangent, 

ad, As tangent : radius : : radius : cotangent, 

3d, As cosine : radius :: radius : secant. 
So that in logarithms, the tangents are found by subtracting 
the cosines from the sines, adding always 10 or the radius ; 
‘the cotangents are found by subtracting always the tangents 
‘from 20 or double the radius; and the secants are found by 
‘subtracting the cosines from 20 the double radius.—The 2d 
‘book, by Gellibrand, contains the use of the canon in plane 
‘and spherical trigonometry. 
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Besides Briggs’s methods of constructing logarithms, above 
described, no others were given about that time. For as to 
the chlanlations made by ilar his numbers being carried to 
comparatively but few plages of figures, they were performed 
by the easiest of Briggs’s methods, and in the manner which 
this ingenious man had pointed out in his two volumes. Thus, 
the 70 chiliads of logarithms, from 20000 to 90000, computed 
‘by Vlacq, and published in 1628, being extended only to10. 
places,. yield no more than two orders of mean differences, 
which are also the correct differences, in quinguisection, and! 
therefore will be made out thus, namely, one-fifth of them by 
the mere addition of the constant logarithm of 5; and. the other 
four-fifths of them by two easy adilitions of very small] num 
bers, namely, of the stand 2d differences, according to the 
directions. given in Briggs’s Arith. Log.c. 13, p.31. Andas 
to Vlacq’s dopericbiaig sinesand tangents to every 10 seconds, | 
they were easily computed thus; the sines for half the qua-. 
drant were found by taking the logarithms to the natural 
sines in Rheticus’s canon; and then from these the logarith- 
mic sines to the other half quadrant were found by mere 
addition and subtraction; and from these all the tangents by 
one single subtraction. So that all these eperations might 
easily be performed by one person, as quickly as a printer | 
could set up the types; and thus the computation and printing 
might both be carried on together. And hence it appears. 
that there is no reason for admiration at the expedition with 
which these tables were said to have been brought out. 


Of certain curves related to Logarithms. 


About this time the mathematicians of Europe began te. 
consider some curves which have properties analogiania 
logarithms... Edmund Gunter, it has been said, first gave the 
idea of a curve, gy hose abs¢isses are in aria progres- 
‘sion, while the corresponding. ordinates are in geometrical - 
‘progression, or whose abscisses are the logarithms cof their 
ordinates; but I cannot find it noticed in any part of his 
writings. The same curve was afterwards considered by 
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athers, and named the Logarithmic or Logistic curve by 
Huygens, in his * Dissertatio de Causa Gravitatis,” where he 
*pumerates all the principal properties of this curve, showing 
its analogy to logarithms. Many other learned men have-also 
©eated of its properties ; particularly Le Seur and Jacquiet, 
m their commentary on Newton’s Principia; by Dr. John 
Keill, in the elegant little tract on logarithms, subjoined to 
tis edition of Euclid’s Elements ; and by Francis Maseres, 
$q. cursitor baron of the exchequer, in his ingenious trea- 
ase on 'l'rigonometry; in which books:the doctrine of loga- 
‘ithms is copiously and learnedly treated, and their analogy 
0 the logarithmic curve &c fully displayed.—It is indeed 
“ather extraordinary that this curve was not sooner announc- 
sd_to the public; since it results immediately from baron 
Napier’s manner of conceiving the generation of logarithms, 
y only supposing the lines which represent the natural num- 
ders to be placed at right angles to that upon which the 
Jogarithms are taken. This curve greatly facilitates the con- 
ception of logarithms to the imagination, and affords an 
umost intuitive proof of the very important property of their 
luxions, or very small increments, to wit, that the fluxion of 
she number is to the fluxion of the logarithm, as the number 
s to the subtangent ; as also of this property, that, if three 
qumbers be taken very nearly equal, so that their ratios to 

h other may differ but a little from a ratio of equality, as 
for exam. the three numbers 10000000, 10000001, 10000002, 
their differences will be very nearly proportional to the loga- 
rithms of the ratios of those numbers to each other: all which 
follows from the logarithmic arcs being very little different from 
their chords, when they are taken very small. And the con- 
tant subtangent of this curve is what was afterwards by Cotes 
stalled the Modulus of the system of logarithms: and since, by 
he former of the two properties above-meutioned, this sub- 
tangent is a 4th proportional to the fluxion of the number, 
he fluxion of the logarithm, and the number itself; this pro- 
derty afforded occasion to Mr, Baron Maseres to give the fol- 
owing definition of the modulus, which is the same in effect 
VOL. 1. DD 
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as Cotes’s, but more clearly expressed, namely, that it is th 
limit of the magnitude of a 4th proportional to these thre 
quantities, to wit, the difference of any two natural number; 
that are nearly equal to each other, either of the said num 
bers, and the logarithm or measure of the ratio they have te 
each other, Or we may define the modulus to be the natura 
number at that part of the system of logarithms, where th 
fluxion of the number is equal to the flaxion of the logarithm, 
or where the numbers and logarithms have equal differences, 
And hence it follows, that the logarithms of equal numbers, 
or of equal ratios, in different systems, are to one another 
the moduli of those systems. Further, the ratio whose mea- 
sure or logarithm is equal to the modulus, and thence by 
‘Cotes called the ratio modularis, is by calculation found to be 
the ratio of 2°718281828459 &c to 1, or of 1 to°367879441171 
&c; the calculation of which number may be seen at ful 
length in Mr. Baron Maseres’s treatise on the Principles of 
-Life Annuities, pa. 274 and 275. 

The byperbolie curve also afforded another source for de- 
veloping and illustrating the properties and construction of 
logarithms. For the hyperbolic areas lying between the curve 
and one asymptote, when they are bounded by ordinates pa 
ralle] to the other asymptote, are analogous to the logarithms 
of their abscisses, or parts of the asymptote. And so also 
are the hyperbolic sectors; any sector bounded by an arc of 
the hyperbola and two radii, being equal to the quadrilateral 
space bounded by the same arc, the two ordinates to either 
asymptote from the extremities of the arc, and the part of 
the asymptote intercepted between them. And though Na- 
_pier’s logarithms are commonly said to be the same as hyper. 
bolic logarithms, it is not to be understood that hyperbolas 
exhibit Napier’s logarithms only, but indeed all-other possible 
systems of logarithms whatever. For, like as the right-angle 
hyperbola, the side of whose square inscribed at the verte: 
-is 1, gives Napier’s logarithms ; so any other system of log 
rithms is expressed by the hyperbola whose asymptotes form 
a certain oblique angle, the side of the rhombus inscribed at 
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he vertex of the hyperbola in this case also being still 1, the 
ame as the side of the square in the right-angled hyperbola. 
Sut the areas of the square and rhombus, and consequently — 
he logarithms of any one and the same number or ratio, dif- 
ering according to the sine of the angle of the asymptotes. 
And the area of the square or rhombus, or any inscribed pa- 
allelogram, is also the same thing as what was by Cotes 
alled the modulus of the system of logarithms ; which mo- 
lulus will therefore be expressed by the numerical measure 
if the sine of the angle formed by the asymptotes, to the 
adius 1; as that is the same with the number expressing the 
rea of the said square or rhombus, the side being 1: which 
s another definition of the modulus to be added to those we 
emarked above, in treating of the logarithmic curve. And 
he evident reason of this is, that in the beginning of the 
eneration of these areas, from the vertex of the hyperbola, 
he nascent increment of the abscisse drawn into the altitude 
, is to the increment of the area, as radius is to the sine of 
he angle of the ordinate and abscisse, or of the asymptotes ; 
nd at the beginning of the logarithms, the nascent increment 
the natural numbers is to the increment of the logarithms, 
51 is to the modulus of the system. Hence we easily dis- 
over that the angle formed by the asymptotes of the hyper- 
sola exhibiting Briggs’s system of logarithms, will be 25 deg. 
4 minutes, 25+ seconds, this being the angle whose sine is 
4342944819 &c, the modulus of this system. 
_ Or indeed any one hyperbola will express all possible sys- 
ems of logarithms whatever, namely, if the square or rhom- 
jus inscribed at the vertex, or, which is the same thing, any 
yarallelogram inscribed between the asymptotes and the curve 
t any other point, be expounded by the modulus of the 
ystem ; or, which is the same, by expounding the area, in- 
ercepted between two ordinates which are to each other in 
he ratio of 10 to 1, by the logarithm of that ratio in the 
Mroposed system. 

As to the first remarks,on the analogy between logarithms 
ind the hyperbolic spaces; it having been shown by Gregory 
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St. Vincent, in his Quadratura Circult et Sectionum Coni, 
pubiished at Antwerp in 1647, that if one asymptote be 
divided into parts, in geometrical progression, and from the 
points of division ordinates be drawn parallel to the other 
asymptote, they will divide the space between the asy mptote 
and curve into equal portions; from hence it was shown by 
Mersenne, that, by taking the continual sums of those parts, 
there would be Sb tibd: areas in arithmetical progression, 
adapted to abscisses in geometrical progréssion, and whick 
therefore were analogous to a system of logarithms. And th 
same analogy was remarked and illustrated soon after, by 
Huygens and many others, who showed how to square the 
hyperbolic spaces by means of the logarithms. . 

There are also innumerable other geometrical figures hay. 
ing properties analogous to logarithms; such as the equian- 
gular spiral, the achive of the tangents and secants, &c; whic 
it is sort our purpose to distinguish more particularly. "4 


Of Gregory's Computation of Logarithms. 


On the other hand, Mr. James Gregory, in his Vers 
Circuli et Hyperbole Quadratura, first printed at Patavi, o1 
Padua, in the year 1667, having approximated to the hyper 
bolic asymptotic spaces tig means of a series of inscribed ami 
circumscribed polygons, thence shows how to compute th 
logarithms, which are analogous to those areas: and thus 
the quadrature of the hyperbolic spaces became the san 
thing as the computation of the logarithms. He here alse 
Jays down various methods to abridge the computation, with 
the assistance of some properties of numbers themselves, by 
which we are enabled to compose the logarithms of all prim 
numbers under 1000, each by one multiplication, two divi 
sions, and the extraction of the square root. And the same 
subject is further pursued in his Exercitationes Geometric } 
to be described hereafter. 

Mr. Gregory was born at Aberdeen: in Scotland 1638, whee 
he was educated. He was | professor of mathematics in the 
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fe died of a fever in December 1675, being only B6 years 
f age. e | 


Of Mercator’s Logarithmotechnia. 


Nicholas Mercator, a learned mathematician, and an inge-~ 
ious member of the Royal Society, was a native of Holstein 
1Germany, but spent most of his time in England, where 
e died in the year 1690, at about 50 years of age.- He was 
he author of many works in geometry, geography, astro- 
‘omy, astrology, &c. . 

In 1668, Mercator published his Logarithmotechnia, sive 
rethodus construendi Logarithmos nova, accurata, et facilis; 
1 which he delivers a new and ingenious method of comput- 
ag the logarithms, on principles purely arithmetical; which, 
eing curious and very accurately performed, J shall here give 
‘rather full and particular account of that little tract, as well 
s of the small specimen of the quadrature of curves by infi- 
lite series, subjoined to it; and the more especially as this 
vork gave occasion to the public communication of some of 
ir Isaac Newton’s earliest pieces, to evince that he had not 
vorrowed them from this publication. So that it appears 
hese two ingenious men had, independent of each other, in 
ome instances fallen upon the same things. 

Mercator begins this work by remarking that the word 
ogarithm is composed of the words ratio and number, being 
's much as to say the number of ratios; which he observes is 
juite agreeable to the nature of them, for that a logarithm is 
tothing else but the number of ratmncule contained in the 
fatio which any number bears to unity. He then makesa 
earned and critical dissertation on the nature of ratios, their 
nagnitude and measure, conveying a clearer idea of the na- 
ure of Jogarithms than bad been given by either Napier or 
Briggs, or any other writer except Kepler, in his work beiore 
described ; though those other writers seem indeed to have 
aad-in their own minds the same ideas on the subject as 

Kepler and Mercator, but without having expressed them so 

slearly. Our author indeed pretty closely foilows Kepler in 


“which have been miseonceived by very learned mathemati 
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his modes of thinking and expression, and after him in platr 
and express terms calls logarithms the measures of ratios 
and, in order to the right understanding that definition 0! 
them, he explains what he means by the magnitude of a ratio 
This he does pretty fully, but not too fully, considering the 
nicety and subtlety of the subject of ratios, and their magni. 
tude, with their addition to, and subtraction from, each other, 


cians, who have thence been led into considerable mistakes, 
Witness the oversight of Gregory St. Vincent, which Huygens 
animadverted on in the E€eracts Eecioneee Gregorii a 
Sancto Vincentio, and which arose from not understanding, 
or not adverting to, the nature of ratios, and their proportions 
to one another. And many other similar mistakes might here 
be adduced of other eminent writers. From all shits we 
must commend the propriety of our author’s attention, in so 
judiciously discriminating between the magnitude of a ratio 
as of a to 6, and the Haecen ee: ~~, or quotient arising from the 
division of one term of the ratio by the other; w hich latter 
method of consideration is always attended ith danger of 
errors and confusion on the subject ; though in the sth defie 
nition of the 6th book of Euclid this quotient is accounted 
the quantity of the ratio; but this definition is probably not 
genuine, and therefore very properly omitted by professor 
Simson in his edition of the Elements. And in those ideas on 
the subject of logarithms, Kepler and Mercator have been 
followed by Hittey: Csebe. and most of the other eminent 
writers since that time. 

Purely from the above idea of logarithms, naniely, as being 
the measures of ratios, and as expressing the number of ratte 
uncule contained in any ratio, or into which it may be divided, 
the number of the like equal ratzuncule contained in some one 
ratio, as of 10 to 1, being supposed given, our author shows: 
how the logarithm or measure of any other ratio may be found. 
But this however only by-the-bye, as not being the principal 
method he intends to teach, as his last and best, and which. 
we arrive not at till near the end of the book, as we shall see’ 


TRACT 21. LOGARITHMS. 407 
/ . 2 


below. Having shown then, that these logarithms, or num- 
bers of small ratios, or measures of ratios, may be ail properly 
represented by numbers, and that of 1, or the ratio of equa- 
lity, the logarithm or measure being always 0, the logarithm 
of 10, or the measure of the ratio 10 to 1, is most conveniently 
represented by 1 with any number of ciphers; he then pro- 
ceeds to show how the measures of all other ratios may be 
found from this last supposition. And he explains the prin- 
ciples by the two following examples. 

_ First, to find the logarithm of 100°5*, or to find how many 
rattuncule are contained in the ratio of 100°5 to 1, the number 
of ratiuncule in the decuple ratio, or ratio of 10 to 1, being 
1.0000000. . 

~ The given ratio 100°5 to 1, he first divides into its parts, 
namely, 100°5 to 100, 100 to 10, and 10 to 1; the last two of 
which being decuples, it follows that the characteristic will be 
2, and it only remains to find how many parts of the next 
decuple belong to the first ratio of 100+5 to 100. Now if each 
term of this ratio be multiplied by itself, the products will be 
in the duplicate ratio of the first terms, or this last ratio will 
contain a double number of parts; and if these be multiplied 
by the first terms again, the ratio of the last products will 
contain three times the number of parts; and so on, the num- 
ber of times of the first parts contained in the ratio of any like | 
powers of the first terms, being always denoted by the expo- 
nent of the power. If therefore the first terms, 100°5 and 100, 
be continually multiplied till the same powers of them have to 
each other a ratio whose measure is known, as suppose the de- 
cuple ratio 10 tol, whose measure is 1.0000000; then the ex- 
ponent of that power shows what mul. this measure 1.000000 
of the decuple ratio, is of the required measure of the first ratio 
100°5 to 100; and consequently dividing 1.0000000 by that 
exponent, the quotient is the measure of the ratio 100°5 to 100 
sought. ‘The operation for finding this, he sets down as here 
follows; where the several multiplications are all performed in 


® Mercator distinguishes his decimals from integers thus 100[5, or 100. 
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> 
the contracted way, by inverting the figures of the multipl 
and retaining only the first number of decimals in each pro- 


duct. 


~ 


100°5000 
5001 


aw ees 


1005000 
* 5025 


ee eee 


1010025 
5200101 


ee eee ees 


1010025 
10100 
20 

5 


SS est ee 


1020150 
0510201 


1020150 
20403 
102 

5] 


1040706 
6070401 


ee eee 


1083068 
8603801 


1173035 
5303711 


Sa eee 


1376011 
1106731 


1893406 
6043981 


3584985 
5894853 
12852116 


Since 
the 


i 


power 


bo tb 


= 


128 
128 


256 
256 


512 


CONSTRUCTION OF 


This power being 
greater than the 
decuple of the like 
power of 100, which 
must always be 1 
with ciphers, re- 
sume therefore the 
256th power, and 
multiply it, not by 
itself, but by the 
next before, viz. by 
the 128th, thus 


3584985 . 256 
6043981 . 128 
6787831 . 384 
LIO673 1). G4 
9340130 . 448 
S30S7TIL A 8g 
10956299 . 480 


_ This power again 


exceeding the same 
power of 100 more 
than 10 times,there- 
fore draw the same 
448th, not into the 


32d, but the next | 


preceding, thus 


9340130 . 448 
8603801 . 16 
10115994 464 


9965774 
10015603 


oar 9916193 ) and the differences 
Beet 49581 § nearly 
49829 
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: 
This being again 
too much, instead 
of the 16th, draw it 
into the 8th, or next 
preceding, thus | 
9340130 . 448 
6070401. § 


a ee 


9720329 . 456 


0520201 wt 
9916193 46 
5200101 , 
10015603 469 
Which — power: 


again exceeds the 
immit; theref. draw 
the 460th into the 
Ist, thus 1 
9916193, ) 


S5OO!l , 


ne 


9965774 . 46 


and the 46 1st power 
is less, than the de- 
cuple of the same 
power of 100, the 
ratio of 100°5 to 
100 is contained i 
the decuple more 
than 461 times, but 
less than 462 times, 
Again, : 


equal ; 
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1erefore the proportional part which the exact power, or 
0000000, exceeds the next less 9965774, will be easily and 
ccurataly found by the Golden Rule, thus : 
The just power . .. 10000000 
and the next less. . 9965774 
the difference . 34226; then 

As 49829 the dif. between the next less and greater, 

: To 34226 the dif. between the next less and just, 

: So is 10000 : to 6868, the decimal parts; and therefore 
f. ratio of 100°5 to 100, is 461-6868 times contained in the 
lecuple or ratio of 10 to 1. Dividing now 1.0000000, the 
neasure of the decuple ratio, by 461°6868, the quotient 
10216597 is the measure of the ratio of 100°5 to 100; which 
veing added to 2 the measure of 100 to 1, the sum 200216597 
s the measure of the ratio of 100°5 to 1, that is, the log. of 
(00°5 is 2.00216597.—In the same manner he next investi- 
gates the log. of 99-5, and finds it to be 1.99782307. 
_ A few observations are then added, calculated to generalize 
he consideration of ratios, their magnitude and affections. It 
is here remarked, that he considers the magnitude of the ratio 
yetween two quantities as the same, whether the antecedent 
de the greater or the less of the two terms: so, the magnitude 
of the ratio of 8 to 5, is the same as of 5 to 8; thatis, by the 
magnitude of the ratio of either to the other, is meant the 
aumber of rat/uncule between them, which will evidently be 
the same, whether the greater or less term be the antecedént. 
And he further remarks that, of different ratios, when we di- 
vide the greater term of each ratio by the less, that ratio is 
of the greater mass or magnitude, which produces the greater 
quotient, et vice versa; though those quotients are not pro- 
portional to the masses or magnitudes of the ratios. But 
when he considers the ratio of a greater term to a less, or of 
a less to a greater, that is to say, the ratio of greater or less 
inequality, as abstracted from the magnitude of the ratio, he 
distinguishes it by the word affection, as much as. to say, 
greater or less affection, something in the manner of positive 
and negative quantities, or such as are affected with the signs 
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+ and —. The remainder of this work he delivers in AS 
propositions, as follows. 


Prop. 1. In subtracting from each other, two quantities| 
of the same aifection, to wit, both positive, or both negative 5 
if the remainder be of the same affection with the two given, 
then is the quantity subtracted the less of the two, or expressed | 


by the less number; but if the contrary, it is the greater. : 

a atb a+2b 
aad? a42l? c45b? me 
(by which is meant the ratios of a toa + b6,a+4 btoa 4- 26, 
a+ 26 toa + 3b, &c,) of equidifferent terms, the antecedent 
of each ratio being equal to the consequent of the next pre- 
ceding one, and proceeding from less terms to greater ; the 
measure of each ratio will be expressed by a greater quantity 
than that of the next following ; and the same through all 
their orders of differences, namely, the Ist, 2d, 3d, &c, dif- 
ferences; but the contrary, when the terms of the ratios 
decrease from greater to less. 


Prop. 2. In any continued ratios, as 


Prop. 3. In any continued ratios of equidifferent terms, if 
the Ist or least be a, the difference between the Ist and 2d 4, 
and c,d, e, &c, the respec- | 
tive first term of their 2d, Ist term a 
3d, 4th, &c, differences: 2d term a+ _ bd 
then shall the several quan- 3d term a 4+ 2b +4 ¢ 
tities themselves be as in 4thterma + 36 + 3c + d 
theannexedscheme; where Sth term a + 4b 4+ 6c +'4d +e 
each term “is composed &e, &e. 
of the first term, together | 
with as many of the dif- 
ferences as it is distant 
from the first term, and to 
those differences joining, 
for coefficients, the num- 


a 


bh deel oo) 
Bad Oi (6. den 
$8 610 15 21 28 36 
410 20.35 56 84 
51535 701296 — 


eee 


ent eel ce ed 


bers in the sloping or ob- 6 21 56 126 M 
lique lines contained in the 7 28 84 

_ annexed table of figurate 8 36 
numbers, in the same 9 
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manner, he observes, Ist term @ 

as the same figurate 2d termia— 6 

Mumbers complete the 3d term a — 26+ ¢€ 

powers raised from abi- 4th term a — 36 + 3¢— d 
nomial root, as had long 5th term a — 46 + 6¢— 4d +e 
before been taught by ke, &e. 
others. He also re- 

marks, that this rule not only gives any one term, but also 
the sum of any number of successive terms from the begin- 
ning, making the 2d coefficient the first, the 3d the 2d, 
and so on; thus, the sum of the first 5 terms is 5a 4+ 10) + 
10c + 5d +. 


In the 4th prop. it is shown, that if the terms decrease, 
proceeding from the greater to the less, the same theorems 
hold good, by only changing the sign of every other term, 
as in the margin. 


Prop. 5 shows how to find any multiple nearly of a given 
ratio. To do this, take the difference of the terms of the 
‘ratio, which multiply by the index of the multiple, from the 
product subtract the same difference ; add half the remain- 
der to the greater term of the ratio, and subtract the same 
half from the less term, which give two terms expressing the 
required multiple a little less than the truth —Thus, to qua- 
‘druple the ratio 23: the difference of the terms 3 multiplied 
by 4 makes 12, from which 3 deducted leaves 9, its half 44 
added to the greater term 28 makes 325, and taken from the 
less term 25, leave 201; then 203 and 324 are the terms 
nearly of tae quadruple sought, or reduced to whole num- 
bers gives 44, a little less than the truth. 


Prop. 6 and 7 treat of the approximate multiplication and 
‘division of ratios, or, which is the same thing, the finding 
nearly any powers or any roots of a given fraction, in an easy 
manner. The theorem for raising any power, when reduced 

toa simpler form, is this, the m power of—, or (+)", is = 
nearly, where sis = a+ 6, andd= aw 6, the sum and dit- 
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ference of the two numbers, and the upper or under signs 
‘ a ° 

take place according ae is a proper or an improper, frac- 

tion, that iis, according as a is less or greater than 6. And the 


th. for extracting the mth root of “, is aye) OF (Syn =™ 

: 1 Ut d - re Peaks er Lb ms += d' 
nearly ; which latter rule is also the same as the former, as 

. . . . 1 . A ee 
will be evident by substituting — instead of m in the first 

3 
; Botts. ns = md 
theorem. So that universally (—)r, iss=-——— nearly. These 
hb as A imd xf P 
theorems however are nearly true only in some certain cases, 
a ‘ 7 = oo 
namely when = and do not differ ereatly from unity. And 
a i 

in the 7th prop. the author shows how to find nearly the error 
of the theorems. 


In the 8th prop. it is shown, that the measures of ratios of 
equidifferent terms, are nearly reciprocally as the arithmeti- 
cal means between the terms of each ratio. So, of the ratios 
ro) +2, 23, the mean between the terms of the first ratio is 
17, of the 2d 34, of the 3d 51, and the measure of the ratios: 
are nearly as {1, a mi 


From this property he proceeds, in the 9th prop. to find the 
measure of any ratio less than 723:5, which has-an equal dif. 
ference, 1, of terms. In the two examples, mentioned near 
the beginning, our author found the logarithm, or measuré 
of the ratio, of 22:5, to be 21769,3., and that of reer to be 
21659,%,; therefore the sum 43429 is the Jogarithm of ,22'5,. 
Orise X roos5 or the logarithm of 29:5. is nearer 43430, 
as found by other more accurate computations. \ Now to find 
the logarithm of 422, having the same difference of terms, fF 
with the former ; it will be, by prop. 8, as 100°5 (the mean 
between 101 and 100): 100 (the mean between 99-5 and 100°5) | 
: 43430 : 43213 the logarithm of 122, or the difference be- 
tween the logarithms of 100 and 101. But the log. of 100 is” 
2; therefore the logarithm of 101 is 2.0043213.—Again, to 
find the logarithm of 102, we must first find the logarithm of | 
tox 3 the mean between its terms being 101*5, therefore as_ 
1O1*S ; 100 =: 43430 : 42788 the logarithm of 1°4, or the dif 
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ference of the logarithms of 101 and 102. But the logarithm 
of 101 was found above to be 2.0043213; therefore the log. 
of 102 is 2.0086001.—So that, dividing continually 868596 
(the double of 434298 the logarithm of +224 or 284) by each 
number of the series 201, 203, 205, 207, &c, then add 2 to 
‘the 1st quotient, to the sum add the 2d quotient, and so on, 
‘adding always the next quotient to the last sum, the several 
‘sums will be the respective logarithms of the numbers in this 
‘series 101, 102, 103, 104, &c. i 
The next, or prop. 10, shows that, of two pair of conti- 
‘nued ratios, whose terms have equal differences, the difference 
“of the measures of the first two ratibs, is to the difference of 
‘the measures of the other two, as the square of the common 


term in the two latter, is to that in the former, nearly. Thus, 


a+b at+36 at4b 
- as the measure of 


i the foir .ratios: —— =, = oa 
a+b’ a+2b? a+4l’? a+5b’ 


2Qab : 
etn 8 (the difference of the first two, or the quotient of the 


(a+)? 
aat+ 8ab+15bhb ; 


wo fractions) : 1 sasure of ———_— : 
t ons): is to the mez (at Soy 


: is to (a+6)*, nearly. 
In prop. 11 the author shows that similar properties take 
place among two sets of ratios consisting each of 3 or 4 &e 
continued numbers. or 
Prop. 12 shows that, of the powers of numbers in arith- 
-metical progression, the orders of differences which become 
equal, are the 2d differences in the squares, the 3d differences 
‘in the cubes, the 4th differences in the 4th powers, &c. And 
hence it is shown, how to construct all those powers by the 
_ continual addition of their differences; as had been long before 
‘more fully explained by Briggs. 


80 (a+ 4b)" 


In the next, or 13th prop. our author explains his compen- 
_ dious method of raising the tables of logarithms ; showing how 
‘to construct the logarithms by addition only, from the pro- 
perties contained in the 8th, 9th, and 12th props. For this 
i purpose, he makes use of the quantity — which by division 


A aye 4 “ a ac ac? ac3 i 
he resolves into this infinite series Tp chi gg oh apa &e (a 


-infin.). Putting then a= 100, the arithmetical mean between 


a 
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the terms of the ratio -22:5, 6 = 100000, and c successively 
equal to 0°5, 1*5, 2°5, &c, that so 6 — ¢ may be respectivel 
equal to 99999°5, 99998°5, 99997°5, &c, the corrésponding 
means between the terms of the ratios ~2293%, 23398, 99997 
&c, it is evident that i will be the quotient of the 2d term 


divided by the Ist, in the proportions mentioned in the 8th 
and 9th propositions ; and when all of these quotients are 
found, it remains then only to multiply them by the constan 
3d term 43429, or rather 43429°8, of the proportion, to pro- 
duce the logarithms of ‘the ratios ~29929, $9938) Beer, es 
ti eee ; then adding these continually to 4, the logarithm 
of 10000, the least aati: or subtracting aie from 5, th 

logarithm of the highest term 100000, there will resale the 
logarithms of all the absolute numbers from 10000 to 100000. 


Now when c = 0 5, then 


a 2 3 
>= ‘001, =-000000005, <<. =-000000000000025,-— =+000000000000000000125 


2 
&e; therefore — se — + = + < &c, is =="001000005000025000125, 


“In like mamner, if c=1-5, then — will be =-001000615000225003375, 
—C 


and if e=2'5, then = will be =-001000025000625015625; 
—C 


&c. But instead of constructing all the values of — in the 
usual way of raising the powers, he directs them to be found 
by addition only, as in the last proposition. Having thus 
found all the values of —; the author then shows, that 


they may be drawn into the constant loga- 
rithm 43429 by addition only, by the help of 
the annexed table of its first 9 products. 

The author then distinguishes-whith of the 130287 
logarithms it may be proper to find in this 173716 


] 43429 

2 

3 

4 
way, and which from their component parts. 5 | 217145 

6 

| 

§ 


86858 


Of these, the logarithms of all even numbers 260574 
need not be thus computed, being composed 304003 
from the number 2; which cuts off one-half of 347432, 
the numbers: neither are those numbers tobe 9 | 390861 
computed which end in 5, because 5 is one of their factors ; 
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these last are 4, of the numbers; and the two together 4 + 
fs make 3 of the whole: and of the other 2, the + of them, 
rv +7, of the whole, are composed of 3; and hence 2 + +, or 
te of the numbers, are made up of such as are composed of ™ 
2,3, and 5. As to the other numbers which may be com- 
posed of 7, of 11, &c; he recommends to find thezr logarithins 
in the general way, the same as if they were incomposites, 
as it is not worth while to separate them in so easy a mode of 
calculation. So that of the 90 chiliads of numbers, from 
10000 to 100000, only 24 chiliads are to be computed.— 


Neither indeed are all of these to be calculated from the fore- 


going series for 7 but only a few of them in that way, and 


ae 
the rest by the proportion in the 8th proposition. Thus, 
having computed the logarithms of 10003 and 10013, omit- 
ting 10023, as being divisible by 3, estimate the logarithms 
of 10033 and 10043, which are the 30th numbers from 10003 
and 10013; and again omitting 10053, a multiple of 3, find 
the logarithms of 10063 and 10073.. Then by prop. 8, 
As 10048, the arithmetical mean between 10033 and 10063, 
to 10018, the arithmetical mean between 10003 and 10083, 
‘so 13006, the dif. between the logs. of 10003 and 10033, e 
“to 12967, the dif. between the logs. of 10033 and 10063. 


: | 10048 | 12967 
That is, Ist, As 210078> : 10018 :: 13006 : <~ &c. 
ee 10108 
10053) 12953 
» Again, As 210088 > : 10028 :: 12992 : < &c. 
10118 
10068 12940 
And 8dly, As 2 10098> : 10038 :: 12979 : 4 &c. 
&e. 


And with this our author concludes his compendium for con- 
structing the tables of Jogarithms. 

He afterwards shows some applications and relations of the 
doctrine of logarithms to geometrical figures: in order to 
which, in prop. 14, he proves algebraically that, in the right- 
angled hyperbola, if from the vertex, and from any other 


¥ 
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point, there be drawn Br, FH perpendicular 
to the asymptote AH, or parallel to the other 
asymptote; then will AH: AI: :B1: FH. And, 
In prop. 15,if at=Br1= 1, and n1==a; then 
1 
wil rH = = l—a+a—a@-+ at—a &e, 
im imfinitum, by a continued algebraic divi- 
sion, the process of which he describes, step by step, as 
thing that was new oruncommon. But that method of divi 
sion had been taught before, by Dr. Wallis in his Opu 


Arithmeticum. 


Prop. 16 is this: Any given number being supposed to b 
divided into innumerable small equal parts, it is required t 
assign the sum of any powers of the continual sums of thos 
innumerable parts. For which purpose he lays down thi 
rule; if the next higher power of the given number, abov 
that power whose sum is sought, be divided by its exponent 
the quotient will be the sum of the powers sought. That i 
if n be the given number, and a one of its innumerable equ 


parts, then will 
a@ + (2a)” + (3a)* + (4a)"&e.... N* be = —_ whic 
theorem he demonstrates by a method of induction. Anc 
this, it is evident, is the finding the sum of any powers of at 
infinite number of arithmeticals, of which the greatest tern 
is a given quantity, and the least indefinitely small. Iti 
also remarkable, that the above expression is similar to th 
rule for finding the fluent to the given fluxion of a power, a 
afterwards taught by Sir I. Newton. 


Mercator then applies this rule, in prop. 17, to,the qua 
drature of the hyperbola. Thus, putting a1 = 1, conceive 
the asymptote to be divided from 1 into innumerable equa 
parts, namely 1p = pg = gr = a; then, by the 14th and 15th 


Sel) @ ee aay 1 are 
P {ie the area Biru is = th 


qt = 1—2a+4 4a°— 8° &c aT 
sum ps+qgt-++-ru, which is = 


ru==1 — 3a ese" -- 27H &c 
3 — 6a+14a* — 36a? &c, that is, equal to the numbe: 
of terms contained in the line 17, minus the sum of those 
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rms, plus the sum of the squares of the same, minus the sum 


PY IA = 1, as before, and 1p = 0°1 the number of terms, to 
d the area Bips; by prop. 16 the sum of the terms wit be 


2 
= +005, the sum of their squares = :000333333, the sum 


| their cubes 000025, the sum of the 4th powers ‘000002, 

ae sum of the 5th powers ‘000000166, the sum of the 6th 
powers *000000014, &c. Therefore the area Bips is =*]— 
005 + *000333333 — +000025 +- 000002 — *000000166 + 
000000014 &c = 100335347 —-005025 166 ='095310181 &e. 
Again, putting Ig = ‘21 the number of terms, he finds in 
like manner the area Bigf = ‘21 — *02205 + 003087 — 
1000486202 +. +000081682 — -000014294 + 000002572 — 


f their cubes, plus the sum of the 4th powers, &c. Putting | 


000000472 +- -000000088&eC = 213171345 ~"022550984an 


190620361 &e. 
b He then adds, hence it appears that, as the ratio ae: At to 
ap, or 1 to 1"1, is half or subduplicate of the ratio of a1 to 
Ag, or | to 1:21, so the area Brps is here found to be half of 
the area Big’. These areas he computes to 44 places of 
figures, and tinds them still in the ratio of 2 to I. 
| The foregoing doctrine amounts to this, that if the rect- 
angle Bi x rr, which 1n this case is expressed by 17 only, be 
ut = a, AI being = 1, as betore; then the area Birw, or the 
hyperbolic logarithm of 1 + a, or of the ratio of lto 1+ 4, 
will be equal to the infinite series A—fA*-+-3A3—1At+ 145 
ke ; and which therefore may be Fe Oe as Mevedtbr’s 


quadrature of the hyperboia, or his general expression of an ~ 


hyperbolic logarithm in an infinite series. And this method 
Was further pantosed by Dr. Wallis in the Philos. Trans. for 
Be year 1668. | 


In prop. 18 Mercator compares the hyperbolic areole with 


the ratiuncule of equidiflerent numbers, and observes that, 


x areola nips is the measure of the ratiuncula of ar to ap, 
he areola spgf is the measure of the ratiuncula of ap to ag, 

e areola ¢gru is the measure of the ratiun. of ag to ar, &c, 
Finally, in the 19th prop. he shows how.the sums of joga- 
ithms may be taken, after the manner of the sums of the 
_ VOL. k EE 


> 
7 —_, 


, 


¢ 
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areole. And hence infers, as a corollary, how the continua! 
product of any given numbers in arithmetical progression 
a may be obtained : for the sum of the logarithms is the loga 
, rithm of the continual product. He thea remarks, that fron 
the premises it appears, in what manner Mercentnipt s proble 
may be resolved, if not geometrically, at least in figures to 
any number of places. And thus closes this ingenious tract, 
In the Philos. Trans. for 1668 are also given some further 
Sinaia of this work, by the autbor himself, And in vas 
rious places alsoina sia manner arelogarithms and hy pers 
bolic areas treated of by Lord Brouncker, Dr. Wallis, Sir y 
Newton, and many other learned persons, | 


Of Gregory's Exercitationes Geometrice. 


In the same year 1668 came out Mr.. James Gregory’s 
Exercitationes Geometrice, in which are contained the hols 
lowing pieces: 

1, Appendicula ad veram circuli et hyperbole quadrad 
turam : | 

2, N. Mercatoris quadratura hyperbole geometricé deq 
monstrata ; | 

3, Analogia inter lineam meridianam Planisphearii nautiek 
et tangentes artificiales geometricé demonstrata ; seu quod 
secantium naturalinm additio efficiat tangentes artificiales : ; 

4, Item, quot tangentium naturalium additio efficiat secan=) 
tes ar he AY ‘ 

5, Quadratura conchoidis : a 

6, Quadratura cissoidis: et 4 

7, Methodus facilis et accurata componendi secantes’ ef 
tangentes artificiales. ' 

The first of these pieces, or the Appendicula, contains some 
further extension and illustration of his Vera circuli et “hy~ 
perbole quadratura, occasioned by the animadversions made 
on that work by the celebrated mathematician and philoso 
pher Huygens. | 


In the 2d is demonstrated geometrically, the quadrature di ol 


’ 
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he hyperbola; by which he finds a series similar to Merca- 
or’s for the logarithm, or the hyperbolic space beyond the 
irst ordinate (BI, fig. pa. 416). In like manner he finds an- 
a series for the space at an equal distance within that or- 
nate. ‘These two series having all their terms alike, but 
ill the signs of the one plus, and those of the other alternately 
lus and minus, by adding the two together, every other term 
s cancelled, and the double of the rest denotes the sum of 
yoth spaces. Gregory then applies these properties to the 
Ogarithms; the conclusion from all which may be thus briefly 
‘xpressed : e | 


i 1+A 
since A — 1A” + 143 — La* &c = the log. of —, 


and a+ 3a* + 443+ 24a* &c = the log. of +, 

1+A 
\theref. 2a + 343 + 305 + 3a7 &c = the log. of —, 
ir of the ratioof 1 — Ato 1 +a. Which may be accounted 
sregory’s method of making logarithms. 


The remainder of this little volume is chiefly employed 
bout the nautical meridian, and the logarithmic tangents and 
ecants. It does not appear by whom, nor by what accident, 
tas discovered the analogy between a scaie of logarithmic 
angents and Wright’s protraction of the nautical meridian 
ine, which consisted of the sums of the secants. It appears 
jowever to have been first published, and introduced into the 
fractice of navigation, by Henry Bond, who mentions this 
jroperty in an edition of Norwood’s Epitome of Navigation, 
winted about 1645; and he again treats of it more fully in 
m edition of Gunter’s works, printed in 1653, where he 
taches, from this property, to resolve all the cases of Mer- 
ator’s sailing by the logarithmic tangents, independent of 
ie table of meridional parts. This analogy had only been 
bund to be nearly true by trials, but not demonstrated to be 
‘mathematical property. Such demonstration seems to have 
een first discovered by Nicholas Mercator, who, desirous of 
aaking the most advantage of this and another concealed in- 
ention of his in navigation, by,a paper in the Philos. Trans. 
& EE2 


A206 — CONSTRUCTION OF - -yracT 2k, 


for June 4, 1666, invites the public to enter into a wager with 
him, on his bility to prove the truth or falsehood of the sup, 
posedanalogy. This mercenary proposal however seems no 
to have been taken up by any one, and Mercator reserved hi 
demonstration. The proposal however excited the attenti¢ : 
of mathematicians to the subject itself, and a demonstratiot 
was not long wanting. The first was published about twe 
years after by Gregory, in the tract now under consideration 
and- from thence and other similar properties, here demon 
strated, he shows, in the last article, how.the tables of loga 
rite tangents and secants may easily be computed, fr on 
the natural tangents and secants. The substance of which i 
as follows: 
Let ar be the arc of a quadrant, 
extended in a right line, and let 
the figure aut be composed of the 
natural tangents of every arc from 
the point a, erected perpendicular 
to AI at their respective points: 
let ap, PO, oN, nM, &c, be the 
very small panel parts into which the quadrant is divide 
namely, each 4, or ~3, of a degree ; draw PB, OC, ND, ME 
&c, perpendicular to a1. Then it is manifest, from what hac 
been demonstrated, that the figures aBp, aco, &c, are thi 
artificial secants Bh the arcs ap, Ao, &c, putting o for the 
artificial radius. It is also manifest, that the rectangles BO 
CN, DM, &c, will be found from the Nin Geanth of the smal 
part ap of Ene quadrant by each natural tangent. But, h 
proceeds, there is a little more difficulty in measuring the 
figures ABP, BCX, cpv, &c; for if the first differences of the 
tangents be equal, aB, Bc, cp, &c, will not differ from righ 
lines, and then the figures ABP, BCX, CDV, &c, will be right 
angled triangles, and therefore any one, as Hac, will be = 
z0H xX ac: but if the second differences be equal, the sal¢ 
figures will be portions of trilineal quadratices; for example 
HaG will be a portion of a -trilineal quadratix, whose axis if 
parallel to au; and each of the last differences being z, it wi ) 


i 
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be auc =1an x ac— zx ac; and if the 3d differences be 
qual, the said figures will be portions of trilineal cubices, 
nd then shall ane be equal tan x aG~—4/(7,QHX ZX AG—. 
a15<%’ x AG’): when the 4th differences are equal, the said 
ures are portions of trilineal quadrato-quadratices, and the 
tth differences are equal to 24 times the 4th power of ac, 
divided by the cube of the latus rectum ; also when the 5th 
differences are equal, the said figures are portions of trilineal 
sursolids, and the 5th differences are equal to 120 times the 
sursolid of ac, divided by the 4th power of the latus rectum 5 
and soon in infinitum, What has been here said of the com- 
Position of artificial secants from the natural tangents, it is 
remarked, may in like manner be understood of the compo~ 
sition of artificial tangents, from the natural secants, accord- 
ing to what was before demonstrated. It is also observed, 
that the artificial tangents and secants are computed, as above, 
on the supposition that 0 is the log. of 1, and 1000000000000 
the radius, and 2302585092994045624017870 the log. of 10; 
but that they may be more easily computed, namely by ad- 
dition only, by putting 7 ofa degree =ac=ap=1, and the 
Jogarithm of 10 = 7915704467897819 ; for by this means 
FaH X QG Is = {QH = QHG, and L@H X Q@G—+-Z X @G = iaqH— 
3.7 = QHuG, also taH x aG— \/ (72H X ZX AG — 775%" XK AG’) 
= ton— /(7,aHx Z—r7'rgz’) = ane: And finally, by one 
division only are found the artificial tangents and secants to 
1000000000000000, the logarithm of 10, putting still 1 for 
radius, which are the differences of the artificial tangents and 
secants, in the table, from that artificial radius; and to make 
the operations easier in multiplying by the number 
71915704467897819, or logarithm of 10, a table is set down of 
ats products by the first 9 figures. But if ap or ac be = 734 
ofa degree, the artificial tangents and seeants will answer to 

13192840779829703 as the logarithm of 10, the first 9 mul- 

tiples of which are also placed in the table. But to represent 
the numbers by the artificial radius, rather than by the loga- 
rithm of 10, the author directs to add ciphers, &c.—+And so 
much for Gregory’s Exercitationes Geometrice. 


. 
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The same analogy between the logarithmic tangents and 
the meridian line, as also other similar properties, were after- 
wards more elegantly demonstrated by Dr. Halley in the 
~ Philos. Trans. for Feb. 1696, and various methods given for 
computing the same, by examining the nature of the spira 
into which the rhumbs are transformed in the stereographicak 
projection of the sphere, on the plane of the equator; the 
doctrine of which was rendered, still more easy and elegant 
y the ingenious Mr, Cotes, in his Logometria, first printed 
in the Philos. Trans. for 1714, and afterwards in the collece 
tion of his works published in 1732, by his cousin Dr. Robert: 
Smith, who succeeded him in the Plumian professorship of 
philosophy in the University of Cambridge. 
The learned Dr. Isaac Barrow also, in his Lectiones Geo= 
metrice, lect. xi. Append. first published in 1672, delivers a 
similar property, namely, that the sum of all the secants of 
any arc is analogous to the logarithm of the ratio of r + s to 
r — S$, or radius plus sine to radius minus sine; or, which is 
the same thing, that the meridional parts answering to any 
degree of Jatitude, are as the logarithms of the ratios of the 
versed sines of the distances from the two poles. 
Mr. Gregory’s method for making logarithms was further 
exemplified in numbers, in a small tract on this subject, 
printed in 1688, by one Euclid Speidell, a simple and illiterate 
person, and son of John Speidell, before mentioned among | 
the first writers.on logarithms. 
Gregory also invented many other infinite series, and among 
them these herg following, viz. a being an arc, ¢ its tangent, 
and s the secant, to the radius 7; then is 


cers 3 75 77 19 & 
= AT re Mee Gg Coe 
a3 Qa5 a7 §2a9 , 
hah et ae pone On aha pete aes: 
ws 3y2 43 15r4 + 31576 i 2835r8 &e. 
a2 _. dat 61a® 277 a8 
ivan ie! fe — —- ieee oe eee 
¥ 4 2r Q4rs i. 720r° F 806477 Ke. 


And if 7 and o denote the artificial or logarithmic tangent and. 
secant of the same arc a, the whole quadrant being g, and 


€ = 24 — q; then is } 
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Ge bie ~ soi0r pBUs Digg 
ee 2474 = 50407 7257678 
' Bers @ ’  61e? Q7"e° & 
( tee hoe i dag an Tt S010 * Tare Mo 
" aS 1'Ta8 62at? 
oo at sat i 1 a5007 1 o83507 ke. 
nd if s Rds the artificial secant of 45°, and s + /the arti- 


ficial secant of any arc a, ~ artificial radius being 0; then is 


i he EF, 4 14 45215 
SH tly + Ga 33 + sak ee 


The investigation of all which series may be seen at pa. 298 
et seq. Vole Ls. Lr Horsley’ s commentary on Sir I. Newton’s 
works, as they were given in the Commercium Epistolicum, 
ho. xx, without nC OE Ale and where the number 2 is 
also wanting in the denominator of the first term of the seriés 
expressing the value of ¢. 

Such then were the ways in which Mercator and Gregory 
applied these their very simple series a—4a* + 34° — 74" &c, 
and a+4a7+144°+1*ke, for the purpose of computing loga- 
tithms. But they might, as I apprehend, have applied them 
to this purpose in a skorter and more direct manner, by com- 
puting, by their means, only a few logarithms of small ratios, 
in which the terms of the series w duld have decreased by the 

owers of 10, or some greater number, the numerators of all 
ihe terms being unity, and their denominators the powers of 
10 or some greater number, and then employing these few 
logarithms, so computed, to the finding the logarithms of 
ther and greater ratios, by the easy operations Bs mere ad- 
Wition and subtraction. This might have been done for-the 
Jogarithms of the ratios of the Bist ten numbers, 2, 3, 4, 5, 
6,7 7,8, 9, 10, and I1, to 1, inthe following manner, com- 
Nanicead by Mr. Baron Mageres. 


of 1 to 2, or of 1 to 1—y74, is equal to the series 


1 1 1 e 
ro + gx300 + Sxi000 © Fx 10000 + se i00ggoe 

~ In like manner are easily found the logar ithms of the ratios 
11 to 10; and then, by the same series, those of 121 to 


120, and of 81 to 80, and of 2401 to 2400; in all which cases 


Bt 


+ 


In the first place, the logarit! im of the ratio of 10 to 9, or . 


> 
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the series would converge still faster than in the two firs 
cases. We may then or beeen by mere addition and subtrae- 
tion of logarithms, as follows ; 


Wy 0. ee LE eh Ls toh EOL ee 
Evers 21.13, ie ES 5 
Leo = Ls +L. 3, | L. 22 = 1, 82 — Li 82, 
Le Fee ss Ate re Ty BE Bs eee 294 

OL. wvo=aL 3, PRE Se Re RES 
igh ea) 2 Lge Lb, go- Lg 


Having thus got the logarithm of the ratio of 2 to 1, or, im 
common language, the logarithm of 2, the logarithms of all 
sorts of even numbers may be derived from those of the odd 
numbers, which are their coefficients, with 2 or its powers, 
We may then proceed as follows: 


L. 4=2L. 2, L24=L.8° 470.9 

L010 = L.%? + L..4,. | L.2400 = L. 100.4 Ls 24, 

bk 9 =L. 2 +L.4, | L.2401 = L. 24954 L. 2400) 

L. 3=21L. 9, L. 7 =2L. 2401, 

BE: 100 =2L.:10, Leh Vs ie a 8s 

Be SLES TA, Ly .o6i=| LoS ose 
Thus we have got the logarithms of 2,3, 4, 5, 6,7, 8,9, 10, 


and 11. And this is, upon the whole, perhaps the best me- 
thod of computing logarithms that can be taken. There have 
been indeed some methods discovered by Dr. Halley, and 
other mathematicians, for computing the logarithms of the 
ratios of prime numbers, to the next adjacent even numbers, 
which are still shorter than the application of the foregoing 
series. But those methods are Jess simple and easy to under- 
stand, and apply, than these series ; and the computation of 
Jogar ils by these series, when asain terms decrease by the 
powers of 10, or of some greater number, is so very short. 
and easy (as we have seen in the foregoing computations of 
the logarithms of the ratios of 10 to 9, 11 to 10, 81 to 80, 
121 to 120, &c,) that it is not worth while to seek for any 
shorter methods of computing them. And this method of 


~ 
ig 


a 
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computing logarithms is very nearly the same with that of 
Sir I. Newton, in his second letter to Mr. Oldenburg, dated 
October 1676, as will be seen in the following article. 


Of Sir Isaac Newton’s Methods. 
: 


' The excellent Sir J. Newton greatly improved the quadra- 
ture of the hyperbolical-asymptotic spaces by infinite seri 
‘derived from the general quadrature of curves by his mnie Hed 
of fluxions; or rather indeed he invented that method him- 
‘self, and the construction of logarithms derived from it, in the 
year 1665 or 1666, before the publication of either Mercator’s 
‘or Gregory’s boukal as appears by his letter to Mr. Olden- 
burg dated October 24, 1676, printed in p. 634 et seg. vol. 3, 
“of Wallis’ s works, dad elsewhere. The 
uadrature of the hyperbola, thence trans- 
lated, is to this effect. Let drp be an hy- 
perbola, whose centre is c, vertex F, and 
interposéd square CAFE=1. Inca Gigs AB 
and ad on each side = y, or Si ATate yt Oe ae 


erecting the perpendiculars Bp, bd: half the sum of the spaces 
0-001, 000001 , 0-0000001 


ap and ad will be = O11 + —- + : see 
and the half diff, = 22) 4 20h, SO Oe ke. 


Which reduced will stand thus, 
t 0000000000000,0- 0050000000000 The sum of these 0° 1053605156577 i is Ad, 


: $333333333 — 250000000 and the differ. 0°0953101798043 is AD. 
B 20000000 1666666 In like manner, putting AB and Aé , 

: 142857 12500 each = 0°2, there is obtained 

é - 1111 m 100 Ad = 0°2231435513142, and 

“ 9 1 AD = 0°1823215567939. 


\oriovasaoeTro10,6 005025167906 

y Having thus the hyperbolic logarithms of the es decimal 
Ruimbers 0°8, 0-9, 1'1, and 1°2; and since ao rer = oS and 
o- ‘8 and 0°9 are less than unity; adding tues lgrithns to 
double the logarithm of 1°2, we have 0°6931471805597, the 
_ byperbolic logarithm of 2. ABD the triple of this adding the 


L log.» of 0°8, because ho = 10, we haye 2°3025850929933, 


2x 
0:8 
i ; 


z. 


’ 
. 
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the logarithm of 10, Hence by one addition are found the 
logarithms of 9 and 11: And thus the logarithms of all these’ 
prime numbers, 2, 3, 5, 11 are prepared. Furthery by only 
depressing the numbers, above computed, lower in the deci- 
mal places, and adding, are obtained the logarithms of t ’ 
decimals 0°98, 0°99, 101, 1:02; as also of these 0:998, 0°999, 
1:001, 1:002. And hence,, by addition and subtraction, will 
arise the logarithms of the primes 7, 13, 17,37, &c. All which 
logarithms being divided by the above logarithm of 10, give. 
the common logarithms to be inserted in the table. 
And again, a few pages further on, in the same letter, he. 
resumes the construction of logarithms, thus: Having found, 
as above, the hyperbolic logarithms of 10, 0°98, 0°99, 101, 
1°02, which may be effected in an hour or two, diviaing the’ 
last four logarithms by the logarithm of 10, and adding the 
index 2, we have the tabular logarithms of 98, 99, 100, 1 ly 
102. ‘Then, by interpolating nine means, between each of 
these, will be obtained the logarithms of all numbers between 
980 and 1020; and again interpolating 9 means between every 
two numbers from 980 to 1000, the table will be so far con- 
structed. Then from these will be collected the logarithms 
of all the primes under 100, together with those of their mul- 
tiples: ali which will require only addition and subtraction; for | 


oe er ta: 1 1001 102 
ites kes”, 


9945 5H55 FHT; Sail 137g 
gets 195 sea = 2%s gp 2Me gy SL ems; Bar, 
= 43; 47; a= gras Mpeg = Elio = 67s | 
SS = 73; 19; = 83; = 89; ar S97. 


This quadrature of the hyperbola, and its application to 
the construction of logarithms, are still further explained by 
our celebrated author, in his treatise on Fluxions, published 
by Mr. Colson in 1736, where he gives all the three series for 
the areas AD, ad, Bd, in general terms, the former the same , 
as that published by Mercator, and the latter by Gregory; 
and he explains the manner of deriving the latter series from _ 
the former, namely by uniting together the two series for the 


4 


, 
7 
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spaces on each side of an ordinate, bounded by other ordi- 
nates at equal distances, every 2d term of each series is can- 
celled, and the result is a series converging much quicker than 
either of the former. And, in this treatise on fluxions, as well 
as in the letter before quoted, he recommends this as the most 
convenient way of raising a canon of logs. computing by the 
Series the hyperbolic spaces answering to the prime numbers 
8, 3,5, 7, 11, &c, and dividing them by 2°3025850929940457, 
which is the area corresponding to the number 10, or else 
multiplying them by its reciprocal 0°4342944319032518, for 
the common logarithms. ‘‘ Then the logarithms of all the 
numbers in the canon which are made by the multiplication 
of these, are to be found by the addition of their logarithms, 
as is usual. And the void places are to be interpolated after- 
wards by the help of this theorem: Let 2 be a number to which 
a logarithm is to be adapted, x the difference between that 
and the two nearest numbers equally distant on each side, 
whose logarithms are already found, and let d be half the dif. 
ference bs the logarithms; then the required ae ae of the 


number 7 will be obtained by adding d + — = lags &C to. 
the logarithm of the less number.” ‘This Pinon he demon- 


strates by the hyperbolic areas, and then proceeds thus ; 
d 
*¢ The two first terms d + — of this series I think to be ac. 


‘curate enough for the construction of a canon of logarithms, 
‘even though they were to be produced to 14 or 15 figures; 
provided the number whose logarithm is to be found be not 
Jess than 1000. And this can give little trouble in the calcu- 
Jation, because v is generally an unit, or the number2. Yet 
it is not necéssary to interpolate all the places by the help of 
this rule. For the logarithms of numbers w ‘hich are produced 
by the Pale alication or division of the number last found,, 
may be obtained by the numbers whose logarithms were had 
before, by the addition or subtraction of their logarithms.— 
‘Moreover, by the differences of the logarithms, and by their 
2d and 3d differences, if there be occasion, the void places 
‘may be more expeditiously supplied; the foregoing rule being 
to be applied only when the continuations some full places 
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; | 
is wanted, in order to obtain those differences, &c.” , So that’ 
Sir I. Newton of himself discovered all the series for the above 
quadrature, which were found out, and afterwards published i 
partly by Mercator and partly by Gregory; and these we may 
here exhibit in one view all together, and that in a general” 
manner for any hyperbola, namely putting cA = a, AF = 6, 
and AaB = Ab = x; thenwill zp = = = and 6d = aramnenddy 


the areas are as ee viz. 


1 bx? bt8 bat ad | 

ek Tae bx ch Qa 3a? 4a3 5at ke. 
ba’ ba3 bat 5x5 

Ad = br + —+ sa + ait ga SC- i 

Qbx3 Dba Qba? Qbx? 4 

rele LEEW TET ae 


In the same letter my above quoted, to Mr. Oldenburg, 
our illustrious author teaches a method of constructing the 
trigonometrical canon of sines, by an easier method of mul-_ 
tiple angles than that before delivered by Briggs, for the same | 
purpose, because that in Sir Isaac’s way radius or 1 is the first 
term, and double the sine or cosine of the first given angle i i 
the ad term, of all the pr oportions, by which the several suc-_ 


cessive mil aiile sines or cosines are found. The substance 
of the method is thus: The best foundation for the construce” 
tion of the table of sines, is the continual addition of a given | 
angle to itself, or to another givenangle. As, if the angle ry | 
. be to be added ; 


inscribe HI, IK, KL, LM, MN, No, op, &c, each equal to y the! 
radius AB; and to the opposite sides draw the perpendiculars | 
BE, HQ, IR, KS, LT, MV, NX, or, &c; so shall the angle a be. ) 
the common difference of the angles Hia, 1KH, KLI, LMK, &es” 
_ their sines Ha, ir, Ks, &c; and their cosines 1a, KR, Ls, Kc. 
Now let any one of them umx, be given, then the rest w il be™ 
thus found: Drawira and xb perpendicular to sv and Mv} 


e 


‘ 
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now because of the equiangular triangles ABE, TL@, KM), 
ALT, AMV, &c, it will be agp: AE :: KT: Sd (=41LV+418) 3: 
LT : Ta (=iMV+4ks,) and AB: BE:: LT: La (=fLS— Ly) 
3: KT (=3{KM):4Md (=imMv—4ixs.) Hence are given the 
sines and cosines Ks, My, Ls, Lv. And the method of conti- 
‘nuing the progressions is evident. Namely, : 
| (LV :MT + Mx:: MX: NV + Ny &c, 
OUMv.:Nx + LT a: Nx : oY + Mv &c, 
Ae :NX — LT ::MX:0Y — Mv &c, 


as AB: 2AE 3.3 


Or AB: 2BE :: 
MV: MT — MX!::NK : NV — NY &. 


And, on the other hand, ap: 2aE:: ts : KT + KR &. 
‘Therefore put an = 1, and make BE xX LT=Ld, AEX KT= Sd, 
sa—Lad = LV, 2AEX LV—TM = MX, &C¢. 

The sense of these general theorems is this, that if p be any 
one among a series of angles in arithmetical progression, the 
angle ¢@ being their common difference, then as radius or 

i: 2cos, dz: [0% P * CO P +d+ Cos. p — 4d, 
"(sin p:sin. p +d+ sin. p — d, 
err as. aie :sin, p +d — sin. p— a, 
sin. p: cos. p + d — cos. p — d; 
where the 4th terms of these proportions are the sums or dif- 
ferences of the sines or cosines of the two angles next less and 
greater than any angle p inthe series; and therefore, sub- 
tracting the less extreme from, the sum, or adding it to the 
‘difference, the result will be the’greater extreme, or the next 
“sine or cosine beyond that of thé’term.p. And in the same 
manner are all the rest to be found’. This method, it is evi- 
dent, is equally applicable, whether ‘the common diftcrencs 
-d, or angle a, be equal to one term of the series or not: when 
it zs one ofthe terms, then the whole series of sines and co- 
sines becomes thus, viz, a8,1 : 2 cos. d:: ; 
sin. d: sin. 2d +: sin, 2d: sin. d+sin. 3d:: sin. 3d: sin. 2d+sin. 4d &c. 
cos. d: 1+ cos. 2d:: eos. 2d: cos. d+ cos. 3d.:: cos. 3d: cos. Jd+ cos. 4d Ke, 
which is the very method contained in the directions given by 
Abraham Sharp, for constructing the canon of sines, 
Sir I. Newton remarks, that it only remains to find the sine 
and cosine of a first angle a, by some other method ; and for 
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this purpose, he directs to make use of some of his own infi- 
nite series: thus, by them will be found 1:°57079&c for the. 
quadrantal arc, the square of which is 2°4694&c ; divide this 
square by the square of the number expressing the ratio o 


90 degrees to the angle a, calling hie qhotient z; then 3 off 
s % ys ba 


2% 720. F Fose0 . 
the cosine of that angle a. Thus we may first find an angle. 
of 5 degrees, and thence the table be computed to the series. 
of every 5 degrees ; then these interpolated to degrees or, 
half degrees by the same method, and these interpolated. 
again; and so on as far as necessary. But two-thirds of the 
table being computed in this manner, the remaining third will 
be found by addition or subtraction only, as is well known. | 

Various other improvements in logarithms and trizonome-_ 
try are owing to the same excellent personage; such as, the - 
series for expressing the relation between circular*arcs and 
_ their sines, cosines, versed-sines, tangents, &c ; namely, the 
are being a, the sine s, the versed-sine v, cosine ¢, tangent ¢, 
radius 1, then is c 


4 terms of this series Neer + &e, will give 


a= S Fes BS pe sT ob vii? + &.. | 

Lis ne + aye + 3,0? + S08 + riigo? -- &e. } 

8, =, bos B ick vu Bim alate IP — &e 

S =a — £0 + yh — zcyea™ + setae — &. 

sebig Silicate gly -abauee dened ctl eendllae 
edt i! tirketh inkided dmasstreenit a ke: 
Pe ahwt at hl + SRO the. | 
; 

3 


Of Dr. Halley's Method. 


Many other improvements in the construction of loga- — 
rithms are also derived from the same doctrine of fluxions, as _ 
we shall‘show hereafter. In the mean time proceed we to 
the ingenious method of the learned Dr. Edmund Halley, — 
secretary to the Royal Society, and the second astronomer _ 
royal, having succeeded Mr. Flamsteed in that honourable ; 
office in the year 1719, at the Royal Observatory at Green- 
wich, where he died the 14th January 1742, in the géth year — 


ah 
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% his age. His method was first printed in the Philosophical 
Pransactions for the year 1695, and it is entitled ‘* A most 
sompendious and facile method for constructing the loga- 
ithms, exemplified. and demonstrated from the nature of | 
tumbers, without any regard to the hyperbola, with a sea! 
thod for finding the aumber from the given logarithm.” 
“Instead of the more ordinary defuiion of logarithms, as 
wmerorum proportionahum egquidifferentes comites, in this 
ract our learned author adopts this other, numer? rateonem 
srponentes, as being better adapted to the principle on which 
ogarithms are here constructed, where those quantities are 
tot considered as the Jogarithms of the numbers, for example, 
if 2, or of 8, or of 10, but as the logarithms of the ratios of 
to 2, or 1 to 3, or 1 to 10. In this consideration he first 
sursues the idea of Kepler and Mercator, remarking that any 
uch ratio is préportional’to, and is measured by, the number 
if equal ratiuncule contained in each; which ratiuncule are 
0 be understood as in a continued scale of proportionals, in- 
inite in number, between the two terms of the ratio; which 
afinite number of mean proportionals, is to that infinite 
wumber of the like and equal ratiuncule between any other 
wo terms, as the logarithm of the one ratio, is to the loga- 
ithm of thes other: thus, if there be supposed between 1 and 
0 an infinite scale of mean proportionals, whose number is 
000 &c in infinitum ; then between 1 and 2 there will be 
102 &c of such proportionals ; and between 1 and 3 there 
vill be 47712 &c of them; which numbers therefore are the: 
ogarithms of the ratios of 1 to 10, 1 to2, and 1 to 3. But 
or the sake of Ais mode of constructing logarithms, he changes 
his idea of egual ratiuncule, for that of ‘other macnn, SO 
onstituted, as that the same infinite number of them shall be 
ontained in the ratio of 1 to every other number whatever ; 
nd that therefore these latter ratiuncule will be of unequal 
t different magnitudes in all the different ratios, and in such 
ort, that in any one ratio, the magnitude of each of the ra- 
iunculz in this latter case, will be as the nwmber of them in 
he former. And therefore, if between 1 and any number 


. » 
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proposed, there be taken any infinity of meansproportionals,. 
the infinitely small augment or decrement of the first of those 
means from the first term 1, will be a ratiuncula of the ratio 
of 1 to the said number ; Hits as the number ofjall the ratiun | 
cule in these continued proportionals is the same, their sump | 
or the whole ratio, will be directly proportional to the mags 
nitude of one of the said ratiuncule in each ratio. But it is 
also evident that the first of any number of means, between 
1 and any number, is always equal to such root of that nume 
ber, whose index is expressed by the number of those pro- 
portionals from 1: so, if m denote the number of proportionals 
from 1, then the first term after 1 will be the mth root of that 
number. Hence, the indefinite root of any number being exe 
tracted, the differentiola of the said root from unity, shall be 
as the Hea ad of that number. So if there be required the 
log. of the ratio of 1 to 1 +4; thé first term after 1 will be 
(1+ 9)”, and theref. the required log. will be as (1 4q)yi= 13 


Eh, ois 1 1—m , 1 Il—m 1—2m 

: \m a a. SS E Sa? ee Se Ere SEN ee eS 

But, (I pce hee ia F * Oni, F m° 2m 3m ¥ 
&c; or by omitting the 1 in tHe compound numerators, as 


infinitely small in respect of the UN spr m, the same 


—m 2 

series will become 1 ++ 4 += —— 7 tn rs an — | 
1 >, 

&c, or by abbreviation it is L429 a ne += — gi 7 &e; 


and hence, finding the differentiola oy subtr active 1, the los 
garithm of the ratio of 1 to.1 + q is as — x (q-i¢ +3975 
z9* + 39° — x96 &c.) Now the index m may be taken equal 
to any ahi number, and thus all the varieties of scales of 
logarithms may be produced: so, if m be taken 1000000&e, 
the theorem will give Napier’s 1Sseerele’ but.if m be taken! 
equal to 230258&c, there will arise Briggs’s logarithms. 
This theorem being for the increasing ratio of 1 tol + 43 

if that for the decreasing ratio of i to 1—g be also sought, i 
will be obtained by a proper ehange of the signs, by which 
the decrement of the first v3 the infinite number of propor 
tionals, will be found to be — into g + 19% + 49? + ig! &e, 
which therefore is as the logarithm of the ratio of 1,to 1—g,* 


P| 
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Hence the terms of any ratio being a and b, g becomes 
—, or the difference divided by the less term, when it is an 


iereasing ratio; or g = when the ratio is decreasing, or 
sbtoa. Therefore the logarithm of the same ratio may id * 
oubly expressed; for, putting x for the difference b—ao 

1e terms, it will be 


rs 1. 6 2 3 at 
either — into — — Bite Se 
m a , Qa2 3a3 4at 


14 2 x? x3 a* 
eer tt Pe oa ae &e. 
jut if the ratio of a to 6 be supposed divided into two parts, 
amely; into the ratio of a to 4a + 40 or 42, and the ratio of 
to b, then will the sum of the logarithms of those two ratios 
é the logarithm of the ratio of a to &. Now by substituting 
1 the foregoing series, the logarithms of those two ratios will 


70% Lr x? x? at x? 
e.—- od iat ace ii 
m into £ + Qe? a re Azt A 525 &e. 


Pay il. r a? a3 a4 x" 
and — into — — — + — — —4+ —&¢; hencethe sum 
m xo 4 222 323 424 va 525 &e; and henc , 
2x Q13 Qa5 Q17 Qx° 
or into > + gat ga t aa t op + he 


“ill be the logarithm of the ratio of a to 6. | 
Further, if from the logarithm of the ratio of a to tz, be 
aken that of 1z to b, we shall have the logarithm of the ratio 
f ab to 1z*; and the half of this gives that of 4/ ab to 42, or 
f the geometrical mean to the arithmetical mean, And con- 
equently the logarithm of this ratio will be equal to half the 
lifference of that of the above two ratios, and will therefore 
: 2 - 8 

+ ino S+ State 4+ &c. 

The above series are similar to some that were before given 
vy Newton and Gregory, for the same purpose, deducedfrom 
e consideration of the hyperbola. But the rule which is 

droperly our author’s own, is that which follows, and is de- 
ived from the series above given for the logarithm of the 
jum of two ratios. For the ratio of ab to 42° or 3a°+4ab4 30, 
aaving the difference of its terms 4a°—4ab + 4° or (36-44) 
or 4x”, which in the case of finding the logs. of prime num- 
vers is always 1, if we call the sum of the terms 4e*+ab=y", 
VOL, I. F F 


a 


the scale of logarithms, being 1000&c in Napier’s or the hy 
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the log. of the ra. of ./ad to 1a++6 or tz will be found toh 


i. 1 l 1 J 1 

— — Hf 34+ — + — ci 

92 into y? +. 3y6 Ho Sy? + Tyt4 + Oy38 + “ r 
And these rules oug learned author exemplifies by som 


cases in numbers, to show the easiest mode of application 1 
‘practice. 


Again, by means of the same binomial theorem he resolve: 
with equal facility, the reverse of the problem, namely, frot 
the log. given, to find its number or ratio: For,’ as the log 

: +t 
of the ratio of 1 to 1 + ¢ was proved to be (1 +9)” —1, an 
, ; =e 
that of the ratio of 1 tol — qgtobe 1—(t —g)”; hence 
calling the given logarithm 1, in the former 


. . 4 

ease it will be (1 -+-¢)” =1+41, & 
rT 

and in the latter (1 — g)"” = 1 — 4; , 


and 1 — g = (1 — 1)! theorem, 
T+ 9=1 4m L+ ym? L? + tn 134 mt 144 ms LS &c 

and -1—g=1—mL+im? L?>—21m3 L3-++ tt 4 — tn & 
mu being any infinite index whatever, differing according t 


and therefore b + ¢ = (1 + ons that is, by the binomi 


perbolic logarithms, and 2302585&ce in Briggs’s. 

If one term of the ratio, of which x is the logarithm, 
given, the other term will be easily obtained by the sani 
rule: For if 1 be Napier’s logarithm, of the ratio of a th 
less term, to 6 the greater, then, according as a or b is'given 
we shall have, | 

6=aintol+Lu+ 207 + gL? - Lt + &e, 

a= bintol — 1. + 417 — 413 +5414 — &c. 
Hence, by help of the logarithms contained in the tables, ma 
easily be found the number toany given log. to a great extent, 
For if the small difference between the given log. L and tl 
nearest tabular logarithm, either greater or less, be called 
and the number answering to the tabular logarithm a, when 
it is less than the given logarithm, but 6 when greater ; it 
will follow, that the number answering to the log. 1, will 

either a into 1 + J + 3/2 4 2/3 azlt + rl + &e, 

or bintol — J+ i? — iB 4 2M lt js + &o, 


R 
~ 


r 


* 
° 
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thich series converge so quickly, 7 being always very small, 
jat the first two terms 1 + d are generally sufficient to find 
je number to 10 places of figures. — 

Dr. Halley subjoins also an easy approximation for thes 

aries; by which it appears, that the number answering t 


. 1+ 1—4l ‘ oils a, 
log. is nearly [-—5x @ or iy) X 6 in Napier’s logs.; and 
5 n—3l ‘ pee ‘ gat 
i * ? Ws X 6 in Briggs’s logarithms; where 7 is = 


3429448 1903kce= ~., 


Of Mr. Sharp’s Methods. 


Wie labours of Mr. Abraham Sharp, of Little-Horton, near 
bradford in Yorkshire, in this branch of mathematics, were 
ery great and meritorious. His merit however consisted 
ather.in the improvement,and illustration of the methods of 
ormer writers, than in the invention of any new ones of his 
wn. In this way he greatly extended and improved Dr. 
falley’s method, above described, as also those of Mercator 
ind Wallis; illustrating these improvements by extensive 
alculations, and by them computing table 5 of my collection 
Mathematical Tables, consisting of the logarithms of all 
mimbers to 100, and of all prime numbers to 1100, each to 
1 places. He also composed a neat compendium of the best 
ethods for computing the natural sines, tangents, and se- 
ants, chiefly from the rules before given by Newton; and 
iy Newton’s or Gregory’s series 4 = ¢— 38 + 445 — 417 &c, 
or the arc in terms of the tangent, he computed the circum- 
erence of the circle to 72 places, namely from the are of 30 
fegrees, whose tangent ¢ is = to the radius 1. Other 
rprizing instances of his industry and Jabour appear in his 
ometry Improv’d, printed in 1717, and signed A. S. Philo- 
th, from which the 5th table of logarithms above-mentioned 
vas extracted. This ingenious man was sometime assistant 
tt the Royal Observatory to Mr. Flamsteed the first astrono- 
ner royal; and, being one of the most accurate and inde- 
ftigable computers that ever existed, he was for many years 
FF 2 


436 CONSTRUCTION OF ‘TRACT 2) 


the common resource for Mr, Flamsteed, Sir Jonas Moore 
Dr. Halley, &c, in all intricate and troublesome calculation: 
He afterwards retired to his native place at Little-Hortor 
where, after a life’spent in intense study and calculations, h 
died the 18th July 1742, in the 91st year of his age. 


Of the Construction of Logarithms by Fluxions. 


It appears by the very definition and description given b 
Napier of his logarithms, as stated in page 341 of this vo 
that the fluxion of his, or the hyperbolic logarithm, of an 
number, is a fourth proportional to that number, its loge 
rithm, and unity; or, whichis the same thing, that it is equi 
to the fluxion of the number divided by the number: Fort 
description shows, that zl: za or 1 :: 21 the fluxion of za:z 
which therefore is = a ; but zd is also equal to the fluxio 
of the logarithm a&c, by the description ; therefore the flus 
ion of the logarithm is equal to -, the fluxion of the quanti 
divided by the quantity itself. The same thing appears agai 
at art. 2 of that little piece, in the appendix to his Construct 
Logarithmorum, entitled Habitudines Logarithmorum 
suorum naturalium numerorum invicem, where he obser 
that, as any ereater quantity is to a less, so is the velocity ¢ 
the increment or decrement of the logarithms at the place ¢ 
the less quantity, to that at the greater. Now this velocit 
of the increment or decrement of the logarithms being th 
same thing as their fuxions, that proportion is this, w:a: 
flux. log. a: flux. log. x; hence if abe = 1, as at the begi 
ning of the table of numbers, where the fluxion of the logs 
is the index or characteristic ¢, which is also 1 in Napier’s ¢ 
the hyperbolic logarithms, and 43429&c in Briggs’s, the s 
proportion becomes v:1::¢: flux. log. x; "but the cor 
stant fluxion of the numbers is also 1, and therefore that pr 


. . . o CZ f 
portion isalso this, a: %::¢: — = the fluxion of the log. ¢ 
; and in the hyperbolic logs, wher ise TS eh f 
<3; and ip the AyPp c logs. where ¢ is = 1, it become 


= = the fluxion of Napier’s or the hyperbolic logarithm ¢ 


i ~~ 
ie) 
<A = 
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- This same property has also been noticed by many other 
Bars since Napier’s time. And the same, ora similar pro- 
ty, is evidently true in all systems of logarithms whatever, 
amely, that the modulus of the system is to any number, as 
ie fluxion of its logarithm is to the fluxion of the number. 
w from this property, by means of the doctrine of Hux- 
ins, are derived other ways for making logarithms, which 
we been illustrated by many writers on this branch, as Craig, 
hn Bernoulli, and almost all the writers on fluxions. And 
lis metbod chiefly consists in expanding the reciprocal of 
s given quantity in an infinite series, then multiplying cach 
m by the fluxion of the said quantity, and lastly taking the 
nts of the terms; by which there arises an infinite series 
# terms for the logarithm sought. So, to find the logarithm 
> any number N3 put any compound quantity for Nn, as 


é N+ 2x 
ippose —~ 5 
N : <2 x ar 227 asx 
f fli me log. or — bein — —-— — -— —_ — —- & 
A the . of the o N S u+rxr 72 ni 49 n3 n* Ke, 
: ‘ N+xv x a? . x3 a 
; y ny of”. a ae a= a ta ° 
le fluents give log. of n or log. of —- =-—5+5-,-—7,, Ke 
N— x x x xs x’ 
RC writing —.x for x gives log. =~ —- 5-557 — pnt E> 
because apne Sat or log, — = 0-— log ue 
”? 0 ar ee waitin Jig) By et o* ‘ 
f; n v x? x3 at 
, Ce ee MR Es La cae eas ee 
theref. log. re De eto a Aiie &c, 
n x x? a3 x4 
ames , Se ~ — . Ge 
Ms and log. nN—* + n 1 5 Qn2 + 3n3 re Ant & 


“And by adding and subtracting any of these seriesy to or 
one another, and multiplying or dividing their corre- 
donding numbers, various other series for logarithms may 
found, converging much quicker than these do. 

like manner, by assuming quantities otherwise com~ 
nded, for the value of n, various other forms of logarith- 
tic series may be found by the same means. 


; Of Mr. Cotes’s Logometria. 


Mr. Roger Cotes was elected the first Plumian professor of 
onomy and experimental philosophy in the university of 


as 
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Cambridge, January 1706, which appointment he filled with 
the greatest credit, till he died the 5th of June.1716, in tk the 
prime of life, vine not quite completed the 34th year oj 


his age. His early deau was a great loss to the mathemati, 
cal world, as his genius and abilities were of the brighte ' 
order, as is manifest by the specimens of his performa 
iven to the public. Among these is, his Logometria, first 
printed i in number 338 of the Philosophical Transactions, and 
afterwards in his Harmonia Mensurarum, published in 1799, 
with his other works, by his relation and successor, in the 
Plumian professorship, Dr. Robert Smith. In this piece 
first treats, in a general way, of measures of ratios, which 
measures, he observes, are quantities of any kind, whose ma o. 
nitudes are analogous to the magnitudes of the ratios, these 
magnitudes wheats? increasing nei decreasing tagethag ir 
athe | same proportion. He remarks, that the ratio we equality 
has no magnitude, because it Reed dees no change by adding 
and subtracting ; that the ratios of greater and Jess inequality, 
are of ietong neon and therefore if the measure of the 
one of these be considered as positive, that of the other will be 
negative ; and the measure of the ratio of equality nothin 
Th: at there are endless systems of these, which have all the 
‘measures of the same ratios proportional to certain give’ 
quantities, called modulz, which he defines after wards, and the 
ratio of which they are the measures, each in its peculiar sys. 
tem, is called the modular ratio, ratio modularis, which rati 
is the same in all systems, He then adverts to logarithins 
which he considers as the numerical measures of ratios, an¢ 
he describes the method of arranging them in tables, with 
their uses in multiplication and division, raising of powers ant 
‘extracting of roots, by means of the corresponding operation} 
of addition and subtraction, multiplication and division. 
After this introduction, which is only a slight abridgment 
of the doctrine Jong oar’ very amply treated of by others 
and particularly by Kepler and Mercator, we arrive at the 
first proposition, which has justly been censured as obscure 


and imperfect, seemingly through an affectation of brevits 
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atricacy, and originality, without sufficient room for a dis- 
Nay of this quality. ‘The reasoning in this proposition, such 
it is, seems to be something between that of Kepler atic 
inciples of fluxions, to which the quantities and expresstons 
nearly allied. However, as it is my duty rather to nar- 

e than explain, I shall here exhibit it exactly as it stands. 
This proposition is, to determine the measure of any ratiogjas 
Yor instance that of ac to aB, and which is effected a # 
manner: Conceive the differ- 
ance Bc to be divided into 
pnumerable very small par- 
cles, as pa, and the ratio between Ac and AB into as many 
such very small ratios, as between A@ and ap: then if the 
magnitude of the ratio between Aq and ap be given, by divid- 
ing, there will also be givén that*of pa to ap ; and therefore, 
this being given, the magnitude of the ratio between ae and 


B R. (2.0 ee 


Ap may be expounded by the given quantity = for, AP re- 

maining constant, conceive the particle pa to be augmented 

or diminished in any proportion, and in the same proportion | 

will the magnitude of the ratio between a@ and ap be aug- % 
mented or diminished : Also, taking any determinate quan- te 
tity m, the same may be expounded by m x ~; and therefoxe 


the quantity mM x - will be the measure of the ratio between 


‘ag and ap. And this measure will have divers magnitudes, 
‘and be accommodated to divers systems, ‘according to ‘the 
divers magnitudes of the assumed quantity mM, which therefore 

scalled the modulus of the system. Now, like as the sum of 
| all the ratios Ae to Ap is equal to the proposed ratio ac to AB, 


PO 
“so the sum of all the measures M x —, found by fhe known 


methods, will be equal to the required measure of the said 
proposed ratio. : 


The general solution being thus dispatehed, Rm the ge- 
“neral expression, Cotes next’ deduces other forms of the 
“measure, in several corollaries and scholia: as Ist, the terms 
“ap, AQ, approach the mearer to equality as the small differ- 


os, 
i? 


’ 
’ 
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ence P@ is less ; so that either M x - — = or M Ke -" = will be the 


measure of the ratio between aa Ail AP, to the modulus Mm. 
ed, That hence the modulus m, is to the measure of the! 
ratio between Aa and AP, as either AP or Aq is to their dife 
ference Pa. : The ratio between ac 4nd az being given, the 


sum of all the - = = will be given§ and the sum of all the m x = = 


is Bs M: thenehite the measure of any given ratio, is as the 
. modulus of the system from which it, is taken. 4th, There= 
fore, in eyery System of measures, the modulus will alway 
be equal to the measure of a certain determinate and immut- 
able ratio; which therefore he calls the modular ratio. sth, 
To illustrate the solution by an example: Jet 2 be any deter- 
mimate and permanent quantity, 2 a variable or indeterminate 
quantity, and x its fluxion; then, to find the measure of 
e ratio between z+ x and z— x, put this ratio equal to the 
ratio between y and 1, Hottie the number y by ap, i 
’ fluxion 7 by pa, and 1 by ap: then the fluxion of the re- 


quired measure of the ratio between yandlism x =, 
a é y & 


* Now, for y, restore its val. =<, and for ¥ the flux. of that val, 


ae aH 


{ese 
aye? 60 shall ine flux, of the measure become 2m x 


23 — ra 


or wi into aa ee + * + &e gand therefore that measure wil] 


i 2M into S45, +&c. In like manner the measure of 


sat pe . 
the ratio between 1] + vand 1, will be found tobe - - - = 
™M into’ — zu’ + 30? — 1v4 + &c. And hence, to find the 
number from the logarithm given, he reverts the series in this _ 
manner : If the last measure be called m, we | 


i ) 
” - shall have — Ora =v— jv +403 — 104 4 195 &e, 


therefore vs. vH yx +770+ — 305 &e, 
and P= =e pally -— 34 205 &c, 
and at ~ - = - = ut rite 205 &c, 7 


and) QS), j4/- ie). oe w &es 
then, by adding continually, we shall have, 


‘~ 4 
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a+ 40? = ve 103 + Zot — F305 Ko, 
40% -+ 303 = vie vt + a'qv” Kc, 
2 oss ~ ; * 
 @+ 40? + fa? + QGat mv — yew’ Kc, 
*. 4Q + £0? -f Aa -|- azo 4. ricoC=Hv &e, ¢ 
(Phat is v= a 4+ 2a? $203 4- Jat + 71,5 &c. And there- 
fore the required ratio of 1 +- v to 1, is equal to the ratio of 
1+e+ 4a &c to lw Now put m = M, or a = 1, and the 


above will become the ratio of 1+4+4+ $b age + He 


to 1, for the constant modular ratio. In like manner, if the § 
-Fatio between 1 and | — v be proposed, the measure of this 
ratio will come out m intow + 40% 4+ 103 + 4v¢&c3 which * 


being called m, and = =a, that ratio will be the ratio of 
f° to P> a} Me — 10° + a' Kc. And: hence, taking 

m=, or a=1, the said modular ratio will also be the ratio 
‘of 1 tol — _— er ee... Abd the former of 
_ thesé expressions, for the modular ratio, comes out the ratio 
| f 2.718281828459 &c to 1, and the latter the ratio of 1 to 

867879441191 &c, which number is the reciprocal of the 
formere ) 


. 


In the 2d prop. the Jearnéd author gives directions for cons © 
structing Briggs’s canon of logarithms, namely, first by the 
3 3 : 
general series 2m infor +P 3 + = + &c, finding the loga- 
rithms of a few such ratios as that of 126 to 125, 225 to 224, 
2401 to 2400, 4375 to 4374, &e, from which the logarithm of 
10 will be found tony 2.302585092994 &c, when M is 1; but 
“ since Briggs’s log. of 10 is 1, therefore a§ 2.302585 Kc is to 
hep 1, sois 1 (Briggs’s log. of 10) to 0.43 294481903 * 
“which. therefore is the modulus of Briggs’s logarithms. Hence 
, | . . 
he deduces the logarithms of 7, 55, S,nnde2. 7 In like manner 
are the logarithms of other prime numbers to be found, and 
from them the logarithms of composite numbers by addition 
d subtraction only. 
. - t2 fia A F 
i Cotes then remarks, that the first ternpof the general series 


_ 2m into — 8 += + &c, will be sufficient for the loga- 


cithms of intermediate numbers between those in the table 
pugyen for numbers beyond the limits # thé table. Thus, ta 


+ ° 
’ 


~ 
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find the logarithm answering to any intermediate number ; 


Jet a and e be two numbers, the one the given number, and 
the other the nearest tabular number, a@ being the greater, 
and e the less of them ; putz = a+ e their sum, =a — e- 
their difference, 4 = the logarithm of the ratio of a to é, 
that is the excess of the logarithm of a above that of e: 80 


shall the said difference of their logarithms be A = 2m x = 
” 


very nearly. And, if there be reqttired the number answer- 
ing to any given intermediate logarithm, because A is = 
= — as theref. 7 = = or Es very nearly 
In the 3d prop. the ingenious author teaches how to convert — 
the canon of logarithms inte logarithms of any other system, 
by means of their moduli, And, in several more propositions, 
he exemplifies the canon of logarithms in the solution of va- 


rious important problems in geometry and physics; sueh as 


_ 


the quadrature of the hyperbola, the deseription of the logi- . 


stica, the equiangular spiral, the nautical meridian, &c, thé) 
descent of bodies in resisting mediums, the density of the 
atmosphere at any altitude, &c, &c. 


Of Dr. Taylor’s Construction of Logarithms. — 


Dr. Brook Taylor, avery learned mathem#atfeian , and secre- 
tary to the Royal Society, who died at Somerset-house)Nov. 
1731, gave the following method of constructing logarithms, in 
number 352 of the Philosophieal Transattions. His method is 


founded on these three éonsiderations: Ist, that the sum of * 


"the logarithms of any two numbers, is the logarithm of the pros 


duct of those numbers; 2d, that the logarithm of 1 isnothing, 
and consequently that the nearer any number is to 1, the 
nearer will its logarithm be to 0; 3d, that the product of two 
numbers or factors, of which the one is ereater and the other 
less than 1, is nearer to 1 than that factor is which is on the 
same side of 1 with Wtself; so of the two numbers 2 and 4 the 
product $ is less than 1, but yet nearerito it than $ is, which 
is also less than 1. On these principles he fonds the present 
approximation, whith he explains by the following example. 
ip 


% * 


4 


| 
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| find the relation between the logs. of 2 and 10: In order to 


this, he assumes two fractions, as ya 70? OF = and » a 
whose numerators are powers of 2, and their denominators 
) powers of 10, the one fraction being greater, and the other 
less than unity or 1, _ Having set hei two down, in the form 
of decimal fractions, "below aye other in tbe first column of 
the following table, and in the second column A and B for 


their logarithms, expressing by an equation how they are 
: 


941,280000000000]a 


2110|l2 > 0,28 
0800000000000 a 


s+ ..wss 3/2— 110} <0,33 
1,024000000000Jc =a+ s= 10/2— 3110] >0,300 
0,990552031429}p=B+ 9c=  ~—«4932— 98110} <0,30107 
1,004336277664/2 =c+ 2n= 169/2— 59110} >0,301020 

10,998959536107%|/r =p+ Qe=  485/2— 146/10] <0,3010309 
1,000162894163}¢ =e+ 4r= 213622— 643/10} ->0,30102996 


0,9999362818744 =r + 6G=° 13301/2— 4004110] <0,301029997 
1,000035441215|1 =Gt 2H= 2873812— 8651/10] >0,3010299951 
0,999971720830)k =u+ 1= 42039/2— 12655110] <0,3010299959 
1,000007161046n =1 + K= TO7T77/2— 21306110} >0,30102999562 
0,999998203514|[M=K+ 3L= 25437012— 76573/10) <0,30102999567 
1,0000003645111N =L+ M= 325147/2— 97879110! >0,3010299956635 
0,999999764687)0 = M + 18n =6107016/2—1838335/10| <0,3010299956640 
comp.ar.235313 

0 == 3645110 + 295313N =9302585925187/2 — 6931474009727 10 > 0,301029995563987 


composed of the logarithms of 2 and 10, the numbers in ques- 
tion, those log: eet being denoted Shine (2 and /10. Then 
multiplying Me two ane in the a column together 
_ there is produced a third number 1,024, against which is 
written c, for its logarithm, expressing likewise by an equas 
tion in what manner c is formed of the foregoing logarithms 
a and pg. And in the same manner the a4 cl ten is conti- 
nued throughout; only observing this compendium, that be- 
| fore multiplying the two last numbers already entered in the 
_ table, to consider what power of one of them must be used to 
bring the product the nearest that can be to unity. Now after 
having continued the table a little way, this is found by only 
dividing the differences of the numbers from unity one by the 
oe and taking the nearest quotient for the index ofthe 


_* 


444 ~ “CONSTRUCTION OF TRACT OT. 


power sought. Thus, the second and third numbers in the | 
table being 0,8 and 1,024, their differences from unity are 
0,200 and 0,024 ; hence 0,200 + 0,024 gives 9 for the index; 
and therefore multiplying the 9th power of 1,024 by 0,8, 
produces the next number 0,990352031429, whose logarithm 
isD=B+9c. 

When the calculation is continued in this manner till the 
numbers become small enough, or near enough to 1, the last 
Jogarithm'is supposed equal to nothing, which gives an equa- 
tion expressing the relation of the logarithms, and thence the 
required logarithm is determined. Thus, supposing c = 0, 
we have 2136/2 — 643/10 = 0, and hence, because the loga- 
rithm of 10 is 1, we obtain /2 = ~~ =0,30102996, too small 
in the last figure only; which so happens, because the num- 
ber corresponding to c is greater than 1. And in this manner 
are all the numbers in the third or last column obtained, which 
are continual approximations to the logarithm of 2. 

There is another expedient, which renders this calculation 
still shorter, and it is founded on this consideration: that 
when 2 is small, (1+.r)* is nearly =14nzx. Hence ifl+2 
and 1 — z be the two Jast numbers already found in the first 
column of the table, the product of their powers (1 + .7)”x 
(1—z)* will be nearly = 1; and hence the relation of m and 
m may be thus found, (1 + 2)” x (1 — 2)” is nearly = 
(l+mzr)x (1 nz) =1+ mr — n&— ninez = 1 + mr—nz 
nearly, which being also = 1 nearly, therefore m:n::2: 
w::l.(l—z):0.(14+2); whence el.(1—z)+21.(1 4 r)= 0. 
For example, let 1,024 and 0,990352 be the last numbers in 
the table, their logs. being cand p: here we have 1,024=1+42, 
and 0,990352 =1—2; conseq. xv = 0,024, and z=0,009648, 


iter ae . 201 
and hence the ratio — in small numbers is eae So that, for 


2 
finding the logarithms proposed, we may take 500p + 201c= 
48510/2 — 14603/10=0; which gives /2=0,3010307. And in 
this manner are found the numbers in the last line of the 
table. ' 


,* 


* ; % 


TRACT 2h _  LOGARITHMS. , 44.5 


. : 


i . Of Mr. Long’s Method. 


In number 339 of the Philosophical Transactions, are given 
brief table and method for finding the logarithm to any num- 
ber, and the number to any logarithm, by Mr. John Long, 
B. D. Fellow of C.C. C. Oxon. This table and method are 
similar to those described in chap. 14, of Briggs’s Arith, Log. 

iffering only in this, that in this table, by Mr. Long, the 
logarithms, in each class, are in arithmetical progression, the 
common difference being 1; but in Briggs’s little table, the 
column of natural numbers has the like common difference. 
The table consists of eight classes of logarithms, and their 
corresponding numbers, as follow : 


l 


L.} Nat. Numb.|{ Log.| Nat. Numb.|| Log. | Nat. Numb. Log. Nat. Numb- 


49. |'7,943282347||,009 |1,020939484)| 00009 1,000207254, ,0000009 |1,000002072 
58 |6,309573445 8 |1,018591388 8 11,000184224 8 |1,000001842 
,7 15,011879336 7 |1,016248694 7 |1,000161 194, 7 }1,000001611 
6 |3,981071706 6 |1,013911586 6 }1,000138165. 6 |1,00000138] 
,) |3,162277660 5 |1,011579454 5 |1,000115136, 5 }1,000001151 
y& {2,511886432 4 |1,009252886 4 |1,000092106 4 |1,000000921 
,3 {1,995262315 3 |1,606931669 3 |1,000069086 3 }1,000000690 
{2 |1,584893193 2 |1,004615794 2 |1,00004.6053 2 41,000000460 
i 1,258925412 1 aaa 1 |1,000023026 1 }1,000000230 


| 


mw rs | | ne | enema oo 


*()9|1,230268771||,0009) 1,002074475 ',000009|1,000090724 ',00000009}1,000000207 
8 209264455 8 1,001843766 8 1,000018421 8}1,000000184 
m\1,174897555|| '7,1,001613109 7/1,000016118 7|1,000000161 
6\1,148153621 6, 1,001382506 6'1,000013816) 6|1,000000138 
511,122018454|| 5 1,001151956 51,000011513|| , —-5}1,000000115 
4]1,096478196 4'1,000921459 4{1,000009210]) — —_-441,000000092 
3}1,071519305|| 3 1,000691015; 3'1,000006908 3}1,000000069 
911,047128548|| 2 1,000460623 2\1,800004605 2\1 
1]1,023292992|| 1.1,000230285 1{1,000002302 111 


- 


where, because the logarithms in each class are the continual 
multiples 1,2, 3, &c, of the lowest, it is evident that the na- 
tural numbers are so many scales of geometrical proportionals, 
the lowest being the common ratio, or the ascending num- 
bers are the 1, 2, 3, &c, powers of the lowest, as expressed 


_ by the figures 1, 2, 3, &c, of their corresponding logarithms. 


Also the last number in the first, second, third, &c class, is 
the 10th, 100th, 1000th, &c root of 10; and any number in 


a 


» - 3 
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any class, is the 10th power of the corresponding number i i 
the next falas class. % 
To find the logarithm of any number, as suppose of 2000, 
by this table, Rack: in the first class for the number next less 
than the first figure 2, and it is 1,995262315, against which 
is 3 for the first figure of the Jogarithm sought. Again, di-> 
viding 2, the number proposed, by 1,995262315, the number 
found in the table, the quotient is 1,002374467 ; which being 
looked for in the second:class of the table, and finding neither _ 
its equal nor a Jess, 0 is therefore to be taken for the second 

figure of the logarithm ; and the same quotient 1,002374467 — 
being looked for in the third class, the next less is there found 
to be 1,002305238, against which is 1 for the third figure of 
the logarithm; and dividing the quotient 1,002374467 by 
the said next less number 1,002305238, the new quotient is 
-1,000069070 ; which being sought in the fourth class, gives 
0, but sought in the fifth dnt gives 2, which are the fourth 
and fifth eile of the logarithm sought: again, dividing the 
Jast quotient by 1,000046053, the next less number in the 
table, the quotient is 1,000023015, which gives 9 in the 6th 
class for the 6th figure of the logarithm sought: and again 
dividing the Jast quotient by 1,000020724, the next. less 
number, the quotients 1 ,000002291, the next less than which, 
in the 7th class, gives 9 for the 7th figure of the logarithm : 
and dividing the last quotient by 1000002072, the quotient 
is 1,000000219, which gives 9 in the 8th class for the 8th 
figure of the toate and again the last quotient 1,000000219 
being divided by 1,000000207, the next less, the quotient 
1,000000012 gives 5 in the same 8th class, when one figure is 
cut off, for the 9th figure of the logarithm sought. All which 
figures collected together give 3,301029995 for Briggs’s log. 
ct 2000, the index 3 being supplied; which logarithm is true 
in the last figure. 

To find the number answering to any given logarithm, as 
suppose to 3,3010300: omitting the characteristic, against 
the other figures 3, 0, 1, 0, 3, 0, 0, as in the first column in 
the margin, ate the several numbers as in the 2d column, 


——_—- lO 
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found ffom their respective Ist, 2d, 3dy 3 | 1,995262315 
; classes; the effective numbers of 0 | 0 
which multiplied continually together, 1 | 1,002305238 
) pens productis 2,00000001 9966,which, 0| 0 
ecause the characteristic is 3, gives $% | 1,000069080 
2000,000019966, or 2000 only, forthe 0] 0 
0 | 0 


ier ; 
required number, answering to the given 
] hm. 


; Of Mr. Jones's Method. 


_ In the 61st volume of the Philosophical Transactions, is a 

‘small paper on logarithms, which had been drawn up, and left 
unpublished, by the learned andi ingenious William Jones, Esq. 
The method contained in this memoir, depends on an appli- 
cation of the doctrine of fluxions, to some properties drawn 
from the mature of the exponents of powers. Here all num- 
bers are considered as some certain powers of a constant de- 
_ terminate root: so, any number xv may be considered as the 
_z power of any root 7”, or that 1 = 7* is a general expression 
- for all numbers, in terms of the constant root 7, and a vari- 
able exponent z. Now the index ® being the logarithm of 
the number x, therefore, to find this logarithm, is the same 
thing, as to find what power of the radical r is equal to the 
number 2. 

From this principle, the relation between the fluxions of 
any number 2, and its logarithm z, is thus determined: Put 
“r=1+n; thenis. x =r? =(1+n),and2+*+=(1 +-n)?*2= 

(1+n)?x (1-+2)?=2 x (147)*, which by expanding (1 +n¥, 
omitting the 2d, 3d, &c powers of =, and writing ¢ 1 ee 
becomes x + xz & (9 +39 + 4¢ +19 + &); theeerteh 
‘= ar, parang a for the series g + ¢¢° +49 &c, or fx=rz, 
putting f = —. 

Now when 3 r =1-+n=10, as in the common logarithms of 
Briggs’s form; then n=9, g =,9, and the series g+49*+ 143 
&e, gives 4=2,302585&Xc, and theref. its recip. f= ,434294&c. 
But if a=1=/, the form will be that of Napier’s logarithms.. 
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From the above form rz=/x, or & = fare inén wee 
. em." i 

many curious and general properties of at 3 ms, with t 
several series heretofore given by Gregory, Mercator, Wallis, 
Newton, and Halley. Bufof all these ser 3, that one whidlf 
our author selects for constructing the logarithms, is this, » 
putting nN = iy the logarithm of Ps is = Of xe N + an3 +) 
2n5 + 1n7 + &c, inthe casein which » — p is = 1, and ¢con- 
which series will 


' 1 
sequently in that case N = ——— or ——; 

‘I ) Qr—l  Qp+h 7) 
then converge very fast. 

Hence, having given any numbers, p, g, 7, &c, and as 
many ratios a, b, c, &c, composed of them, the difference 
between the two terms of each ratio being 1; as also the 
Jogarithms a, B, c, &c, of those ratios given: to find the. 
‘Jogarithms p, a, R, &c, of those numbers; supposing f mate | 
a oe ¢ my fy  & anes .—— e S — Se 
For instance, 1f p = 2,¢= 3, Tg 55 and “a= >> 


16 Qs 25 52 +) ae . ; 
| Ra i = apo =a = 30 Now the logarithms a, B, C, of 


these ratios a, b,c, being found by the above series, from the 
nature of powers we have these three equations, 

A = 2Q — 3P | ss 

B= 4p — @— Rewhich equations reduced give 


Cis 2R—* Qa OP 
P= 6a 484 .9¢ = loge of. 
a= 5A + 6B + 3¢= log. off 3. 
R= 7A +.9B + 5c = log. of 5." me 
And hence p + R = 10A 4+ 13B + 7c is = the logarithm of 
Bix 150M 0. 

An elegant tract on logarithms, as a comment on Dr. Hal- 
Jey’s method, was also given by Mr. Jones, in his Synopsis 
Palmariorum Matheseos, published in the year 1706. And, 
in the Philosophical Transactions, he communicated various 
improvements in goniometrical properties, and the series re- 
lating to the circle and to trigonometry. 

The memoir above described was delivered to the Royal 
Society by their then librarian, Mr. John Robertson, a wor- 
thy, ingenious, and industrious man, who also communicated 


% 


, © “ | ‘ 
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. the Society several little tracts of his own relating to loga- 
rithmical subjects; he was also the author of an excellent. 
treatise on the Elements of Navigation in two volumes ; and 

was successively mathematical master to Christ’s hospital 
in London; head master to the royal naval academy at Ports- 
mouth; and librarian, clerk, and housekeeper, to the Royal 
Society; at whose Tanke in rate Court, Fleet-street, he died 
in 1776, aged 64 years. 

- And among the papers of Mr. Robertson, I have, since his 
death, found one containing the following particulars relat- 
ing to Mr. Jones, which I here insert, as I know of no other 
account of his life, &c, and as any truc anecdotes of such ex- 
traordinary men must always be acceptable to the learned.— 
‘This paper is not in Mr. Robertson’s hand writing, but in a 
kind of running law-hand, and is signed R. M. 12 Sept. 1771. 

‘ William Jones, Esquire, F. R. S, was born at the foot of 
'Bodavon mountain [Mynydd Bodafon], in the parish of Llan- 
fihangel tre’r Bardd, in the isle of Anglesey, North Wales, 
in the year 1675. His father John George* was a farmer, of 
a good family, being descended frém Hwfa ap Cynddelw, one 
of the 15 tribes of North Wales. He gave his two sons the 
common school education of the country, reading, writing, 
and accounts, in English, and the latingrammar. Harry his 
‘second soon took to the farming business ; but William the 
‘eldest, having an extraordinary turn for mathematical studies, 
‘determined to try his fortune abroad from a place where the 

‘same was but of little service to him; he accordingly came to 
‘London, accompanied by a young man, Beetine Williams, 
‘afterwards an eminent perfumer in Wych-street. The report 
in the country is, that Mr. Jones soon got into a merchant's 
‘counting-house, oat so gained the esteem of his master, that 
‘he gave him the Santind of a ship for a West-India voyage ; 
fod that upon his return he sejup a mathematical school, 


# << It is the custom in several parts of Wales for the name of the father to 
become the surname of his children. John George the father was commonly 
‘called Sion Siors of Llambado, to which parish he moved, and where his children 
“were brought up.” 
VOL. f. GG 
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and published his book of navigation*; and that upon the 

death of the merchant he married his widow: that Lord Mac 
clesfield’s son being his pupil, he was made secretary to the: 
chancellor, and one of the D. tellers of the exchequer—and 
they have a story of an Italian wedding which caused great 
disturbance in Lord Macclesfield’s family, but compromised 
by Mr. Jones ; which gave rise to a saying, that Macclesfield” 
was the making of Jones, and Jones the making of Maccles= 
field.” Mr. Jones died July 3, 1749, being vice-president of 
the Royal Society; and left one daughter, and a young son, 
who was the late Sir William, Jones, one of the judges in India,. 
. and highly esteemed for his great abilities, extensive learning, 

and eminent patriotism. | 


Of Mr. Andrew Reid and Others. 


Andrew Reid, Esq. published in 1767 a quarto tract, under: 
the title of An Essay on Logarithms, in which he also shows: 
the computation of logarithms, from principles depending on 
the binomial theorem and the nature ‘of the exponents of 
powers, tle logarithms of numbers being here considered as 
the exponents of the powers of 10. He hence brings out the 
usual series for logarithms, and largely exemplifies Dr. Hal-. 
Jey’s most simple construction. ge 

Besides the authors whose methods have been here parti- 
cularly described, many others have treated on the subject of 
logarithms, and of the sines, tangents, secants, kc; among 
the principal of whom are Leibnitz, Euler, Maclaurin, Wole 
fius, and professor Simson, in an elegant geometrical tract on 
logarithms, contained in his posthumous works, printed in 4to 
at Glasgow, in the year 1776, at the expense of the very 
learned Earl Stanhope, and by his Lordship disposed of in 


* 


* This tract on navigation, intitled, “ A New Compendium of the whole Art 
of Practical Navigation,” was published in 1702, and dedicated “to the reverend _ 
and learned Mr. John Harvis, M. A. and F.R.S.” the author, I apprehend, of 
the “ Universal Dictionary of Arts and Sciences,” under whose roof Mr. Jones. 
says he composed the said treatise on Navigation. 


. 
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presents among gentlemen most eminent for mathematical 
Jearning. 
: 


Of Mr. Dodson’s Anti-logarithmic Canon. 


_ The only remaining considerable work of this kind pub- 
lished, that I know of, is the Anti-logarithmic Canon of Mr. 
James Dodson, an ingenious mathematician, which work he 
published in folio in the year 1742; a very great performance, 
‘containing all the logs. under 100000, and their correspond. 
ing natural numbers to 11 places of figures, with all their 
differences and the proportional parts; the whole arranged 
in the order contrary to that used in the common tables of 
numbers and logarithms, the exact logarithms being here 
placed first, and increasing continually by 1, from 1 to 100000, 
with their corresponding nearest numbers in the columns op- 
posite to them; and, by means of the differences and pro- 
portional parts, the logarithm to any number, or the number 
toany logarithm, each to 11 places of figures, is readily found. 
This work contains also, besides the construction of the na- 
‘tural numbers to the given logarithms, ‘* precepts and ex- 
amples, showing some of the uses of logarithms, in facilitating 
the most difficult operations in common arithmetic, cases of 
interest, annuities, mensuration, &e; to which is prefixed an 
introduction, containing a short account of logarithms, and 
of the most considerable improvements made, since their in- 
vention, in the manner of constructing them.” 

The manner in which these numbers were constructed, 
‘consists chiefly in imitations of some of the methods before 
described by Briggs, and is nothing more than generating a 

scale of 100000 geometrical proportionals, from 1 the least 
term, to 10 the ‘greatest, each continued to 11 places of 
figures; and the means of effecting this, are such as easily 
flow from the. nature of a series of proportionals, and are 
briefly as follow. First, between 1 and 10 are interposed 9 
mean proportionals ; then between each of these 11 terms 
“there are interposed 9 other means, making in all 101 terms; 
‘then between each of these a 3d set of 9 means, making in 
GG 2 
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all 1001 terms; again between each of these a 4th set of 9 


means, making | in all {0001 terms; and lastly, between each | 
two of these terms, a 5th set of 9 means, making inall 100001. 

terms, including both the 1 and the 10. The first four of 
these 5 sets of means, are found each by one extraction of the” 
10th root of the greater of the two given terms, which root. 
is the least mean, and then multiplying it continually by it-— 
self, according to the number of terms in the section or sets” ‘ 
and the 5th or last section is made by interposing each of the 
2 means by help of the method of aie renies puters taught. 

aes : > eats 10, the Lai are term, 


=A, aT care prec, cr = Bi pi°=n, and nto =F ; now 
extracting the 10th root of a or 10, it gives I, 2539254118= 


= ATS, for the least of the Ist set of means; and then multig 
aie it continually by itself, we have B, B’, B’, Bt, &c, to B™ 
=A, forall the 10 terms: 2dly, the 10th root of 1,2589254118 . 


gives 1,02329299293 =c= pre = ATOD, for the least of the 

2d class of means; which being continually multiplied gives 
c, c’, c3, &c, to c™™ = gp = a, for all the. 2d class of 1008 
terms: adly : cha 10th root of 10232929923 gives 1 4002305238) 


=po=ce= pte Ye "OT for the least of the 3d class of 
means ; which being continually multiplied, gives D, D’, Dy 
KC, fo DP = CMs B= a, for the 3d class ‘of 1000 terms : 
athly, the 10th root of 1,0023052381 gives 10002302850 = _ 


B= pte meTPF mm QICOD — yroee ®, for the least of the 4thil 
class of means, which being enbieadis multiplied, gives =e 
BE’, B3, Kc, to E10 = ple = gto pIo — A, for the ath class 
of 10000 terms. Now these 4 classes of terms, thus produ- 
ced, require no less than 11110 multiplications of the feast 
means by themselves; which however are much facilitated by _ 
making a small table Ms the first 10, or even 100 products, of 
the constant multiplier, and from it only taking out the pro-_ 
per lines, and adding them together: and these 4 classes of. 
numbers always prove themselves at ey ery 10th term, which 
inust always agree with the corresponding successive terms. 


[> 
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t. the preceding class. The remaining 5th class is constructed 
by means of differences, being much easier than the method 
‘of continual multiplication, the Ist and 2d differences only 
being used, as the 3d difference is too small to enter the com- 
/putation of the sets of 9 means, between each two terms of 
- 4th class. And the several 2d differences, for each of 

1ese sets of 9 means, are found from the properties of a set 
of proportionals, 1, 7,27, 73, &c, as disposed in the Ist column 
‘of the annexed table, and their several orders of differences 
as in the other columns of the table; where itis evident that 


Terms. | Ist dif. | 2d dif. | 3d dif. | &e. 


1x (r—1)x|\(r—1? x |(r—-1 x 


eee | 


1 1 1 1 &c. 
a oe Fb L 

y* y* yr y* 

7 hes 73 3 73 


Bp OC a eues Xe. 


seach column, both that of the given terms of the progression, 
and those of their orders of differences, forms a.scale of pro- 
portionals, having the same common ratio r§ and that each 
horizontal line, or row, forms a geometrical progression, 
having all the same common ratio r—1, which is also the Ist_ 
’ difference of each set of means: so, (r—1)* is the Ist of the 
od differences, and which is constantly the same, as the 3d 
differences become too small in the required terms of our pro- 
gression to be regarded, at least near the beginning of the 
table: hence, like as 1, r—1, and (r—1)* are the Ist term, 
‘with its ist and 2d differences; so7’, 7", (r — 1), and 7”. 
(r—-1)y, are any other term with its Ist and 2d differences, 
And by this rule the Ist and 2d differences aye to be found, 
for every set of 9 means, viz, multiplying the Ist term of any 
class (which will be the several terms of the series E, &, E°, 
- &c, or every 10th term of the series r, F*, F?, &c) byr—1, 
or,F — |, for the Ist difference, and this multiplied by r—1 
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again for the true 2d difference, at the beginning of that 
class. Thus, the 10th root of 1,0002302850, or E, gives” 
1,000023026116 for F, or the Ist mean of the lowest class, 
therefore F — 1 =» — 1 = ,000023026116, is its Ist differ- 
ence, and the square of it is (7 — 1)*=,0000000005302 its 2d. 
diff. ; then is ,000023026116¥R'*" or ,000023026116£", the Ist 
difference, and ,0000000005302F?*" or ,0000000005302E” is 
the 2d difference, at the beginning of the nth class of decades, 
And this 2d difference is used as the constant 2d difference 
through all the 10 terms, except towards the end of the table, 
where the differences increase fast enough to require a small 
correction of the 2d difference, which Mr. Dodson effects by 
taking a mean 2d difference among all the 2d differences, in 
this manner; having found the series of Ist differences 
(F—1).5”, (F—1).5”*!, (p—1).£"*2, &c, he takes the differ- 
ences of these, and ,%. of them gives the mean 2d differences 


—1 
— (E+? — pt), &e, 


are the mean 2d differences, And this is not only the more 
exact, but also the easier way. The common 2d difference, 
and the successive 1st differences, are then continually added, 
through the whole decade, to give the successive terms of the — 


required propagssiOn, 


F-+1 
to be used, namely, hhc Bas 
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SOME PROPERTIES OF THE POWERS OF NUMBERS. 
1. OF any two square numbers, at any distance from each 
other in the natural series of the squares 1’, 25757, 47, eee, 
the mean proportional between the two squares, is equal to 
the less square plus its root multiplied by the difference of 
the roots, that is, by the distance in the series between the - 
two square numbers, or by 1 more than the number of squares 
between them. The same mean proportional, is also equal 
to the greater of the two squares, minus its root the same 
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number of times taken. . That is, m= mm +dm=na—dn; 
where dis = — m, the distance between the two squares 
‘m*,n?. For, sincen=m-+d; multiply bya, then mnu=mnr+ 
md, which is the first part of the proposition. Again, m=2— ds; 
‘multiply this by 2, then an = xz — nd, which is the latter 
a 
2. An arithmetical mean between the two squares mm and 
‘mn, exceeds their geometrical mean, by half the square of the 
difference of their roots, or of their distanee in the series. For, 
by the first section, mn = mm -+- dm, and also mn=nn= die; 
add these two together, and the sums are 271 = mm + mn 
—d(n—m) = mm + nn — dd; divide by 2, thengmn = Jum 
+ inn — idd. ; 


3. Of three adjacent squares in the series, the geometrical 
mean between the extremes, is less by 1 than the middle 
square. For, let the three squares be m*, (m-+1)*, (m+ 2)’; 
then the mean between the extremes, 7(72 +2) = 11m 4+ 2m 
is =(m+1)— 1. 3 

In like manner, the mean between the extremes, of any three 
squares, whose common distance or difference of their roots 
is d, is less than the middle square by they af the 
distance dd. Oy x, ~~“ 

4, The difference between the two adjd@ent squares mim, SS 
mn, or mm — MM, is (2 + 1? — n? = 2m 1. Inlike man- © 
ner, the difference between n° and the nextt ollowing square 
p, or p’ — 7’, is 2n + 1; and so on. Hence the difference 
of these differences, or the 2d difference of the.squares, is 
2(n — m) = 2, wisich 1s constant, because 2 — ™ Sy And 
thus, the 2d differences being constantly the number 2,ail 
the first differences will be found by the continual addition 
of this number 2; and then the whole series of squares them- 
selves will be found by the continual addition of the first 
differences. Thus, the ‘ 

Gd difss~-25:25i25-i Dy W2yv 2p! Poh By Soh » Dania 
ist difs. 1, 3,5, 7, 9,11, 13, 15,17, 19, &e. 
squares, 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, &c, 


we 
/ 
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5. Again, if m', n3, p3, be three adjacent cubes ; then | 

ni—m* = 3m? + 3mr+1) | 
Pans on isn + 1)? : 
differences is 3(n* ~ m*) + 8(n— m) = 6(m +1), the 2d differ=— 
ence. In like manner, the next 2d difference will be 6(2+1). 
Then the dif. of these 2d differences is 6(2—m) = 6 the 3d 
difference, which therefore is constant. Now, supposing the” 
series of cubes to begin from 0, the first of each of the several 
orders of differences will be found by making m = 0, in the” 
general expression for each order: thus, 6(m+41) becomes 6 
for the first of the 2d differences; and 37*-+3m-+ 1 becomes 
1 for the first of the Ist differences. And hence is found all 
the others, as in this table. 

So Gifs: 6s: 6. Gou6s. 6), 65% Go Goo fees 

2d difs. 6, 12, 18, 24,80, 36, 42, 48, 54, &e. 

Ist difs. 1, 7,19, 37,61, 91, 127, 169, oH I a oo 

cubes 0; 1, 8, 27, 64, 125, 216, 343, 512, Xe. 

And thus may all the powers of the series of natural num- 

bers 1, 2, 3, 4, 5, &c, be found, by addition only, adding 
continuaily the numbers throughout the several orders of dif- 
ferences. And here it is remarkable, that the number of the ~ 
orders of diferences, will be the same as the index of the 
powers to be f&med ; that is, in the series of squares, there 
are two orders of differences; in the cubes, three; in the 4th 
powers, four, &c: or, which is the same thing, of the squares, 
the 2d differences are equal to each other; of the cubes, the 
3d differences are equal; of the 4th power, the 4th diffs, are 
equal; &c. Further, the 2d diffs. in the squares are 1.2 = 2; 
the 3d diffs. in the cubes 1.2.3 = 6; the 4th diffs. in the 4th 
powers 1.2.3.4=24; and so on. And from these properties 
were found, by continual additions only, all the series of 
squares and cubes in the table at the end of this volume, and 
in my large ‘Table of the Products and Powers of Numbers, 
‘published in 1781, by the Board of Longitude. 


and the differences of these first 
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A NEW AND EASY METHOD FOR THE SQUARE ROOTS OF 
NUMBERS.—FROM MY MATHEMATICAL MISCEL. P. oZS: 


Problem.—Having given any nonquadrate number N ; it is 
. . nr 
required to find a smple vulgar fraction —, the value of 
which shall be within any degree of nearness to ./N, the 
surd root of N. 
: . ae ; n 
Investigation.—Since ./N 1s = nearly, or d*n=71 nearly; 
let dw be = n?—p. Then, since x, d, and n, are all inte- 
gers by the supposition, D must also be an integer; and the 
is ° E n 
smaller that integer is, the nearer will the value of — be to 
4/N, as is evident: therefore let D = 1 the smallest integer; 
then is @n = n?—1, or 2? =d?n +-1: suppose this to be = 
(dx —1)* =d’x” — 2dr + 1, where x is evidently some near 
asf , : Q4 
yalue of Wn; from this equation we have d=>—, and con- 
‘4 xr? +N m1 - 
“sequently n=4/(@N — bE Son ea hence theref. /N=—-1s = 
w?+N 5 
5.7 nearly. 
| Aen - . 
Thus then the function —— is an approximate value of 
LU 


/N, where x is to be assumed of any value whatever; but 
the nearer itis taken to ,/N, the nearer will the value of the 
‘fraction be to,/N required. And since a is always nearer 
to ,/wn than what 2 is, therefore assume any integer, or ras. 
tional fraction, for .v, but the nearer to ,/N the more conve- 
nient, and write that assumed value of it in this expression, 
instead of it, so shall we have a hearer approximate rational 
value of 4/N; then use this last found value of ,/N instead 
of xv, in the same expression, and there will result a still nearer 

- yational value of /n; and thus, by always substituting the 
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~ or Le += th 
result will be a still nearer value. And has we may roca 
to any degree of proximity required. 

But a eerem somewhat eae for this continual substitus 


; . | 5 1? + 
Jast found value for x, in tbe fraction 


tion, may be thus raised : 


any one approximate va- 

lue of ./N, write it Ahatli of z, in the general function 

a? + ow 7? +. Nid 
» then we have - 


Qn Qdn 


nts is, having assumed or found any one approximation 


for the general approximation. 


—, the numerator of the next nearer approximation will be 


ail to the sum of the square of the numerator 2 and N 
times the square of the denominator of this one, and the de- 
nominator of the new one will be double the pr oduct of the 
numerator and denominator of this. 
Or, a still easier continual approximation is eas ool 
Qdn ad. 2du 
which is equal to the former, because 27 is = d?N + 1. 
#xample 1.—To find near rational values of the square 
root of the number 2.—Here n = 2. Take 14 or 2 for the 


first value of 2, as being nearly equal to ./2. Then x = 3, 
Qnhy1 1B 


Sn la = ig 2 41 6&e, for the 
; La 2n?—] 
next nearer value of ,/2. Again, take — = —; then 


Fig? Qdn— 

Qxdi2—1 6 577 : 
an ens alah Pee a Qe ws og ; 
= Sy1TxTe > 40s — 1°414215, true for: ./2 to the last 
ete Fons Ry Medd SE en, . 665857 _- 
figure. And writing again a foi >, we obtain ienans 
1414213562376 for the value of 4/2, true to the last figure, 
which shouid be a 3, instead of a 6. 

This small fi nibek is but an unfavourable example of the 
method, notwithstanding the ease and expedition with which 
the rect has been so uialals obtained. For, the larger the 
given number n is, the quicker will the theorem apprexi- 


mate. ‘Thus, taking for 


and d = 2; therefore —— 


Example 2.—To find the toot of the number 920. Here 


N = 920, and x = 30 nearly. Now we must first use the rule 
+N 
=; because x is takea = $0, below the true value. Hence 


= 
. 
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_ a?+N _ 900492 2 
then — 200+ 920 __ 1820 _ 91 _.. g0r the second value of 
Q2x 60 60 3 La 8s 
91 n Qn?—1 Q2x91?—1 16561 
lex a ——_ — 
920. Next make heart then Se erin s 0 ahe 
30°33150183, differing from the truth but by 6 in the tenth 
\.¢ a 

place of figures, the true number being 30°33150177- 

- And in this way may the square roots, in the table at the 


end of this volume, be easily found. 


TRACT XXIV. 


TO CONSTRUCT THE SQUARE AND CUBE ROOTS AND THE 
RECIPROCALS OF THE SERIES OF THE NATURAL NUMBERS. 


1. For the Square Roots. 


: n n? n3 
Since the square root of @+nisd+o-aa 


-— XC: 

8as 16a” 
therefore the series of the square roots of a*, @ + 1, 4° + 2, 
@ +3, &c, and their Ist, 2d, 3d, 4th, &c differences, will be 


as below: 


Nos. Square Roots. enigs 
a d ies 1 | 24 Difis. 
@+ilat Tera as aad lope Tia 3d Diffs. 
Qa S8a3 ° iGas| 4} "3 4 aT e-ae 
2 4 8 ——-—+— Sib 
e+2la+——-—++/°: ° 1. 6 | 8a &e, 
suai er La + of 19 cere o 
9 top | — pe at 
a+ 3 a+—--—-+7— ° ~lerctha ei ae hk : 
oc pie te ella AR: 
a*-- 4 a+—-—+ 2 7 ¢ 


Where, the columns of fractions having in each of them the 
same denominator, after the first line, in each class, a dot is 
“written in the place of the denominators, to save the too fre~ 
quent repetition of the same quantities. Now it is evident 
that, in every class, both of roots and of every set of differ- 
ences, the first terms are all alike ; and therefore, by the 
subtractions, it happens that every class of differences cone 
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tains one term fewer than the one immediately preceding it. 
These differences are to be employed in constructing tables 
of square roots ; and the extent to which the orders of differs 
ences are to be continued, must be regulated by the number 
of decimal figures to fitch the roots in the table are to bé 
carried. In the above specimen the ditierences are Sens 


as far as the 3d order, where the common first teri is —- a > which 


may he sufficiently small for constructing all the preceding 
orders of differences, and then the series of roots themselves, | 
as far as to 7 places of decimals in each, when we commence. 
with the number 1024, for the first square a*, the root of which 
is 32. After this, the squares’1025, 1026, 1027, &c, conti- 
nually increasing, their roots 32+, &c, proceed increasing 
also; but the series of numbers, in every order of differences, 
are all in a decreasing progression ; so that the following 
orders are all found by taking each latter dif'erence from the 
one immediately above it. Then, to construct the table of 
roots, having found the first term of each order of ditfierences, 
as far as necessary, suppose to the 3d order; subtract that 
continually from the first of the 2d differences, which will 
complete the series of this order of differences. Then these 
being taken each from the first difference, the successive re- 
mamplors will form the whole series of ste differences.— 
Lastly, these first differences added continually with the first 
square root, will form the whole series of roots, from the 
first rational root, suppose 32, the root of the square num- 
ber 1024, to be continued to the next rational root 33, or 
root of the next square number 1089, Then begin again, 

from this last square number, in like manner, with a new 

series of roots and differences; which are to 6 continued 

to the third square number 1156, the root of which is the 

next rational root 34. Then the hke process is to be re- 
peated again, and continued from the 3d to the 4th square 
number. And so on, continuing from each successive square 
pumber, to the next following one, as far as necessary; the 
Jast of each series of roots aud differences always verifying 


the whole series from square to square. 
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_ The computation may begin at 1024, for the series of 
squares 1024, 1089, 1156, &c, their differences being 65, 67, 


OF NUMBERS. 461 


"69, &c, and their roots 32, 33, 34, Xc, Roots. | Squares. Diffs. 
as in the margin ; in order to find the 32 | 1024 | _. 
‘intermediate or irrational roots, toany 33 | 1089 | gw 
proposed extent in decimals. The roots 34 1156 | 6 
will be obtained true to different num- $5 | 1225 |) 
bers of figures, according to the number — 36 1296 


of the orders of differences employed. g 

The first differences only @ill give the roots true to 5 places 
of figures, in commencing wath the square 1024; the 2d 
differences will give the roots true to 9 places; the 3d dif- 
ferences to 12 places; and so on, as here below. 


First, To find the Diffs. 
Then for the Roots. 


1 
2a = 0°015625 3d Dif. | 2d Difs. i@bdits. Roots. 
ee an 199947 -071-+ | 90000762 | 01362119 | 3200000000 
ct "61 | 01561357 | 32:01562119 
eee 4182 _ 760101560596 | 32-031234%6 
158 | 01559836 | 3204684072 
Ist dif. 0°015621187 757 | 01559078 | 32:06243908 
156) 01558921 | 32-07802986 
m= 0'000007629 "561-01557565 | $2-09361307 
sine 754|-01556809 | 32°10918872 
Seo ee HS 7531 -01556055 | 3219475682 
: 752 | 01555302 | $2-14031736 
2d dif. 0:000007618 750 | 01554550 | 92-15587038 
3 750 | 01553800 | 32°17141588 
ea: = 3d dif. week! 01553050 


32718695388 


2. For the Cube Roots. 


In the series and contrivances for constructing a table of 
cube roots of numbers, the process is exactly similar to that 
for the square roots, just above explained, in every respect, 


_ differing only in the terms of the general series by which the 


root of the binomial is expressed, viz, the series for {/(a°+m), 
instead of the series for ,/(a?+n). So that, all the explana- 
tion, and forms of process, being the same here, as in the 
former case, for the square roots, the repetition of these may 
here be dispensed with, and we shall only need to set down 


~ 
‘et 
; 
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the series of roots and differences, with the calculation from 
them. — 4 4 


Now the general form 7 the series for (a@+n), or the 


n? 5n3 10at : 
cube root of 43+, isa + — 3a oa + Sieh — 2450 pecs Oe: there. 


fore, expounding x by 1, 2, 3, &c, the series of the cube 
roots of 23, a34+1, @+2, a 43, &cPwith their ist, 2d, 3d, &e 
differences, will be as below: 


Nos. Cube R@pts. 4 oe | ' 
af e Od Diffs. 
3 1 1 ) aie H Pia 

a+ ] OT Sai 98 S1a8 sa 3 ~ 9 5° 10 3d Diffs 
Bree ELT as, 8, evade Geran) 10 
a+2}a +- ya —-+ 7g ; : 2 20 2% G8 
Ala iy A, eh 2 a i) 2 
ni iy mn as i i, 
Pi. (as ep a OR a BT Saat ot 
aH Hae ROPE vox Mitral mets sak 2 
4 16 ,.320} —— —-+ “ 
a a 4 a -f 7. oa OS > . 


Now here all the series converge faster than the like series 
for the square roots; because here the denominators, having. 
higher powers, are oes than those in the former; conse- 
quently fewer terms will suffice in this case, than were re-. 
quisite in the former, for an equal degree of accuracy, in all 
the differences and roots. The calculation for a few terms. 
here follows. 


First, To find the Diffs. Then for the Roots. 


1 PP 3d Dif, | 2d Diffs: tst Diffs. Cube Roots. 
= *0033333333 
3q2 ‘0837 | -0°22185 | 00333229981 10-0o00000000 
nO ONE AI 22148} 33300043] 0033322998. 
ae 22111} 33277895} 0066622071 
Ge rere optician 6 22074 33255784 0099900166 
a eo 220357]  $3233710] . 0133155950 _ 
Ist dif. 0033322223 |- 22090} 33911673! 0166389660 
—— | 21963 33189673 0199601333 © 
2 jf 
dq: = 70000022222 | 21996] 33167710] 0222791006 
=to | 21889] 33145784] 0265958716 
Hijet eee OT 21852] 33123895} 0299104500 
APLAR PTO TAME 21815 33102043| 0332228395. 
ios 9 
2d dif *0000022185 21778 |  33080298| 0365330438 
te 33058450 0398410666 — 
=z, 30 ‘difsing:. . 
tae = 3 ‘nat | 0451469116 
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3. Kor the Rectprocals of Numbers. 


_ The reciprocals of the natural numbers a, @ +1, @ + 2, 
1 1 


ee 
a+ 3, &c, are denoted by the fractions --, —~, —>,) =a | 
J a? atl’? a+2’ a43 
&c, where a is any integer number to commence with; which 
reciprocals, with their several orders of differences here follow. 


Recips. Ist Diffs. 2d Diffs. 3d Diffs. 
1 
@ 1 
1 Trae 1.2 1.2.3 
a+l 1 vat] .atd| acd+ Cuake eas 
b i | at+1.a+2 MLS Pe 1.2.3 
at+2 1 at lat+Zat3 patl.at+2-at3.at+4 
1 at+2.a+3 
a+ 


Here, if we would employ only the column of first differ- 
ences, by actually multiplying the terms in their denomi- 
ators, these, with their two orders of differences, will be as 


follow. 

Where the first differences are Denoms. | ist Dif. (2d B. 
jn arithmetical progression, and @+@ 
‘the 2d differences equal, viz, the a+3a+ 2 shalt 
‘constant number 2. Hence the a*+5a4- 6 eis 
iSeries of denominators will be very ~ a ++ 7@+12 piles 


‘soon constructed, by two easy additions, the first of which is by 
(the constant number 2. So, for instance, if @ be =1000, ther. 
ithe first differences, and their denomina- Ist Dif. | Denoms. 
‘tors, will be thus: Where the column of — 2002 ; 1001006 
first diffs. increases always by the number — 2004 | 1003002 
2, and the column of denominators is 2006 | 1005006. 
‘constructed by adding the several first differences. These 
denominators are so Jarge, that a very few figures in their 
quotients, will be sufficient to form, by one addition for 
each, the original column of reciprocals, to a great many 
places of figures. And these reciprocals will be verified and 
“corrected at every 10th number; for any reciprocal whose. 
denominator ends with a cipher, will have the same signifi- 


j 


_the number 1009, as far as 9 places of decimals, the constan 


& 


k A 
% 
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I 
cant figures as the reciprocal of its 10th part, which, it is 
SS EucaeE has been before found. 

The above first differences and denominators wil] be suffi 
cient to construct the table of reciprocals, commencing wit | 


2d difference being 2 in Ist Diffs. Reciprocals. | Nose 
the 9th place, for acon- +000000999 | ‘000999001 | 1001 
siderable way. Thus, di- *000000997 | :000998004 | 1002 
viding I by the several *000000995 | ‘000997009 | 1003 
denominators above set *000000993 | :000996016 | 1004 
down, gives for their quotients the annexed column of first 
diffs, and thence their annexed reciprocals, &e. , 

But if a table of recipr ocals be desired toa greater number 
of decimals, we might take in, and Sata the column of 
2d differences also ; by which means we should obtain the. 
series of reciprocals to 12 places of decimals. And so on, for ‘ 
still more figures. 

From the Jast two or three Tracts, may be constructed, or _ 
may be easily continued further, such tables as here next 
follow, of the reciprocals, squares, cubes, and roots of the’ 
natural series of integer numbers; the use of which is evie 
dently to shorten the trouble of arithmctical calculations. | 
The structure of the table is evident: the first column con-_ 
tains the natural series of numbers, from 1 to 1000; the 2d _ | 
the squares of the same ; the 3d the cubes; the 4th the reci- 
procals ; the 5th the square roots; and ae the cube roots . 
of the same. The decimals, in the columns of reciprocals : 
and roots, are all set down to the nearest figure in the last” 
decimal i that is, when the next figure, ee ond the last 
place set down in the table, came out a 5 or more, the last _ 
figure was increased by 1; otherwise not; except in the re-_ 
petends, which occurred Nobee the reciprocals, where the 
real Jast figure is always set down. Those reciprocals which — 
in the table have less than seven places of figures, are such 
as terminate, and are complete within that number, having | 
nothing remaining ; such as °5 the reciprocal of 2, -25 the 4 


o 3 ' 
reciprocal of 4, &c, The manner and cases of app! ying these — 


¢ 
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numbers are generally evident: but it may be remarked, that 
‘the column of reciprocals (which are no other than the deci- 
mal values of the quotients, resulting from the division of 
unity, or 1, by each of the several numbers, from 1 to 1000), 
is not only useful in showing, by inspection, the quotient. 
when the dividend is unity or 1, but is also applied with muchy 
advantage in changing many divisions into multiplications, 
whatever the dividend or numerators may be, which are much 
easier performed, being done by only multiplying the reci- 
procal of the divisor, as found in the table, by the dividend, 
for the quotient. It will also apply to good purpose in sum- 
ming the terms of many converging series, as in the 8th of 
these Tracts, in which a few of the: first terms, to be found 
by division, are taken out of this table, and then added 
together, i Be 
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Numb. | Square. | 


Cube. 


1 
8 


27 
‘64 
125 
216 
343 
512 
729 

1000 
1331 
1728 
2197 
2744 
3375 
4006 
4913 
5832 — 
0859 
8000 
9201 
10048 
12167 
13824 
15625 
17576 
19683 
21952 
24389 
27000 
29791 
32768 
35937 
30304 
42375 
40056 
50053 
54872 
59319 
64000 
68921 
74088 
79507 
85184 
91125 
97336 
103823 
110592 
117649 
125000 


Recipr. 


1 

5 
3335333 
25 
1666666 
1428571 
125 
MII 


1 
0909090 
0833333 
0769230 
07 14285 
0666666 
0625 
0588235 
0555555 
0520316 
05 
0476190 
0454545 
0434783 
0416666 
04 
0384615 
0370370 
0357143 
0344828 
6333333 
0322581 
03125 
0303030 
62904118 
0285714 
0277777 
0270270 
0263158 
0250410 
025 
0243902 
0238005 
0232558 
0227272 
0222222 
0217391 
0212766 
0208333 
0204082 
02 


SQUARES, CUBES, RECIPROCALS, AND ROOTS. 


Sq. Root. | C. Root, 


1*O0GO00000 
1°4142130 
1°7320508 
2°0000000 
2°2360680 
2°4494807 
2°6457513 
2°8284271 
30000000 
3°1622777 
3°31606248 
3°4641010 
3°6055513 
3°7416574 
3°8729833 
40000000 
4°1231056 
4°2426407 
4°35880989 
4:4721360 
4°5825757 
4:6904158 
4°7958315 
4*8989795 
5*0000000 
50990195 
5°1901524 
5°2915026 
5°3851648 
5°4772256 
5°5077644 
5°65608542 
5*7445626 
5°8309519 
5°9160798 
6*0000000 
60°0827675 
6°1644140 
6-2440980 
0°3245553 
6°403 1242 
0°4807407 
6°5574385 
6°6332496 
0°7082039 
6'7823300 
6°8550546 
0'9282032 
7°0000000 
7°0710678 
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1°000000 
1°259921 
1442250 
1°587401 
1*709976 
1°817121 
1°912933 
2°000000 
2°080084 
2°154435 
2°223Y80 
2°289428 
2°351335 
2°410142 
2°466212 
2°519842 
2°571282 
2°620741 
2°668402 
2°714418 
2°758923 
2°802039 
2°843867 
2°884499 
2°924018 
2°962406 
3°000000 
3°036589 
3°072317 
3°107232 
3°141381 
3°174802 
3°207534 
3°239612 |- 
3°271066 

3°301927 
3°332222 
3°361975 
3°391211 
3°410952 
3'448217 
3°470027 
3°5033Y8 
3°530348 
3°550893 
3°583048 
3°608826 
3°034241 
3°659306 
3°684031 
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Ni umb. Square. Cube. | Recipr. | Sq. Root. 
51 2001 132051 0196078 | 771414284 

52 2704 140608 0192308} 7°2111026 
53 2809 | 148877 | 0188679| 72801099 
54 2016 157464 | 0185185} 7°3484692 
55 3025 166375 0181818} 7°4101985 
56 | 3136 | 175616 | 0198571} 74833148 
57 | 3249 | 185193 | 0175439] 7°5498344 


3°7Q8430 
3°739511 
3°756286 
3°779703 


58 3364 WO5112 | O172414} 7°6157732 
59 3481 | 205379 | 0169492| 7°6811457 | 3°892996 
60 8600 | 216000 | 0100666| 7:°7459667 "hand 
61 3721 226981 | 0103934 | 7°8102497 | 3°936497 
62 3844 238328 | 01061290} 7°874007Q | 3°957892 
63 3969 250047 | 0158730} 7°93725.39 | 3°979057 
, 64 4090 | 262144 | 015625 | 8'0000000 | 4°000000 
65 4295 274625 | 0153846] 8°0022577 | 4'020726 
06 4356 287496 | 0151515 | 8°1240384 | 4°041240 
67 4489 300763 @ OlAg254 8°1853528 | 4°061548 
08 4024 314432 | 0147059} 8°2462113 | 4°081056 
69 | 4761 | 328509 | 0144928} 8°3006239 | 4*101566 


70 4900 
71 5041 
72 5184 


343000 | 0142857 | 8°360C003 
357911 0140845 | 84261408 
373248 | 0138888 | 84852814 


4°121285 
4°140818 
4*100168 


73 5329 | 389017 | 0136986 | 8°5440037 | 4-17983q - 
74 5476 405224 0135135 | 8°6023253 | 4°198336 
75 | 5625 421875 | 0133333 8°0602540 |.4'217163 
7 5776} 438976 | 0131579| 8°7177979 | 4°235824 
77 5929 456533 | 0129870| 8°7740644 | 4-25432) 
78 6084 474552 | 0128205 | 88317609 | 4:272659 
79 6241 493039 | 0126582 | 8°8881944 | 4°290841 
80 6400 512000 | 0125 8°9442719 | 4°808870 

1 6561 531441 | 0123457 | 9°0000000 | 4326749 
2 6724 551368 0121950) 9°0553851.| 434448} 
83 6889 571787 | 0120482} 9°1104336 | 4:362071 
84 7050 592704 | 0119048} 9°1051514 | 4°379519 
85 7225 614125 | 0117647 | 9°2195445 | 4:396830 
86 7396 | 630056 | 0116279! 9:2786185 | 4-414005 
(87 7569 653503 | 0114943 | 9°3273791 | 4-431047 
88 7744 681472 | 0113636} 9°3808315 | 4-447960 
89 7921 704909 | 0112360} 9°433Y511 | 4°-464745 
90 8100 72G000 | O111111} 9°4808330 | 4481405 


gl 828i 
8464 


753571 | 0100890) 9°539392 
778088 01086g6 | 9°591003 
804357 | 0997527 | 9°6430508 
830584 | 0100383 | 9°6953597 


4°546836 


857375 | 0105263 | 9°7407943 | 4:562903 
584730 | 0104166 | 9°7979590 | 4°578857 
9126 0103003 | 9°8488578 | 4°594701 


941192 | 0102041 
970299 | 0101010 
1000000 | 01 


4610436 
crate 
464.158 


9°8994949 
9°9498744 
100800000 


m , : 
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10201 | 1030301 
10404 | 1061208 
106090 | 1092727 
10810 1124804 
11025 | 1157025 
11236 | 1191016 
11449 | 1225043 
11664 | 1259712 
11881 1295029 
12100 | 1331000 
12321 1367631 
12544 | 1404028 
12709 | 1442897 
12990 | 1481544 
13225 1520875 
13456 | 1560896 
13689 | 1601613 
13924 1643032 
14161 1085159 
14400 | 1728000 
14641 | 1771561 
14884 | 1815848 
15129 | 1860867 
15376 | 1906624 
15625 | 1953125 
15870 | 2000376 
16129 | 2048383 
16384 | 2097152 
16641 | 2146689" 
16900 | 2197000 
17161 | 2248091 
17424 | 2299068 
17689 | 2352637: 
17956 | 2406104 
18225 | 2460375 
18496 | 2515456 
18769 | 2571353 
19044 | 2628072 
19321 | 2685619 
19600 | 27440GO 
9881 | 2803221 
20164 | 2863288 
20449 | 2924207 
20730} 2985084 
21025 | 3048625 
21310 } 3112136 
21609 } 3176523 
21904 | 3241792 
22201 | 3307949. 
22500 |. 3375000 


Numib. | Square. ~ Cube. 
; ‘0099009 


00980389 
0007087 
0090154. 
0095238 
0094340 
0003458 
0092592 
0091743 
00GO909 
QO0GO0090 
0089286 
0088496 
(087719 
0086957 
0086207 
0085470 
0084746 
0084034 
0083338 
0082645 
0081967 
0081300 
0080645 
008 

0079365 


0078740 


0078125 
0077519 
0076923 
0076336 
0075757 
0075188 
0074627 
0074074 
00735 

0072993 
0072464 
0071942 
0071429 
0070922 
0070423 
0069930 
0060444 
0068966 
0068493 
0068027 
0067567 
0067114 
0066666 
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Recipr. | Sq. Root. — 


10°0498750 


10°0995049 
10°1488916 
10° 1980390 
10°2469508 
10°2950301 
10°3440804 
10°3923048 
10°4403065 
10.4880885 
10°5350538 
10°5830052 
10°6301458 
10°6770783 
10°7238053 
10°7703296 
10°8160538 
10°8627805 
10°9087121 
10°9544512 
11°0000000 
11°0453010 
11°0905365 
11°1355287 
11°1803399 
11°22409722 
11°2604277 
11°3137085 
11°3578167 
11°4017543 
11°4455231 
11°4891253 
11°5325626 
11°5758369 
11°6189500 
11°6619038 
11°7046999 
11°7473444 
11°7898261 
11°8321596 


/11°8743421 


11°9163753 
11°9582607 
12°0000000 
12°0415940 
12°0830460 
12°1243557 
12°1655251 
12°2065556 
12°2474487 


¢ 
C. Root. | 


4657010 
4°072330 
4°687548 
4'7020690 
4°7 17004 
4°732024 
4°747459 
4'762203 
4:776850 
4°791420 
4°8058960 
A'820284 
4°834588 
4°848808 
4°S020414 


4°8760999 | 


4°890073 
4°904868 
4°918085 
4932424 
4°9460088 
4°959675 
4°973190 
4°98603 1 
5*CO0000 


5°013298 | 


5°026526 
5°039684 
5°052774 
5°005797 
5°078753 
-5°091043 
5°104469 
5°117230 
5°129928 
5°142503 
5°155137 
5°167049 
5°1§0101 
5°192494 
5°204828 
5°217 4 


51229321. 


5°241482 
5°253588 
5°205037 
5'277032 
5°2£0572 
5*301459 


| 


5°313293 | 


we 


TRe 25. SQUARES CUBES, RECIPROCALS, AND ROOTS. ®169 


2801 


23104" 
23409 
23716 
24025 
24336 
24049 
24964 
25281 
25600 
25921 
26244 
26509 
26890 
27225 


| 27556 


27889 


| 28224 


28561 
28900 
20241 
20584 
29929 
30276 
30625 
30976 
31329 
31684 
32041 
32400 
32761 
33124 


* 33489 
| 33856 


34225 
34596 


| 34909 
| 35344 
$5721 


36100 
30481 


| 36864 
| 37249 


37636 


| 38025 


38416 


| 38809 


39204 
3g601 
40000 


3442051 


3511808 
3581577 
3652264 
$723875 
3790416 
3869803 
3044312 
4019079 
4.096000 
4173281 
4251528 
4330747 
4410944 
44092125 
4.574299 
4057463 
4741632 
4820809 
* 4913000 
5000211 
5088448 
5177717 
5208024 
5359375 
5451776 
5545233 
503752 
5735339 
532000 
5929741 
6028569 
6128487 
6220504 
6331625 
"6434856 
6539203 
6644072 
6751269 
6859000 
6967871 
7077888 
7189057 
7301384 
7414875 


7520536 


7045373 
7702392 
7880599 
8000000 


~~ 
ee 


Recipr. 


0000225 
0065789 
0065359 
0004035 
0964516 
0064103 
0003694 
0063291 
0062893 
00025 
0062112 
0061728 
0001350 
0000975 
OOGO606 
0060241 
0059880 
0059524 
0054172 
0058824 
0058480 
0058140 
0057803 
0057471 
0057143 
0056818 
C056497 
0056180 
0055806 
0055555 
0055249 
0054045 
0054645 
0054348 
0054054 
0053763 
0053476 
0053191 
0052910 
0052632 
0052356 
0052083 
0051813 
0051546 
0051282 
0051020 
00507601 
0050505 
0050251 
005 


Sq. Koot. 
12°2882057 
12°3288280 
12°3693109 
12°4090736 
12°4498990 
12°48)9960 
12°5299041 
12°5098051 
12°6095202 
12°6491 1060 
12°0885775 
12°7279221 
12°7071453 
12°8002485 
12°8452326 
12°88409087 
12°9228480 
12°90014814 
13°0000000 
13°0384048 
13°0766968 
13°1148770 
13°1529464 
13°190G060 
13°2287566 
13°2064992 
13°3041347 
13°3416641 
13°3700882 
13°4164079 
13°4536240 
13°4907376 
13°5277403 
13°56466000 
13°6014705 
13°6381817 
13°0747943 
13°7 113002 
13°7477271 
13°7 840488 
13°8202750 
13°8504005 
13°8924440 
13°0283883 
13°9042400 
14"0000000 
14°0356688 
14°0712473 
14°1067360 
14°1421356 


C. kKoot. 
5°325074 
5°330803 
5'34848 1 
5°360108 
5'37 1685. 
5°383213.. 
5'394690 | 
§:400120 
5°417501 
5°4.2883 5 
5*440122 
5°45 1362 
5°462556 
5°473703 
5°484806 
5*495865 
5°506879 
5517848 
5°528775 
5°539058 
5°550490 
5°501298 
5°572054 
5*582770 
5°593445 
5604079 
5°614673 
5°625226 
5'635741 
5°646216 
5°656652 
5°667051 
5:677411 
5°087734 
5°698019 
5'708267 
5*718479 
5°728054 
5'738704 
5°748897 
5*7 58065 
5°708008 
5°778906 
5788960 
5°798890 
5°808786 
5818648 
5°828476 
5°838272 
5°848035 


470" SQUARES, CUBES, RECIPROCALS, AND ROOTS. TR.25. 


Numb. ; Square, 


40401 
40804 
41209 
41616 
42025 
4.24.36 
42849 
43264 
43681 
44.100 
44.521 
4.4.04.4, 
45369 
45796 
4.6225 
4.6656 
47089 
47 524, 
47901 
48400 
48841 
49284 
497 29 


50176 | 


50625 
51076 
51529 
51984 
52441 
52900 
53361 
53824 
54.28 

5475 

55225 
55696 
56169 
56644 
57121 
57600 
58081 
58504 
59049 
59536 
60025 
60516 
61009 
61504. 
62001 


62500 


Cube. Recipr. 


8120001 


8242408 
8305427 
8489604 
8615125 
8741816 
8809743 
8998912 
9123329 
9261009 
939393 1 
95265128 
96603597 
9800344 
9938375 
10077696 
10218313 
10360232 
10503459 
10648000 
10793861 


10941048 


11089507 
11239424 
11390625 
11543170 
11697083 
11852352 
12008989 
12167000 
12326391 
12487108 
12049337 
12812904 
12977875 
13144256 
13312053 
13481272 
13651919 
13824000 
13907521 
14172488 
14348907 
14526784 
14700125 
14886036 
15009223 
15252992 
15438249 
15625000 


0049751 
0049504 
6049261 
0049020 
0048780 
0048544 
0048309 
0048077 
00478417 
0047010 
0017393 
0047 170 
0046948 
0046729 
0046512 
0040290 
0046083 
0045872 
0045662 
0045454 
0045249 
0045045 
0044843 
0044643 
0044444 
0044248 
0044053 
0043860 
0043668 
0043 478 
0043290 


0043 103 


0042918 
00429735 
0042553. 
0042373 
0042194 
0042017 
0041841 
0041666 
0041494 
0041322 
0041152 
0040934 
00408106 
004005 

0040486 
0040323 


00401061 
OO4 . +f 


14°177446 
14°2126704 
14'2478068 
14°2828569 
14°317821)} 
14°3527001 
14°3874946 
14°4222051 
14°4508323 
i4°4913767 
14°5258390 
14°5602198 
14°5945195 
14°6287388 
14°6028783 
14°069009385 
14°7309199 
14°7048231 
14:7980486 
14°8323970 
14°8000687 
14-8996044 
149331845 
149666295 
15°0000000 
15°0332964 
315-0605 192 
150990689 
151327460 
15°1657509 
15°1986842 
15°23 15462 
15°2643375 
15°2970585 
15°3297097 
15°3622915 
15°3948043 
15°4272486 
15*4596248 
15°4919334 
15°5241747 
15°5503492 
15°5834573 
15°6204994 
15:6524758 
15:684387 1 
15°7162336 
15°7480157 
15°7797338 
15°8113883 


"| C. Root. | 
}5°857705 | 
5°867464 | 
5*877 130] 
5'886765 | 


5°896368 


5905941 7 


5°915481 
5*924991 
5'934473 


5943911} 
5°953341 | 


5°962731 
5°97 2091 


5'981426, 


5°990727 


6°000000 
6:009244 } 


6°01 8463 
6'027650 
6'036811 
6'045943 
6055048 
6064126 
6°073177 
6'°982201 


6°109115 
6°1 18032 
6° 126925 


6°135792 
6°1 14634 } 


6°153449 
6° 162239 
6°17 1005 
6°179747 


6197154 
6205821 


6°91440-4] 
6223083 | 


6°231078 


6'24025 1 | 
6°248800 | 
6°2573 244 


6°205820 
6:27 aU 


6982760 | 
6°291194 | 


6:299604 


6°091199 7 
6°100170 | 


! 


. 


6°188403 | 


; 


®. 25. SQUARES, CUBES, RECIPROCALS, AND ROOTS. 471 
| “s 


. Cube. 
1300} 15813251 


Recipr. | Sq. Root. | C. Root. 
OO3Y841 | 15°8429795 | 0°307992 


fo 3504 | 16008008 | 0030683 | 15°8745079 | 6316359 
Q 640094) 16194277 | 0039526 | 15°9059737 | 6°324704 
4 | 64516 | 16387054 | 0039370 | 159373775 | 6333025 
55 65026 6581875 | 0039216 | 15°9687194 | 6°341325 
256 | 65536 me ee 0039093 | 16°0000000 | 6349602 
257. | 66049 | 16074593 | 0038911 | 16 0312195 | 6°357859 
258 60564 | 17173512 | 0038760 | 16°0623784 | 6°366095 
2500 67081 | 17373979 | 0038010 | 16°0934769 | 0°374310 
_ 260. | 67600 | 17576000 | 0038462 | 16°1245155 | 6382504 
261 68121 | 17779581 | 0038314 | 16 1554944 | 6°390676 
262 | 68644 | 17984728 | 0038108 | 16°1864141 | 6°398827 
263 69169 | 18191447 | 0038023 | 16-2172747 | 6'406958 
264 | 6y696 | 18399744 | 0037878 | 16°2480708 | 6°415068 
265 70225 | 18609625 | 0037736 | 16°2788206 | 6'423157 
266 70756 | 18821096 | 0037594 | 16°3095064 | 6431226 
9 267 71289 | 19034103 | 0037453 | 16°3401346 | 6°439275 
268 | 71824 | 19248832 | 0037313 | 16°3707055 | 6°447305 
269 | 72361 | 19465109 | 0037175 | 16°4012195 | 6'455314 
270 | 72900°| 19683000 | 0937037 | 16°4316767 | 6'463304 
271 | 73441 | 19902511 | 0036900 | 16:4620776 | 6°471274 
272 | 73984 | 20123648"| 0036705 | 16:4924225 } 6'479224 
2a 74529 | 20346417 | 0036630 | 16°5227116 | 6°487153 
274 | 75076 | 20570824 | 0036490 | 16°5529454 | 6°495064 
275 75625 | 20790875 | 0036303 | 165831240 | 6502956 
276 | 70176 | 21024576 | 0036232) 16:6132477 | 6°510829 
277 | 76729 | 21253933 | GO35101 | 16:-6433170 | 6°518684 
278 77284 | 21484952 | 0035971 | 166733320 | 6°526519 
279 | 77841 | 21717639 | 0035842 | 16:7032931 | 6°534335 
280 | 78400 | 21952000 | 0035714 | 167332005 | 6'542132 
281 | 78961 | 22188041 | 0035587 | 16:7630546 | 6°549911 
9282 | 79524 | "22425768 | 0035461 | 16-7928556 | 6°557672 
283 “| 80089 | 22065187 | 0035336 | 168226038 | 6565415 
284 | 80656 | 22906304 | 0035211 | 16-8522995 | 6573139 | 
285 | 81225 | 23149125 | 0035088 | 16-8819430 | 6’580844 | 
286 | 81796 | 23393656 | 0034905 | 16-9115345 | 6'588531 
£87 | 62309 | 23639903 | 0034843 | 16-9410743 | 6°596202 
288 | 82944 | 23887872 | 0034722 | 16-9705627 | 6°603854 
289 | 83521 | 24137569 | 0034602 | 17-0000000 | 6611488 
» 290 | 841100 | 24389000 | 0034483 | 17°0293864 | 6°619106 
201 S46S1 | 24642171 | 0034364 | 17°0587221 | 6°626705 
292 |} 85264 | 24897088 | 0034246 } 17°0880075 | 6 644287 
+ 203 85849 | 25153757 | 0034130} 17°1172426 | 6°641851 
294 | 86436 | 25412184 | 0034014 | 171464282 | 6°6493909 
298 87025 | 25672375 | 0033898 | 171755640 | 6656930 
296 |} 87616 | 25934336 | 0033783 | 17:2046505 | 6°664443 
' 207 } 88209 | 26198073 | 0033670 | 17:2336879 | 6°671940 
— 298 | 88804 | 26463592 | 0033557 | 17:2626765 | 6679419 


89401 | 26730899 | 0033445 | 17'2916165 | 6686882 


27000000 | 0033333 


17°320508 1 | 6°694328 


-% 


472" SQUARES, CUBES, RECIPROCALS, AND ROOTS.. TR. 25. 


| Numb. | Square. Cube. 


; 301 go6v1 
| go2 | 91204 
| 303 91809 
| S04 | 92416 
305 93025 
| 306 93536 
| «307 94249 
| 308 94864 
309 95481 
| 310 96100 
| OSD 96721 
| 312 07344 
313, | 97969 
| 314 08596 
| “315 99225 
316 GQ856 
| 317 | 100489 
| 318 | 101124 
| 319 | 101761 
| 320 | 102400 
| 322 | 103041 
322 | 103684 
323 | 104329 
| 324 | 104976 
| 325 | 105625 
| 326 100276 
| 327 | 106929 
| 328 | 107584 
| 329 | 108241 
| 330 | 108900 
| 331 | 109561 
| 932. | 110224 
| 333 | 110880 
| 334 | 111556 
335 | 112225 
| 336 | 112896 
337 | 113569 | 
| 338 | 114244 
339 | 114921 
| 340 | 115600 
S41 | 116281 
| 342 1116964 
343 | 117049 
344 | 118336 
345 | 119025 
346 | 119716 
347 | 120409 
| 348 | 121704 
| 349 | 121801 
| 350 }|122500 


27270901 
27543608 
27818127 
28094404 
26372625 
28052616 
28034443 
29218112 
29503629 
29791000 
30080231 
30371328 
30664297 
30959144. 
31255875 
31554496 
31855013 
$2157432 
32461759 
32768000 
33076161 
33380248 
33008267 
34012224 
34328125 
34645076 
341965783 
35287552 
35611289 
35937000 
36264691 
365943608 
36926037 
37259704 
37595375 
37033050 
38272753 
38014472 
38958219 
30304000 
39051821 
40001688 
40353607 
40707584 
41063625 
41421736 
41781923 
42144192 
42508549 
42875000 


0033223 
003311 
0033003 
0032895 
00327 
0032680 


0032573 | 


0032458 
0032362 
003 2258 
0032154 
0032051 
0031949 
0031847 
003174. 
0031646 


0031546, 


003 14.4.7 
003 1348 
003125 

es 
0031056 
0030960 
0030804 
0030769 
00300675 
0030581 
0030488 
0030395 
0030303 


| 0030211 


0030120 
0030030 
0029940 
0029851 
0029762 
0029674 
0029586 
0029499 
0029412 
0029326 
0029240 
G029155 
0029070 
0028986 
0028902 
0028818 
0028736 
0028653 
0028751 


— , 
ity f 

w if 
; 


Recipr. | Sq. Root. 


17°3403510 


117°3781472 


17°4068952 
174355958 


7°464.2492 

Pe est) 
17°5214155 
17°54.990288 
17°5783958 
17°6068 169 
17°6351921 
17°6635217 
17°6g1S060 
17°7200451 
17°74.82393 
17°7763888 
17°8044.938 
17°8325545 
17°8605711 
17°8885438 
17°9164729 
17°9443584 
17°9722008 
18°0000000 
18°0277504 
18°0554701 
18°083 1413 
18°1 107703 
18°1383571 
18'1659021 


181934054 


18'2208672 
18°:2482876 
18°2756069 
18°3030052 
18°3303028 
183575598 
18°38477603 
18°41 19526 
18°4390889 
18°4661853 
18°4932420 
18°5202592 
18°5472370 
18°5741750 
18'6010752 
186279360 
18°6547581 
18°6815417 
18°7082869 


"C. Root. 
0°701758 
6-7091724 
6°7 165609 | 
0°723950 
673146 
6°738605 | 
6°745997 
6°753313 | 
6°7606 14 
6°767899 
6°775168 © 
6°782422 
6°78906 1 
6796884 
6°804091 
6°811284 
6°818461 | 
6'825024 
6°832771 
6'839903 
6°847021 
6°854124 
6°861211 
6'868284: 
6°875343 
6°882388 
0°889419 
6'396435 
6°903436 
6°910423 
6°917396 
6°924355 
6°93 1300 
6°938232 
6°9045149 
6°952053 
6'958943 | 
6'965819 
6°97 2682 
6°979532 | 
6°986369 
6°993191 | 
7°000000 | 
7°006790 
7°013579 
7'020349 | 
7°027 106 
7°033850° 
7°040581 
7°047 208 | 


' = 
a 
ae 


“rr. 25. SQUARES, CUBES, RECIPROCALS, AND ROOTS.” 472 


VOL. I. 


351 | 123201 
$52 | 123404 
353 | 124609 

354 | 125310 
355 | 120025. 
3560 | 126730 
357 | 1274-19 
358 | 128164 
350 128881 
360 | 124600 
361 | 130321 
302 | 131044 
363 | 131700 
364° | 13246 
365° | 133225 
366 | 133956 
367 "| 134689 
368 | 135424 
309 | 130101 
370. | 136900 
371 | 4137941 
37 138384 
373 | 139129 
374 139876 
375 | 140625 
370- | 141376 
377 | 142729 
378 | 147884 
379 | 143041 
380 | 144400 
381 | 145104 
382 | 145y24 
383. | 146089 
884 | 1474156 
385 | 148225 
386 | 146996 
387 | 149769 | 
388 | 150544 
3889 | 15132) 
3yO | 152100 
391 | 152881 
392 | 153604 
393 | i3eag 
364 | 155236 
3905 | 150025" 
396 | 150810 
397 | 157009 
398 158-i04 

- 309 | 159201 

| 40 | 160000 


43243551 
3614208 
4.3)80977 
44361864 
44738875 
45118010 
45499293 
458827 12 
46208279 
46656000 
47045381 
47437928 
47832:17 
45228544 
4.8027 125 
49027890 
49430803 
49530032 
50243409 
§0053000 


“5100481 "| 


51478848 
51895117 
§23136024 
§2734375 
53157376 
53552033 
54010152 
54459939 
54872000 
55300341 
55742908 
50181887 
50023 104. 
57090025 
57512450 
57960503 
58411072 
5886380y 
593 19000 
59770471 
00230288 
60098457 
011062984 
61029875 
02009136 


02570773 


63044792 
03521199 
64006000 


“0025003 


0U284.0 


a 


Numb. | Square. Cube. | Recipr. | Sq. Root. 


18°734gg40 


0028409 (8°70 16U30 


0023248 
0028169 
QO2LBCQ9 
0028011 
0027933 
0027855 
0927777 
0027701 
0027624 
(027543 
0027473 
0027307 
0027322 
0027248 


0027174, 


0027100 


‘0027027 


0020054 
6020882 
0020810 
0026735 
0020060 
0020546 
0020525 
0020455 
0020385 
0020310 
0020247 
60260:178 
0026110 
0026042 
0025974 
0025407 
0025840 
0025773 
0025707 
0025041 
0025575 


0025510 


V025445 
0025381 
9025310 
0025252 
0025189 
0025120 


0025 
If 


} 
a RL 
j 


18°8148877 
18°8414437 
18°607G023 
188044430 
18'9208879 
18°9472453 
18°Y736000 
1Q*QO00COCO 
19°0202976 
19°0525586 
19'0787840 
19° 1044732 
19°1311205 
19°1572441 
19°1833261 
19°2093727 
19°2353841 
19°2013003 
19°2873015 
19°3132079 
19°33G0796 
19°3649107 
19°3907194 
14'°4104873 
19°442222 

19°4070223 
19°4935887 
1y°5192213 
19°5448203 
19°5703858 
19°5959179 
190°0214169 
19°6468827 
19°0723150 
19°0077150 
19°7230829 
19°7484.177 
19°7737199 
19°7989899 
19°8242276 
19'8494332 
19°8746069 
10°SQ97487 
re ely 
199499373 
19°9740344 


20°COL OCOD 


¢ 


7°054003 
7*000990 
7°067376 
7°074043 
7 O08C098 
7'087341 
7°093970 
"109588 
*107193 
"113786 
7°120367 
7°126935 

1133402 
res 
°146566 
°1530g0 
"159599 


NINN 


"1725 

°179054 
185516 
‘191966 
"198405 
‘204832, 
*211247 
"217652 
°224045 
230427 
7°230707 
7° 343156 
7°249504 
7°255841 
7°262167 
7°268482 
7°2.74780 
7°28 1079 
7°287302 
7°293633 
7° 299893 
7°300143 
7°312383 
7°318011 
7°324820 
7°33 1037 
7°337234 
7°343420 
7°349599 
7°3557 02 
73019017 
7°308003 


SEATON SS 


baa thee Mite fia ies Be tae 


; 
J 


G. Root. 


160095.) 


474 


| a rer tte ir re et rn | re et I a RN 


Numb. 
~ 401 
402 
403 
404 
405 
400 
407 
408 
409 
410 
41 
ALD 
413 
414 
415 
416 
417 
418 

#9 
420 
421 | 
422 
423 
424 
425 
426 
427 
428 

429 
430 
A431 
432 
A33 
A434 
435 
4 36 
437 
438 
439 
440 
441 
442 
4435 
444 
445 
446 

447 
448 
449 
456 


e 


Square. 


{00801 
161004 
162400 
103216 
164625 
164830 
105649 
160464 
107281 
168100 
1O08g21 
16: \7- 44, 
170569 | 
1713960 
172225 
ste 10 
388Q 
Ep 
175561 
176400 
177241 
178084 
178929 
179770 
180625 
: as 
82329 
tee 
184041 
184900 
{857 761 
186624 
157489 
188350 
189225 
190096 
190969 
igl844 
192721 
193600 


104481 


195364 
ig6240 
197130 
(98025 
198916 
149809 
200704. 
201001 
202500 


__ Cube. 


“04481201 
64g04803 
65450827 
65930204 
00430125 
00623416 
67419143 
67911312 
634 17G29 
68902 1000 
Pn 
65934528 
70444007 
70951944 
71473375 
71991206 
72911713 
73034632 
73500059 
74088000 
74918401 
75151448 
75086967 
76225024 
76705625 
77308776 
77854493 
78402752 
78953589 
Ad pent 
80002991 
80021568 
81182737 
81740504 
82332875 
§2881850 
83453453 
84027672 
84004519 
85184000 
raid bene 
0350888 
86038307 
87528384 
§$121125 


- 88710536 ° 


893 14023 


84915392 ° 


90518849 
91125000 


| Recipr. 


VO2AY38 
(024870 
0024814 


00247 52° 


OO2Z40G1 
002463 | 
0624570 
00245) a 
G024458 
00243¢G6 
(024331 
0024272 
0024213 
0024155 
nGedone 
0074058 
0023081 
0023623 
0023866 
0023810 
00:3753 
0023097 
0023041 
0023585 
0023526 
0023474. 


0023419 


0023364 
0023310 
0023256 
(023202 
0023148 
0023095 
0023041 
0022989 
0022930 
0022383 
002283 1 
0022779 
0022727 
0022676 
0022024 
0022575 
0022522 
0022472 
0022422 
0022371 
0022321 
0022272 
0022222 


Sq. Root. 


20°0249844 
20°04909377 
20°0748509 
20°0097 512 
20°1 240118 
20°1404417 
90°) 742450 
20°19 ,COQY 
20°2237484 
20°2484507 
20°2731349 
20°2077831 
20'3224014 
20°3469809 
90°37 15488 
20°396007 81 
20'4:205779 
20'°4450483 
20°4094895 
20°4039015 
20'5 182845 
20°54203S0 
20°5009038 
20°59 12803 
20°0155281 
20° 0397074 
20°603G67 83 
20°088 1009 
20°7123152 
20°7304414 
20°7005305 
20°7 840097 
20°80860520 
20°8320607 
20°856053 

20°8806130 
20°9045450 
20°02844095 
20°9523268 
20° 9701779 
21°0000000 
21:0237960 
21°0475652 
21°07 13075 
21°0950231 
21°1187421 
21°1423745 
21°1600105 
21°1896201 | 
21°2132034 


“7 


SQUARES, CUBES, RECIPROCALS, AND ROOTS. TR. 25. 


_C.Root. 
7374108 
7'°380322 
7°380437 | 
7°392542 
7°3Q8030 | 
7'AG47 20 | 
7°410794 
7°410859 | 
7°422914 | 
Moet: ces 
7°434993 
7441018 
7 °4A47033 
7°453039 
7 ‘459036 
7°405022 
7 470909 
7470900 
7°482924 
7488872 
7°494810 
7 °3007 40 
7°500660 
7°512571 
7'518473 
7°924305 
7530248 
7°530121 
7°541G86 
7°547841 
7°553088 
7°559525 
7°505353 
7°971173 
7570984 
7°582786 
7588579 
7 394303 
7 600138 
7°605g05 
7°011062 
7Oi74ail 
7°023151 
7°628883 
7°034606 
7 640321 
704.0027 
| 70517 25 
c "057414 
Cd OP INO 1 BAA POOC RP OG2B RUN AITAISAOG4Y 7° CN GOT 1 


y- 


TR. 25. 


i 


“_ 


Numb, 


451 
452 
453 

454 
455 


SQUARES, CUBES, RECIPROCALS, AND ROOTS. 


Square, 


203401 
204304 
205209 
200110 
207025 
207936 | 
208849 
200764 
210681 
211600 
212521 
213444 
214309 
215290 
216225 
217156 
21808y 
214024 
21990! 
220900 
221841 
222784 
223729 
2240760 
225025 
226570 
227520 
228484 
220441 
230400 
231361 
232324 
233289 
234250 
235225 
236106 
237169 
238144 
239121 
240100 
24108] 
2423064 
243019 
244036 
245025 
240016 
247009 
248004 
249001 
250090 


2 eee 
—————————————————————EE————————— 
ee 


+ 


Lape, 


“Oz 
asin 
9254077 
93570664 
04195375 
94518816 
05 143993 
96971912 
98702579 
97330000 
97972181 
9&611128 
09252847 
(9897744 
100544625 
101194696 
101847563 
102503232 
103101709 
1038'239C0 
104487111 
105154048 
105823817 
106490424 
107171875 
107850176 
108531333 
109215352 
{0.902239 
110592000 
111284041 
111980198 
112075597 
113379904 
114084125 
114791256 
1155013 
1162142772 
116930164 
117640000 
118370/71 
119005468 
116823157 
120553784 
121287375 
422023936 


122703473 


123505992 
124251409 
125000000 


| 


0020367 


‘Recipr. | 


0022173 
0022124 | 
0922075 | 
0022026 | 


002.1930 
0021882 
0021854 
0021780 
0021739 
0021092 
0021045 
0021598 
0021552 
0021505 
0021459 
0021413 
0021308 
0021322 
0021277 
0021231 
0021180 
0021142 
0021097 
0021053 
0021008 
C020904 
C0209 21 
00203877 
0020833 
0020700 
0020747 
002.97 04 
002066) 
0020519 
0020576 
0020534 
0020402 
0020450 
0020 108 


0020325 


0020284 
0020243 
0020202 
0020162 
0029121 
0020080 
0020040 
002 


Sq Root. 


21°2367600 


21°2602916 
21°2837007 
21°3072753 
290 


21°3541565 | 


21°3775583 


21°4009346 | 


21°4-242853 
21°4476166 


21°4709106 | 
2174941853. 
21°5174348 | 
Q21°5¢ 109592 


21 "5038587 | 
21 5870331 | 
i b 6101828 


4. y % 


i Root. 


‘063760 
*074430 
‘650085 
‘03573 32 
7°69137.1 


See 


7758402 


216333077 | 7°76308¢ 
216564078 | 7°769462 
21°0794834 | 7 774080 


21°7025344. 
21°7255610 
21°74856032 
21°77 15411 
21°74440947 
21°S174242 
21°8403297 
21°8632111 
21°8860086 
21°GOsg023 
219317122 
21-G544984 
21°9772910 
22°O0000000 
2°0227155 
22°0454077 
22°0080705 
22°0207 220 
22°1133444 
2'2°135094130 
221585193 
22°1810730 
tae atte 

2°2261108 
Shea benil 
phd al 


383079 
ed by he 1798 


SINININ NES SINS NS SS NS 


7°780490 


2 
"813389 
°818845 
"8242094 
°820735 
835108 
*840594 
‘340013 
851424 
"850528 
"802224 
8607013 
‘872004 
°878308 
"333734 
58590 )4 
7°8904440 
7°€99791 
7°$05129 
7°910400 
7°915784 


476 SQUARES, CUBES, RECIPROCALS, 


3025C0 


quare. | 


259081 
260100 
ZOL121 
202144 
263169 
264146 
205225 
2062560 
207239 
208324 
269301 
270400 
271441 
272484 
273520 
274576 
275625 
276076 
277729 
278784 
27984) 
280900 
281001 
283024 
284089 
285150 
286225 
2872096 
2883609 
289444 
290521 
291600 
292081 
293704 
294840 
2059360 
297025 
2081106 
2962090 
800304 
301401 


na es SR a 
ES PER eo Eee Se eS nO 


Cube. 


125751501 
120506008 


127203527 
125024054 
1287%7025 
1265542106 
1303 238-43 
131046512 
eae 

32951000 
evecn 
134217728 
135005007 
135790744 
136500875 
137388005 
138188413 
138991832 
13978359 
| 40008000 
141420701 
142230648 
143055067 
143877824 
144703125 
145531576 
146363183 
147197952 
148035889 
148877000 
149721201 
150568768 
151419437 


152273304 | 


153330375 
153990656 
154854153 
155720872 
156590816 
157404000 
15¢340421 
159220088 
160!0:007 


160980184 


101875625 
162771336 
163607323 
164566502 
105469149 
160637 50C0 


ee er _Recipr. 


0019960 
0919420 
6019881 
CO19841 
0019801 
(010763 
0019724 
0019085 
0019646 
0019608 
0019569 | ¢ 
00:9531 
00! 9498 
0019455 
0019417 
0019580 
0019342 
0019505 
0019268 
0019231 
0019194 
* 0019157 
6019120 
0019084 
0019048 
00)9011 
0018975 
6018939 
0018904. 
0018868 
0018832 
00187 97 
0018762 
00187 27 
0018692 
00i 8657 
OO 18622 
0018587 
0018555 
OO1S8518 
0018484 
0018450 
0018416 
0018382 
0018349 
0018315 
0018282 
0018248 


0018215 


0018181 


50D WOH Ww HO TE HW DWW WH WW HW ID WK 


/ 
ts. ~O WS W tO WO to tS Se) to i Ww a i 


AND ROOTS. 


~ Sq. Root. | ¢ 


22°40% 3505 


iS tO . 


to te 


‘> 
~~ 
. 


7 

093041 }4 
150334 
3 


22°G3468G9 
22:0564805 


| £3°9217289 


23°0434372 
23°0951252 

23°0867028 
23°1084400 
3°1300670 
3°1516738 
1732605 
*1948270 
‘2103735 
"2279001 
23°2544067 
23°2808035 
293°3023604 
23°3238076 
23:3459351 


KOKO“ HONKQ 2D HO 
OO 0 O&O wort 


“233660429 


23°35603 11 
23°4093 098 
234307490 
23°4520788 


e3 3830293 3 


| 8041451 


“4 


LF 


a 


TR. 25-4 


C. Root. | 
7942203 4 
7°Y47573 
7952847 
7°958114 
7'°G63374 
7°908027 
7°973873 
7°O79112 
7°G843 44 
989569 
7°9G4788 

8 °CCGO0O 
8°005205 
8°010403 
8°01 555 
8°0207;9 
8'025957 
8'G531204 
8°0362u3° 


8 046603 
$0517.48 
8056886 
8'062018 
8°067 143 
8072262 
8°077374 
8°082480' 
8°087579 
§'092672 
8097758 
8°102838 
§°107G12 
8°112g80 
871) 8041 |i 


8123000 |} 


§°128144 
§°133186 
8°338223 
§°143253 
8148276 
8°1532G3 
8158304 
8163209 
8168308 
8173302 | | 
8*17828G 
8*1 83269 
8188244 | - 
§°193212 


Square. 


203001 
3U4704 
305809 
306910 
308025 
309136 
310249 
311364 
312481 
313000 
314721 
315844 
316969 
318090 
319225 
320350 
321489 
322524 
323761 
324900 
320041 
327184 
328320 
329470 
330025 
331776 
332929 
334084 


330400 
33756! 


330889 
341050 
3.42225 
343890 
344509 
345744 
346921 
| 348100 
-| 349281 
350404 
351649 
352830 
354025 


335241, 


3387 24> 


“Cube. 


107 284151 
168196608 
160112377 
17003 1404 
170953875 
171879616 
172808093 
173740112 
174070879 
175016000 
170558481 
177504328 
178453547 
1790400144 
180362125 
181321496 
182284203 
183250432 
184220009 
185193009 
186100411 
187149248 
188132517 
189119224 
190109375 
191102970 
192100033 
193100552 | 
194104539 | 
195112000 
190122941 
197137308 
198155287 
199170704 
200201025 
201230050 
202202008 
203297472 
204330469 
205379000 
20642507 1 
207474088 
208527857 
209584584 
210044875 
2117087390 
212770173 
213847192 
214921709 
210000000 


, 4 


_Rec'pr. 


O01 814g 
0018110 
00} 8083 
0018051 
OOitO18 
0017 G80 
0017953 
O017y2) 
0017889 
0017857 
0017825 
0017794 
0017702 
0017730 
001709) 
0017608 
0017037 
0017606 
0017575 
0017 544 
0917513 
0017453 
0017452 
0017422 
0017391 
0017301 
0017331 
6017301 
0017271 
-O017 241 
0017212 
0017 182 
OO17 153 
0017 123 
0017 Q04 
00i7005 
0017036 
0017007 
0016478 
0010949 
0016920 
0016891 
0016863 
0016835 
0016807 
0016779 
0010750 
0016722 
0010694 
0016606 


~) 
eI Eo I CS AE, EER EU 


Sq. Root. 


23°AT 33 96;2 
23°4946802 
23°5159520 
23°5372040 
ie 5584380 

ays 7905 42 
Rev 
43°0431808 
23°0043191 


236854380 |. 


23°7065392 
23°7270210 
23°7480842 
23°7 697286 
23°7907545 
23°81176018 
23°8327600 
23°8537209 
23°8746728 
23°8955003 
23:9165215 
23°0374184 


24°0000000 
240208243 
240416306 
24:0624188 
24°083 1892 
24°1049416 
24°1246762 
24°1453929 
24°1660919 
24°1867732 
24°2074369 
24°2280829 
24°2487113 
24°2093222 
24°2899155 
24°3104916 


24°331050i | 


24°3515913 
24°3721152 
24:20262 i8. 
24° 
24°4335834 
24°4540385 


Brmmeoarnwm em 
: 


8195175 
§°203 131 
§$° 208082 
3° 213027 
8°21 7905 
$°222898 
8:°227825 
8.232746 
82370601 
s° 24257 @] 


286493 


296190 
*301030 
"305805 
8310994 
8315517 
8°320335 
8°325147 
$*320054 
8334755 
8°539551 


8 344341 


8°340125 
8°353904 
$°353078 
8 363446 
8°308209 
§°372960 
8°3,57718 
8°382465 
8387206 


201344. | 


47 


jC. Roots | 


' 
{ 
| 
t 


8°391942 |. 


8°390073 
8°401398 
Gg ih 
$°410832 


131112 8 ebas 


$°4290245 
8°424944 


24'4744765 | 8°429638 


24°4948974 | 8°4 


8434327 


478 


* 


Numb. | Square. 


~~ 60 L 


“361201, 201 


302404 
303009 
304810 


306025 
307 230 
368449 
303604 
37088] 
372100 
373321 
374544 
375769 
370095 
378225 
379456 
380089 
381Q24 
38316; 
354400 
385041 
380884 
38812 GQ 
384370 
3890025 
391876 
393 429 
394334 
3456-4 | 
3890909 
39816] 
399424 
400089 
401956 
403225 
404496 
405709 
407044 
4.08321 
409600 
4.1088] 
412464 
4135449 
414736 
410025 
417316 
418609 
4! 9604 
42120b 
422500 


Cube. 


“217081801 


218167208 
219250227 
220348864 
221445125 
222545016 
223648543 
224755712 
2258602 2y 
22098 /OL0 
228940131 
2242-0928 
2302406397 
931475544 
232008475 
233744896 
234885113 
23602952 


237170954 


238325000 
239483001 
240041848 
241804307 
242470024 
244140925 
245314370 
246491883 
247973152 
248858180 
250047000 
251230591 
252435668 
253030137 
254840104 
250047875 
257250450 
258474853 
259044072 
260917119 
962 144600 
293374721 
264005288 
265847707 
207080484 


2683360125 | 


269586136 
270840023 
27 2097792 
273359449 


974625000. 


Recipr. 


SQUARES, CUBES, RECIPROCALS, AND ROOTS. 


_ Sq. Root. | C 


——- —. — 


0016039 | 24°5153013. 


0010011 | 


0016584 
0016550 | 
0010520. 
0010501 | 
0010474 
0010-447 | 


‘0016420 | 


0010343 
CO: 0207 | 
0610340 | 
0016313 | 
0010287 
0010260 | 
GO10234° 
0010207 | 
0010181 | 
0010155. 
OO1O129 2 
00106103 
0010077 
001005 L 
0016020 | : 
0010 

0015974 
001594g 
O01 8924 
0015893 
0015673 
0015843 
0015523 
0615758 
0015773 
0015748 
0015723 
0015639 
0015074. 
0015644 
0015025 
CO15001 
00155706 
0015552 


0015528 
001 S504 
0015450 
0015456 
0015432 
0015408 
00) 5385 


24°53 5 10883 


| 24°5§6985 So 


24°5704115 
24°5 507478 
24°01 70073 
24'0573760 
24°0576500 
24°077Q 254 
24°UQS 178) 
2+°7 184.142 
24°7 386338 
24°7588368 


\ed-r7 90984 


24°7.991935 
24°8193473 
24°8394847 


mer he 5540058 


oe #8767100 

8497092 
ns 4148716 
24: 9309! Ba 
24 Qe 59007 
4-970 3Q2 0G 
3-000 U0 
"O1GGY26 
0395681 
Z9'O50G282 
25°O7Q87 24 
25°0.3¢8008 
“1197134 
‘1366102 
"1504913 
25°3793 60 
"1942003 
"21G0404 
"23885¢9 
"2580014 
2784493 
"2082213 
49°3174773 


te 


wh hb 
aS SS 


Fg 4 
[a 


(25°3377 1 8y) 


25°35 74447 
25°377 1551 
25°3968504 
25°4165501 
25'4361947 
25°455844 1 
25°A7 54754 
25°495007 


me. 25, 


C. Root, 


8°43 8'43Q00y 
8'°442087 
8°44.8300 
8°45 5627 
8°4.57089, 
§°462347 
836009) 
8°47 i047 


8470259” 


84809 20 
8°46 5557 


8° bO. 84 


8°4G4800 
8°4:004-23 
8 504034 
8°50804 1 
§°5 13243 
8°517840 
8542432 
§°527018 
$°53 (G00 
eS30177 
8°540744 
8 545337 
8544879 
8°554437 
8 558G00 


§°57201s 
$°577152 
8°581680 
8'586 204 
8°590723 
$°595238 
8°59G747 


8°00 4252 
| 8608752 
($'013243 


8617738 


| §°022224 


$°020700 
8'031183 
8°635055 


8040122 


8°044585 
8°049043 
§°053497 
8°657646 
8062501 


a Aik 


a . Py 
ee ee — ae eee 


TR.~ 


~ 


. | Square. 


425801 
425104 
420409 
427716 
4.29025 
4303306 
431049 
4329C4 
434281 
435600 
430921 
438244 
439509 
440899 
442225 
443556 
44.4889 
44022-4 
44756) 
448900 
4.50241 
4.51584 
452929 
454270 
455625 
450970 
458329 
4.59084 
4.01041 
4.02400 
4.03701 
4.05124 
4.00489 
407850 
4.09225 
4.70590 
47 1959 
4/3344 
{4721 

0100 
477481 
478804 
430249 
431630 
483025 
484410 
495869 
487 204 
485001 
440000 


ft 
eS tds EIEEET RENEE ea 
7 


275804451 


277 (07808 | 
278445077 
279726204 


342 
280191179 
287499000 
23880478] 
290117528 
291434247 
202754944 
294079025 
20540290 
2:\)6740963 
298077032 
239418309 
3007 03000 
30211171) 
303404448 
304821217 
400182024 
3075 10875 
3089!5770 
310283733 
311605752 
313040839 
314432000 
315621241 
31721450608 
318611987 
320013504 
321419125 
322628850 
324242703 
325000072 
327082769 
328509000 
320930371 
331373888 
332812557 
334255384 
335702375 
337153536 
338008873 
340008392 
34153'2090 
34000000 


OO15301 
0015437 
OOL53i4 
0015291 
(6015267 
O015244 
0015221 
0015198 
0015175 
0015151 


0015129 


0015106 
0035053 
0015060 
0015038 
0015015 
0014993 
0014070 
0014948 
0014925 
0014903 
0014831 
0014859 
0014837 
OOL4514 
0014793 
0014771 
0014749 
0014728 
0014700 
0014084 
0014663 
0014041 
0014620 
0014599 
0014577 
0014556 
0014535 
O00 1|4514 
0014493 
0014472 
6014451 
0014430 
00414409 
0014388 
0014308 
0014347 
0014327 
0014300 
0014286 


7. 


*« 


25. SQUARES, CUBES, RECIPROCALS, AND ROOTS. 


Cube. | Recipr. 


479 


Sq. Root. } C. Root. 


35°5147010 | 8 000831 
| 25°5342407 


25°5538047 
25°5734237 
25°5G29078 
25°01 24969 
25°0320112 
25°05 15107 
25°0709953 
25°6904652 
25°7 099203 
25°7 203007 
25°7487804 
25°*7081975 
25°7875939 
25°8069758 
25°8203431 
25°8450960 
25°8050343 
25°8843582 
259026677 
25°9229028 
25°9422435 
25°9015100 
25°9807621 
25°0000000 


20°0192237 


26°0384331 
26°0570284 
26°07 68090 
26°0Y5Q767 
20°1151207 
20°1342087 
20°1533937 
20°1725047 
26°1910017 
26°2105848 
26°2207541 
26°2488095 
26°2078511 
26°28608789 
26°3058029 
26°3 248932 
20°3438797 
26°3028527 
26°3818119 
264007570 
26'4190890 
26°4386981 
26°4575131 


8:67 1266 
8°075097 
8°080123 
8°084545 
§'688G03 
$°693376 
§°097734 
8°702188 
8°709587 
8°710982 
§°715373 
8°719759 

724141 
Der 
8°732891 
§°737260 
8°741624 
§°745984 
$°750340 
8 754601 
8°759038 
8°703380 
8767719 
8°772053 
&°776382 
8°780708 
§°785029 
8 769340 
8°793059 
8°797907 
8°S0227: 
8°800572 
8°810868 
8°815159 
8°8}Q447 
8°823730 
§'828009 
8°832285 
§°836556 
§'$40822 
8'845085 
8°849344 
8853598 
8°857840 
8°862095 
8°866337 
8°870575 
8°874809 
8°870040 


NR rr A EN GE ser nt te ne tence —- 
eee a enn nee 


Square. 
491401 
+92 804 
494209 
495610 
497025 
498430 
499849 
501204 
502081 
504100 
505321 
500944 
508309 
599790 
PD1 L225 
512050 
51408y 
515524 
516901 
518400 
519841 
521284 
522720 
524176 
525025 
527070 
528529 
520034 
53 14-41 
532900 
534301 | 
535824 
537 289 
538750 
540225 
541090 
543109 
544044 
546121 
547000 
5490381 
556504 
552049 
553530 
555025 
55051 

558009 
559504 
501001 
562500. 


SunnEERnenenemmmeamemenenmmemenene nee en eee 


Cube. 
344472101 
345948008 
347428927 
348913004 
350402625 
351895810 
353393243 
354894912 
3554G0829 
35791 1000 
359425431] 
360444128 
302407007 
303994344 
305525875 
307001696 
308001813 
370140232 
371004Y59 
$73 248000 
374805301 
370307043 
377933007 
379503424 
381078125 
382057176 
384240583 
385828352 
387420489 
389017000 
490017801 
392223108 
393832837 
395440904 
3907005375 
398088256 
400315553 
401947272 
403583414 
405224000 
400#690" 1 
408518488 
410172407 
411830784 
413493625 
415160936 
416832723 
418508902 
420189749 


42,187 5000' 


Recipr. 


0014-205 
0014245 
0014225 
0014205 
0014184 
0014164 
0014144 
0014124 
0014104 
0014035 
0014055 
0014045 
0014025 
0014005 
0013980 
0013960 
0013947 
0013928 
0013G08 
0013888 
00:!3870 
0013850 
0013831 
0013812 
0013793 
0013774 
0013755 
0013736 
0013717 
0013699 
0013080 
0013661 
0013643 
0013624 
0013605 
0013587 
0013569 
0013550 
0013532 


0013513 


0015445 
0013477 
00!3459 
001344) 
0013423 
CO13405 
0013387 
001330g 
0013351 
0913233 


e 


Sq. Root. | C. Root. 
26°47 064040 
20°4952826 
20°5141472 | 


26°58947 160 
26°6032694 


863266 | 
8887488 } 
§*891706 | 
26°5320983 | 8°895920 | 
26'5516361 | 8':900130 } 
26°5700005 | 8°904330 | 
| $:yO6598 | 


2772213152 


20°62/0539 
25°0458252 
20°0045833 
20°68 '3281 
20°7 020598 
20°7 2077 84 
20°7 394839 
26°7581763 
20°7708557 
26°7955220 
20°8141754 
20'8328157 
26°85 14432 
20°87 00577 
26°8886593 
26°G07 243 |! 
26°9258240 
26°9443872 
20°9629375 
20°98 14751 
27°0000C00 
27°0155122 
27°0370117 
27°0554935 
270/297 27 
27°O024344 
27°1108834 


| 2771293199 


27°1477439 
27°1001554 
27°184554« 
27°202044 


27°2306709 
27°25*0203 
27°27 03034 
27°2940881 
27°3130006 
27°33 13007 
47°34)5887 
27°307 S44 
27°380: 279 


§°412730 | 
8°916031 | 
§°G21121 

8025307 | 
8°429440 
S G33608 | 
$8°G37843 
§°9042014 | 
§°946180 


8°950343 
8°954502 


8°G58658 


8962809 
89009357 
8°97 1100 
8°975240 
8°979370 
§°983508 
8°487037 
§°991702 
8°995883 
9°000000 
9004113 
9'008222 
G°012328 
9°016430 
9°0205 29 
9°024623 
9°G287 14 
9°032202 
G:036885 
9°040.365 
9'G1501t1 


Q°O4Qt ie | 


9'053383 
9'057248 


9°051309 | 


9 065267 
06422 
9°073472 


97077519 | 


9081563 
© 025603 


= 


a“ 


TR. 25. SQUARES, CUBES, RECIPROCALS, AND ROOTS. 481 


. | Square. | Cube. 
75i | 504001 
752 565504 
753 | 567009 

‘754 | 508516 


Recipr. | Sq. Root. | C. Root. | 
423504751 | 0013316 | 27°4043792 | 9°089639 
425259008 | 0013208 | 27°4226184 | 9°093672: 
420957777 | 0013280 | 27°4408455-| 9°097701 
428661064 | 0013263 | 27°4590604 | 9°:01726 
755 | 570025 | 430368875 | 0013245 | 27°4772633 | 9105748 
750 | 571536! 432081216] 0013228 27°4954542 | 9°109766 
757 | 573049 | 433798093 | 0013210 | 27°5136330 | 9°113781 
798 | 574504 | 435519512 | 0013193 | 27°5317908 | 9°117793 
759 | 576081 | 437245479} 0013175 | 27°5499546 9121801 
700 | 577600 | 438976000} 0013158 | 27°5680975 | 9°125805 
7901 | 579121 | 440711081} 0013141 | 27°5862284 9*129806 
762 | 580644 | 442450728 | 0013123 | 27°6043475 | 9°133803 
763 | 582160 | 444194947 | 0013106 | 27°6224546 9°137797 
764 | 583696 | 445943744 0013089 | 27°6405499 | 9141788 
705 | 585225 | 447097125 | 0013072 | 27°6586334 | 9:145774 
766 | 586756 449455096 | 0013055 | 27°6767050 | 9149757 
797 | 588289 | 451217663 | 0013038 | 27°6947648 | 9°153737 
708 |} 589824 | 452984832 | 0013021 | 27°7128129 | 9°157713 
769 | 591361 | 454756609 | 0013004 | 27°7308492 | 9°161686 
779 =| 592900 | 456533000 } 0012987 | 27°7488739 | 9°165656 
771 | 594441 | 458314011 | 0012970 | 27°7668868 | 9:169622 
772 =| 595984 | 400099648 | 0012953 | 27°7848880 | 9°173585 
773 | 597529 | 461889917 | 0012937 | 27°8028775 | 0°177544 
774 | 599076 | 403684824 | 0012920 | 27°8208555 | 9°181500 
775 | 000025 | 405484375 | 0012903 | 27'8388218 | g°185452 
776 | 602176 | 467288576 | 0012887 | 27:8567766 9°189401 
777 | 603729 | 469097433 | 0012870 | 27°8747197 0°193347 
778 | 005284 | 470910952 | 0012853 | 27°8926514 9°197289 
779 | 606841 | 472729139 | 0012837 | 27°9105715 | a:201228 : 
780 | 608400 | 474552000 | 0012821 | 27°9284801 | 9:205164 
781 | 609961 | 476379541 | 0012804 | 27°9463772 Q°209006 
782 | 011524 | 478211768 | 0012788 | 27°9642629 | 9:213025 
783 | 013089 | 480048687 | 0012771 | 27°9821372 | 9216950 
784 | 6140656 | 481890304 | 0012755 | 280000000 | 9:220872 
785 | 016225 | 483736025 | 0012739 | 28°0173515 9°224791 
7860 | 617796 | 485587656 | 0012723 | 28°0356915 9°228706 
787 | 019369 | 487443403 | 0012706 | 28°0535203 | 9°232618 
788 | 620944 | 489303872 | 0012690 | 280713377 | 9°237527 
789 | 022521 | 491169069 | 0012674 | 28°0891438 | 9240433 
790 | 624100 | 493039000 | 0012658 | 28°1069386 | 9°244335 
791 | 625681 | 494913671 | 0012642 | 2871247222 | 9°248234 
792 | 027204 | 496793088 | 0012626 | 28°1424946 | 9-252130 
793 | 028849 | 498077257 | 0012610 | 28°1602557 | 9256022 
794 | 030436 | 500560184 | 0012594 | 28°1780056 | 9'259911 
795 | 032025 | 502459875 | 0012579 | 28°1957444 9°263797 
796 | 633616 | 504358336 | 0012563 | 28°2134720 9°267070 . 
797 | 635209 | 506261573 | 0012547 | 28°2311884 9°271559 
793 | 030804 | 508169592 | 0012531 | 28°2488938 | 9°275435 
799 | 638401 | 510082399} 0012516 | 28°266588) 9°279308 
800 | 640000 | 512000000 | 00125 28°2842712 | 9°283177 


482 
/ Numb. | Square. Cube. 
SOL | 641601 | 513922401 
802 | 643204 | 515849608 
803 | 644809 | 517781627 
804 | 640416 |.519718464 
805 | 648025 | 521660125 
806 | 649636 | 523606016 
§07 | 651249 | 525557943 
808 | 652864 | 527514112. 
809 | 654481 | 529475129 
810 | 6506100 | 531441000 
S11 | 657721 | 533411731 
812 | 659344 | 535387328 
- 813 | 660969 | 537360797 
814 | 662506 | 539353144 
815 | 664225 | 541343375 
816 | 665856 | 543338406 
817 | 667480 | 545338513 
818 | 669124 | 547343432 
819 70761 | 549353259 
820 | 672400 } 551368000 
821 |674041 } 553387661 
822 | 6075084} 555412248 | 
823 | 677320 | 557441707 ¥ 
824 | 078076 | 559476224 
825 | 680625 | 561515625 
826 | 682276 | 563550976 
827 | 683929 | 505609283 
825 | 685584 | 507063552 
829 | 087241 | 5090722789 
830 | 688g00 | 571787000 
831 | 690561 | 573856191 
832 | 692224 | 575930368 
833 | 693889 | 578009537 
834 | 695556 | 580093704 
835 | 607225 | 582182875 
836 | 698806 | 584277056 
837 | 700509 | 586376253 
838 | 702244 | 588480472 
839 | 703921 | 590589719 
840 | 705600 | 592704000 
841 | 707281 | 594823321 
842 | 708904 | 596947688 
843. | 710649 | 509077107 
844 | 712336 | 601211584 
845 | 714025 | 603351125 
846 | 715717 | 605495736 
847 | 717400 | 607645423 
848 4719104 | GOg800192 
720801 | 611960049 
722500 | 614125000 


SQUARES, CUBES, RECIPROCALS, AND ROOTS. TR. 25. 


Recipr. Sq. Root. 


—s} ——-— 


0012484 
0012469 


0012453 


0012438 
0012422 


0012407 


0012392 
0012376 
0012361 
0012346 
0012330 
0012315 
0012300 
0012285 
0012270 
0012255 
0012240 
0012225 
0013210 
0012195 
0912180 
0012165 
0012151 
0012136 
0012121 
0012106 
0012002 
GO12077 
0012063 
0012048 
0012034 
0012019 
0012005 
0011990 
001 1976 
0011962 
0011947 
0011933 
0011919 
0011905 


0011891 


0011876 
0011862 
0011848 
0011834 
0011820 
0011806 


0011792 


0011779 


00117665 


28°8097206 


98°9309523 


U. Root. 
9'287044 
G°290907 
9°294707 | 
9°298623 
Q°302477 
9°306327 | 
9°310175 
9'314019 
9°3 17859 
9°321607 
0°325532 
Q°329303 
Q°333191 
9°337016 
'9°340833 
0°344657 
0°348473 
Q°352285 
9°356095 
9:359901 
0'363704 
9°367505 
9371302 
9°3750G0 | 
9'378887 
9°382675 | 
9°386460 
9°39024 1 
9°394020 
9°397796 
9°401569 
9405338 - 
9409105 
9'412869 
9°416630 
0°4.20387 
g°424141 
9°427893 
9°43 1642 
9'°435388 
9*439130 
9'442870 
9'446607 
9°450341 
9'454071 
9°457799 
9°461524 
9'465247 
9'468966 
9°472682 | 


28°3019434 
28°3196045 
28'3372546 
28'3548038 
28°3725219 
28°3901391 
98°4077454 
28°4253408 
28°4420253 
28°4604989 
28'4780617 
28°4950137 
28'°5131549 
28°5300852 
28°5482048 
298°5057 137 
28°5832119 
28°6006993 
28°6181760 
28°0356421 
28°6530076 
28°6705424 
28°6879706 
28°7054002 
28°7 228132 
28°7402157 
98°97576077 
28°7749801 
28°7923601 | 


288270706 
28°8444102 
28°8617394 
28'8790582 
288963666 
28'9136646 


989482207 
28'9654967 
289827535 | 
29°0000000 
29°0172363 
20'0344623 
290516781 
29°0688637 
29°0860791 | 
29°10326044 
29*1204306 
29°1376046 
991547595 


TR. 25. SQUARES, CUBES, RECIPROCALS, AND ROOTS. 483 


Numb. | Square. Cube. Recipr. Sq. Root. | C. Root. 


851 | 724201 | 610295051 | 0011751 | 29°1719043 | 9°470395 
852 | 725904 | 618470208 | 0011737 | 29°1890390 | 9'480106 
853 | 727609 | 620650477 | 0011723 | 292061637 | 9:483813 
854 | 720319 | 622835864 | 0011710 | 29°2232784 | 9°487518 
855 | 731025 | 625026375 | 0011696 | 29°2403830 | 9°491219 
856 | 732730 | 627222016 | 0011682 | 29:2574777 | 9°494918 
857. | 734449 | 629422793 | 0011069 | 2912745623 | 9°498614 
858 | 736164 | 631025712 | 0011655 | 26°2916370 | 9°502307 
859 | 737881 | 633839779 | 0011641 | 29°3087018 | 9°505998 
S060 | 739600 | 636056000 | 0011628 | 29°3257566 | 9°50Q9085 
861 |741321 | 638277381 | 0011614 | 29°3428015 | 9°513369 
862 | 743044 | 640503928 | 0011601 | 26°3598365 | 9°517051 


863 | 744769 
864 | 746406 
865 | 748225 
866 | 740950 
807 | 751089 
808 | 753424 
869 | 755101 
870 |756900 
871 |758041 
872 | 700384 
873 .| 762129 
874 | 763870 
875 | 705625 
876 | 767375 
877 | 799129 
878. | 770884 
879 |772641 
880 | 774400 
$81 |776161 
882. | 777924 
883 | 779689 
884 | 781450 
885 | 783225 
886 | 784990 


642735647 | 0011587 | 29°3708616 | 9°520730 
644072544 | 0011574 | 29°3938769 | 9°524406 
647214625 | 0011561 | 29°4108823 | 9°528079 
649461896 | 0011547 | 29°4278779 | 9°531749 
651714303 | 0011534 | 20°4448637 | 9°535417 
653972032 | 0011521 | 29°4618397 | 9°539081 
656234909 | 0011507 | 20:4788059 | 9:542743 
658503000 | 0011494 | 29°4957624 | 9-546402 
660770311 | 0011481 | 29°5127091 | g°550058 | 
663054848 | 0011468 | 29°5296461 | 9°553712. 
665338617 | 0011455 | 29°54065734 | 9°557363 | 
667627624 | 0011442 | 29°5634910 | 9561010 
669021875 | 0011429 | 29°5803989 |} 9°564055 
672221376 | 0011416 | 29-5972072 | 9°568297 | 
074520133 | 0011403 | £9°0141858 | 9°571937 | 
676836152 | 0011390 | 29°63 10048 | 9°575574 
679151439 | 0011377 | 20°6479325 | G°579208 
681472000 | 0011363 | 29°6047939 | 9°582839 
683707841 | 0011351 | 29°681044.2 | 9°586408 
686128908 | 0011338 | 29°6984848 | 9°5g0093 
688405387 | 0011325 | 29°7153159 | 9'593716 
690807104 | 0011312 | 29°7321375 | 9°597337 
693154125 | 0011209 | 29 7489496 | 9°600954 
695506456 | 0011287 | 29°7057521 | G:604569 


$87 _ | 786769 | 697864103 | 0011274 | 20°7825452 | 9°608181 
888 | 788544 | 700227072 | 0011261 | 29°7493289 | 9°611791. 
889 | 790321 | 702595369 | 0011249 | 29°8101030 | 9°615397 
890 | 792100 | 704909000 | 0011236 | 29°8328678 | 9°619001 


707347971 | 0011223 | 29°8496231 | 9°622603 
709732288 | 0011211 | 29°8663690 | 9°626201 
712121957 | 0011198 | 29°8831050 | 9°629797 
714516984 | 0011186 | 29°8998328 | 9°633390 
716917375 | 0011173 | 29°91655085 | 9°636981 
719323136 | 0011161 | 29°9332591 | 9°640569 
721734273 | 0011148 | 29°9499583 | 9°644154 
724150792 | 0011136 | 29'°9066481 | 9°647730 
726572699 | 0011123 | 29°9833287 | 9°651316 
729000000 | 0011311 | 30:0000000 | 9°654893 


891 | 793851 
892 | 795004 
893 | 797449 
894 | 799230 
895 | 801025 
896 | 802810 
897 | 804609 
898 | 800404 
808201 
810000 


| 484 


| Namb. | Square. 


81180] 
813604 
815409 
817216 
819025 


} | 820836 


822049 
824464 
826281 
828190 
829921 
831744 
833569 
835396 
837225 
839056 
840889 
842724 
844561 
846400 
848241 
850084 
851929 
853776 
855625 
857476 
859329 
861184 
863041 
864900 
866761 
868624 
870489 
872350 
874225 
876006 
877969 
879844 
881721 
883600 
885481 
887304 
889249 
891136 
893025 
894016 
896809 
898704 
g00601 
902500 


733870808 
736314327 
738763264 
741217625 
743677416 
746142643 
748013312 
751089429 
753571000 
756058031 
758550528 
761048497 
763551944 
766060875 
768575296 
771095213 
773020632 
776151559 
778088000 
781229901 
783777448 
786330407 
788889024 
791453125 
794022770 
796597983 
799178752 
801765089 
804357000 
806954491 
809557508 
812166237 
814780504 
817400375 
820025856 
822656953 
825203672 
827936019 
830584000 
833237621 
835896888 
838561807 
841232384 
843908625 
846590536 
849278123 
851971392 
854070349 
857375000 


Cube, 
731432701 


Recipr. 


0011099 


0011086 
0011074 
0011062 
0011050 
0011038 
0011025 
0011013 
0011001 
0010989 
0010977 
0010905 
0010953 
0010941 
0010929 
0010917 


0010905. 


0010893 
0010881 
0010870 
0010858 
0010846 
0010834 
0010823 
0010810 
0010799 
0010787 
0010776 
0010764 
0010753 
0010741 
0010730 
0610718 
0010707 
0010695 
0010084 
0010672 
0010661 
0010650 
0010638 
0010627 
0010616 
0010604 
0010593 
0010582 
0010571 
0010560 
0010549 
0010537 
0010526 


Sq. Root. 


30°0166620 


30°0333148 
30°0499584 
300065928 
30°0832179 
30'0998339 
30°1164407 
30°1330383 
30'1496269 
30°1662063 
30°1827765 
30°1993377 
302158899 
30-2324329 
30°24896659 


.30°2654919 


30°2820079 
30°2985148 
30°3150128 
303315018 
30°3479818 
30°3644529 
30°3809151 
30°3973683 
30°4138127 
30°4302481 
30°4466747 
30°4630924 
30:4795013 
30°4950014 
30°5122926 
30°5286750 
30°5450487 
30°5614136 
30°5777097 
30°5941171 
30°6104557 
30°0267857 
30°643 1069 
30°6594194 
30°6757233 
30°6920185 
30°7083051 
30°7245830 
30°7408523 
30°7571130 
30°'7733051 
30°7896086 
30°8058436 
30°8220700 


SQUARES, CUBES, RECIPROCALS, AND ROOTS. TR. 25 


C. Root. 
9°658468 
9°662040 
9°665609 
9°669176 
9°672740 
9°676301 
9°679860 
9°683416 
9°686970 
9'690521 
9°6940690 
9°697615 
9°701158 
9°704698 
9°708236 
9°711772 
9°7 15305 
0°718835 
9°722363 
9°725888 
9°729410 
9°732930 
9°736448 
9°739963 
9°743475 
9°746085 
9°750493 
9°753998 
9°7575CO 
9°761000 
9°764497 
9°767992 
Q'771484 
9°774974 
9778461 
9°782940 
9°785428 
9°788908 
9°792386 | 
9°795861 
9°799333 
9°802803 
9°80627 1 
9°800736 
9'813198 
9°816659 
9°820117 
0°823572 
9°827025 
0°830475 


i 


_— 


TR. 25. SQUARES, CUBES, RECIPROCALS, AND ROOTS. 


g51 
052 


Numb. | Square. 


g04401 
g06304 
g08209 
g10116 
912025 
913936 
915849 
917764 
919681 
g21000 
923521 
925444 
927369 
929290 
931225 
933156 
935089 
937024 
938961 
940900 
942841 
944784 
916729 
9486076 
950625 
9525760 
954529 
956484 
958441 
g60400 
962361 
964324 
966289 
968256 
970225 
972196 
974109 
9760144 
978121 
980100 
982081 


997002999 


Cube. 


800085351 


862801408 
805523177 
8682500604 
870983875 
873722816 
870407493 
879217912 
881974079 
884736000 
88750368 1 
890277128 
893050347 
895841344 
898632125 
901428696 
90423 1063 
907039232 
909853209 
912673000 
915498611 
918330048 
921167317 
924010424 
926859375 
929714176 
932574833 
935441352 
938313730 
941192001 
944076141 
946966168 
949862087 
952763904 
955671625 
958585256 
961504803 
964430272 
967361669 
970299000 
973242271 
976191488 
979140057 


} | 982107784 


985074875 
988047936 
991026973 
994011992 


END OF VOL, I, 


Recipr. 


0010515 
0010504 
0010493 
0010482 
001047 1 
0010460 
0010449 
0010438 
0010428 
0010416 
0010406 
0010395 
0010384 
0010373 
0010363 
0010352 
0010341 
0010331 
0010320 
0010309 
OOLO2Z99 
0010288 
0010277 
0010267 
0010256 
0010246 
0010235 
0010225 
0010215 
0010204 
0010194 
0010183 
0010173 
0010163 
0010152 
0010142 
0010132 
0010121 
0010111 
0010101 
0010091 
0010081 
0010070 
0010060 
0010050 
0010040 
0010030 
0010020 
0010010 
001 


30°8544972 
30°8706981 
30°8868904 
30°9030743. 
30°9192407 
30°9354166 
30°9515755 
30°9677251 
30°9838668 
3 1°0000000 
31:0161248 
31°0322413 
31°0483494 
31°0644491 
31°0805405 
31°0966230 
31°1126084 
31°1287648 
3 1°1448230 
31°1608729 
31°1769145 
31°1929479 
31°2089731 
31°2249yg00 
3 1°2409987 
31°2509992 
31°2729915 
31:2889757 
31°3049517 
31°3209195 
31°3368792 
31°3528308 
31°3687743 
31°3847097 
31°4000369 
31°4105561 
31°4324673 
31°4483704 
31°4042054 
31°4801525 
31°4960315 
31°5119025 
31°5277655 
31°5436206 
31°5594677 
31°5753068 
31°5911380 
31°6069613 
31°6227767 


Sq- Root. | C. Root. 
30°8382879 


10,.000000 


485 


9°833923 
9'837369 
9°840812 
9°844253 
9'847692 
9°851128 
9°854561 
9°857992 
g°861421 
9°804848 
Q°808272 
9°87 1094 
g'875113 
9°878530 
9°88 1945 
9°885357 
9'888767 
9°892174 
9°895580 
9°898983 
9°902383 
9°905781 
9°909177 
9912571 
9°915962 
9°919351 
0°922738 
9°920122 
9°929504 
9°932883 
g'936261 
9°939036 
9°943009 
9°940579 
9°949747 
9°953113 
9°950477 
9'959839 
9°963198 
9'900554 
9°909909 
9'973262 
9°976612 
9'979959 
9'983304 
9°986648 
9'989990 
9°993328 
9'996665 


ERRATA. 


4 


Page 264, line 5 from the battom, for 55, read 5r°. 
Page 266, line 1, for a22, read 4022. % 


zs 
Page 430, line 22, for 2¢5, read 33%. 
7) ie a4 
: t i} 4 sat Oi - 
_T. DAVISON, Lombard-street, - - ~ a Ho. ona 
Whitefriars, London. “eT 4a 
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